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Abstract. In this paper, we present Interstellar, a novel folding and IVC
framework built on a technique we call circuit interpolation, designed
specifically for circuit satisfiability. By incorporating the GKR protocol,
our approach avoids commitments to full computation traces and cross-
term vectors, requiring instead only commitments to the actual circuit
witness and optionally a small subset of intermediate gate values. This
design significantly reduces the size of the vectors to be committed to
in each folding step, which is highly advantageous compared to existing
schemes, as vector commitments involve costly group multi-scalar mul-
tiplications. Moreover, Interstellar is highly flexible. It can be extended
to handle high-degree and lookup gates, enable multi-instance folding,
and support non-uniform IVC efficiently, making it well-suited for prac-
tical applications ranging from zkML to proving program execution for
zkVMs. Finally, we introduces a new concept called collaborative fold-
ing/IVC which allows multiple provers, each holding a private witness for
the same public statement, to jointly perform the folding/IVC computa-
tion while preserving witness privacy. This extension makes Interstellar
suitable for distributed and privacy-sensitive applications.

Keywords: GKR, Folding, IVC, SNARK, Collaborative Folding/IVC

1 Introduction

Incrementally verifiable computation (IVC) and Proof-Carrying Data (PCD)
enable verifiable evaluation of iterative functions [7, 11, 12, 30, 33]. While early
IVC/PCD constructions relied on SNARKs, recent works introduced folding
schemes as a new primitive [7,8,11,18–20,30–33,40,53], where a folding protocol
for a relation R reduces the verification of two instances to that of a single one.

Although building IVC/PCD from folding is already significantly more effi-
cient than via SNARKs, the prover cost remains considerably high. This over-
head primarily stems from two sources. First, existing folding schemes [7,8,11,18–
20,30–33,40,53] all rely on constraint systems such as Plonkish [23] and CCS [46],
which typically require the prover to generate a vector commitment to the val-
ues of all intermediate gate inputs and outputs. This is because the witness for
these constraint systems often includes the full computation trace of the circuit,
namely, the values of the inputs/outputs of all intermediary gates. Committing
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to a large vector is costly, since it involves expensive group Multi-Scalar Multipli-
cation (MSM) operations. Second, many folding protocols require an additional
commitment to the cross-terms, typically the same size as the constraint system,
further increasing the prover’s workload. Coinciding with high prover cost, many
practical applications often impose additional privacy constraints. For example,
the folding/IVC computation might involve multiple parties, each holding a pri-
vate witness for the same public statement. For instance, several hospitals may
need to jointly aggregate statistics over sensitive patient data. Such a scenario
motivates a new notion of Collaborative Folding/IVC inspired by collaborative
zk-SNARKS [24,37,41], where the folding computation is shared among parties
while preserving the privacy of their individual witnesses.

Aiming at solving these challenges, in this work, we propose Interstellar, a
novel folding and IVC scheme based on a technique we call circuit interpolation
which is tailored for circuit satisfiability instead of constrain systems. Circuit sat-
isfiability is as expressive as constraint systems such as R1CS and CCS [46] since
it is a NP-complete language. Our approach differs from traditional methods by
requiring commitments only to the actual witness inputs to the circuit and op-
tionally a subset of intermediate gate values (depending on the circuit flattening
parameters; see Section 4.1), thereby eliminating the need to commit to the full
computation trace. This efficiency is enabled by the integration of the GKR pro-
tocol, which allows the verifier to check the arithmetic circuit satisfiability with
the prover committing solely to the witness inputs. Furthermore, our scheme
avoids generating cross-term vectors during the folding process, removing the
need for any corresponding commitments and further reducing prover overhead.
Building on our folding scheme, we develop the Interstellar IVC protocol that
capitalizes on the reduced prover costs and enhanced efficiency. We also show
that Interstellar can be extended to handle high-degree gates and lookup gates,
fold multiple instances at once, and support non-uniform IVC efficiently. More-
over, it can be adapted for collaborative folding and IVC with multiple provers
each holding their own secret witness. The key contributions of our proposed
schemes include:

• Prover cost reduction (Section 4 / 5): A simple yet effective folding
scheme that targets circuit satisfiability directly, which eliminates the cross-
terms and the need to commit to them. Moreover, the witness size could
be much smaller compared to that of the schemes relying on constraint
systems, which significantly reduces the prover cost for generating vector
commitments.

• Flexibility (Section 6): An IVC construction that can be extended to sup-
port high-degree and lookup gates, enable multi-instance folding, and handle
non-uniform IVC efficiently. All of these makes it well-suited for real-world
applications ranging from zkML to proving program execution for zkVMs.

• Collaborative Folding/IVC (Section 7): We introduce the concept of col-
laborative folding/IVC for the first time in the literature, and present the
first formal definitions and protocols that enable multiple provers/servers to
jointly perform folding/IVC without revealing their private witnesses.
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Table 1. A comparison of different folding protocols, where “G MSM” means group multi-scalar
multiplication, “G ops” means group operations, “CRH” refers to collision resistant hashing, and “F
ops” are field additions and multiplications. |F | denotes the number of variables in the constraint
system (i.e. R1CS, Plonkish, CCS) for circuit F , and |w| refers to the size of the witness w as defined
in Equation 1. Since |w| < |F | (and for some circuits |w| ≪ |F |), compared to all other schemes, our
prover time conducts less group computations, espcially the costly group MSMs. The prover of our
scheme might require more field operations compared to HyperNova and Protostar when D∗ > D,
but those are much cheaper, espcially when the circuit uses a small field. D denotes the maximum
degree of the constraint system used, and q referes to the number of monomials in HyperNova’s CCS
constraints. D∗ and d∗ refers to the degree and the number of layers of the normalized circuit F∗ as
defined in Section 4.1. Note that for the verification times, we list the time to verify a compressed
proof (otherwise, they are O(|F |), see also Section 5.2). For Mova and Protostar and Protogalaxy,
since they do not explicitly mention the proof size compression scheme, we assume they also use
the Spartan-based SNARK as described in Section 6 of the Nova paper for proof compression [33].
Column Multi-inst indicates whether the scheme supports folding multiple instances at once. High-
deg and Lookup indicates whether the scheme supports high-degree and lookup gates, respectively.
NIVC indicates whether the protocol can support non-uniform IVC efficiently. Collab Folding refers
to whether the work discusses the support for collaborative folding/IVC.

Prover Time Verifier Time Multi-inst High-deg Lookup NIVC Collab Folding

Nova [33]

2 size-O(|F |) G MSM
O(1) G ops
O(1) CRH
O(|F |) F ops

O(log |F |) F ops No No No No No

HyperNova [31]

1 size-O(|F |) G MSM
O(1) G ops
O(log |F |) CRH
O(q ·D log2 D · |F |) F ops

O(D log |F |) F ops Yes Yes Yes Yes No

Mova [18]

1 size-O(|F |) G MSM
O(1) G ops
O(log |F |) CRH
O(|F |) F ops

O(log |F |) F ops No No No No No

Protostar [11]

1 size-O(|F |) G MSM
2 size-O(

√
|F |) G MSM

O(1) G ops
O(1) CRH
O(D|F |) F ops

O(D log |F |) F ops No Yes Yes Yes No

Our Work
with PolyComDory

1 size-O(|w|) G MSM
O(1) G ops
O(log |F |) or O(1) CRH
O(D∗|F |) F ops

O(d∗ log |F |) F ops Yes Yes Yes Yes Yes

1.1 Related Work

In this section, we compare our proposed Interstellar IVC protocol with prior
folding-based IVC schemes. Notably, none of the existing works address collab-
orative folding/IVC. To the best of our knowledge, this paper is the first to
formalize collaborative folding/IVC and to present concrete constructions.

Nova, SuperNova, HyperNova, and NeutronNova. These are a line of
innovative work in folding-based IVC techniques designed to enhance the effi-
ciency and scalability of zero-knowledge proofs. Nova [33] introduced the con-
cept of folding and proposed a folding-based IVC construction. Based on this,
SuperNova [30] targets VM-style execution where each computation step has a
program counter pc that selects one out of I circuits. SuperNova achieves the
so-called “a la carte” cost profile, that is, when proving VM program executions,
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the cost of proving a step of a program is proportional only to the size of the
circuit representing the instruction invoked by the program step. HyperNova [31]
further advanced the framework by supporting high-degree gates using the CCS
constraint system and allowing multi-instance folding. NeutronNova [32] rep-
resents the latest evolution, focusing on supporting space-efficient zkVMs and
multi-instance folding through the Sumcheck protocol. All of these works are
based on a constraint system, while Interstellar targets circuit satisfiability di-
rectly, which leads to a potentially smaller witness vector to commit to for each
folding round.

Sangria, Origami, and Mova. Sangria [40] extends Nova’s R1CS-based
folding scheme to handle Plonkish constraints. Origami [53] introduced a folding
scheme for lookup constraints. Both Sangria and Origami produce cross-terms
and incur the corresponding MSM computation cost. Mova [18] eliminates the
cross-terms. However, it only handles R1CS constraints without support for high-
degree and lookup gates. It also does not support folding multiple instances at
once.

Protostar and Protogalaxy. Protostar [11] presented a generic compiler
algorithm that can turn any special-sound protocol into a folding scheme. Pro-
tostar cannot efficiently fold more than two instances at once, as folding k > 2
instances at once blows up the degree of the polynomial involved exponentially
in k [19]. To fold k > 2 instances, Protostar has to fold them two at a time,
resulting in an increase in the size of the verifier circuit by a factor of O(k) com-
pared to folding two instances. Protogalaxy [19] is an extension of Protostar that
supports folding k > 2 instances at once. Protogalaxy’s prover time scales super-
linearly with the number of instances folded, i.e., O(k log k). In comparison, our
prover time scales linearly with k.

LatticeFold, LaticeFold+, and Lova. These works focus on constructing
lattice-based vector/polynomial commitment schemes and incorporating them
into folding-based IVC protocols. LatticeFold [7] improves on Hypernova, and
builds a norm-preserving vector commitment scheme based on Ajtai commit-
ment, which keeps the witness norm low by breaking the folding protocol into
three steps, i.e. expansion, decomposition, and folding with range proof attached
to guarantee extractability. LatticeFold+ [8] improves the efficiency of Lattice-
Fold with a novel algebraic range proof and the double commitment technique.
Both LatticeFold and LatticeFold+ rely on structured lattice assumptions, such
as MSIS, which binds them to relatively complex arithmetic. Lova [20] is a lattice-
based folding scheme that only requires the unstructured SIS assumption, and
as a results, their implementation makes only use of arithmetic in hardware-
friendly power-of-two moduli. Again, all of these work are based on a constraint
system, which leads to a potentially larger witness vector to commit to for each
folding round comared to Interstellar. In addition, none of these lattice-based
folding schemes explicitly discusses how to support lookup gates.

In summary, Interstellar is overall more well rounded. It supports high-degree
and lookup gates, allows folding multiple instances at once, handles non-uniform
IVC efficiently, and can be adapted to support collaborative folding/IVC, while
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each of the alternative approaches above lacks one feature or another except
for HyperNova. However, compared to HyperNova, Interstellar achieves a lower
prover cost, as it not only eliminates the cross-terms, but only commits to w,
which consists of the actual witness inputs and optionally an additional set of
intermediate gates (see Section 4.1). The size of w could be much smaller than
the number of constraints |F | in HyperNova and other frameworks, which leads
to significant vector commitment cost savings for the prover. Moreover, Hyper-
Nova’s prover cost depends superlinearly on the constraint degree (O(D log2 D)).
The cost also depends on q, the number of monomials in its CCS constraints. This
could place limitations on handling certain high-degree gates, especially for those
whose output has a large number of monomials when expressed as a polynomial
of the inputs. LatticeFold, which combines HyperNova’s linearization technique
with lattice-based commitment schemes, also inherits these shortcomings. Table
1 summarizes the comparison.

2 Preliminaries

This section provides a brief overview of the preliminaries necessary to build
the Interstellar framework. We defer the discussion of a few key concepts, such
as IP/IOP, polynomial commitment schemes, further details of Sumcheck/GKR
and SNARKs, to Appendix A.

2.1 Arithmetic Circuits and Circuit Satisfiability

An arithmetic circuit y = F (x,w) over the field F is a directed acyclic graph
whose nodes are labeled +, −, or ∗, computing the addition, subtraction, and
multiplication of field elements, respectively, for the values on the incoming wires.
The circuit satisfiability problem can be defined as follows:

Definition 1 (Circuit Satisfiability). Let F : Fn×Fk → Fm be an arithmetic
circuit over field F. The circuit takes in a public input x ∈ Fn, a private witness
w ∈ Fk, and outputs y ∈ Fm. Given (F,x,y), The circuit satisfiability problem
asks a witness w ∈ Fk such that

F (x,w) = y

If such a w exists, we say that the instance (F,x,y) is satisfiable.

It is well known that the circuit satisfiability problem is NP-complete. Conse-
quently, any instance of an NP relation can be efficiently reduced to an instance
of circuit satisfiability. A circuit is layered if it can be partitioned into subsets
called layers such that every wire in the circuit is between adjacent layers. We
call the number of layers the depth of the circuit, which is denoted by d. Figure
1 depicts two small layered circuits where the left circuit only has public inputs,
while the right one takes in both the public inputs and the private witness.
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Fig. 1. Two layered circuit examples, where the left one only takes in the public input
vector x, while the right one takes in both the public input vector x and witness w.
The right circuit also uses subtraction gates.

Note that since the circuit only contains addition, subtraction, and multi-
plication gates, each output can be expressed as a multivariate polynomial in
terms of the input variables. For example, for the left circuit in Figure 1, the
two outputs can be expressed as y0 = x0x1 + x0 + x1 and y1 = x2

0x1 + x0x
2
1,

respectively. We use the letter D to denote the total degree of the circuit, which
is the maximum total degree across all outputs expressed as a polynomial in
terms of input variables. In this circuit, the degree of output y0 is 2, and that of
y1 is 3. Hence, the total degree of the circuit is 3.

2.2 The GKR Protocol

The GKR protocol and its variants are important gradients for developing the
Interstellar protocol framework. It is an example of interactive protocols defined
in the last section. The GKR protocol was proposed in the seminal work by
Goldwasser et al. [25] as an interactive protocol for proving the correctness of
layered circuit evaluation. The GKR protocol uses the Sumcheck protocol as a
core building block. In the very beginning, the prover and the verifier agree on
a layered circuit F composed of addition, subtraction, and multiplication gates
with two inputs. In the first message, the prover sends the claimed output of the
circuit to the verifier. The verifier cannot verify this claim herself. However, she
can work with the prover to reduce this claim to a claim about the previous layer.
Then, the protocol processes the circuit layer by layer until the input layer, where
the verifier has sufficient information to verify the final claim. In more detail,
in the ith iteration, the GKR protocol invokes the Sumcheck protocol to reduce
a claim about the multilinear extension (see Section A.2) of the gate values at
layer i to that of the gate values at layer i + 1. Finally, at the input layer, the
verifier has all the data needed to derive the multilinear extension of the input
vector on her own. Therefore, the verifier can check the final claim herself, which
in turn proves or disproves the correctness of the circuit evaluation. In terms of
protocol complexity, the latest variant of the GKR protocol can achieve O(|F |)
prover time [51], O(|io|+d log |F |) verifier time, and O(d log |F |) proof size, where
|F |, |io|, and d are the size of the circuit, the size of the inputs/outputs, and
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the depth of the circuit, respectively [48]. The soundness error of the protocol
is O(d log |F |

|F| ) [48, 51]. We will discuss further details of the GKR protocol in
Appendix A.6.

2.3 Incrementally Verifiable Computation

Incrementally verifiable computation (IVC) enables verifiable evaluation of a
function applied repeatedly [5,49]. Given a function implemented by arithmetic
circuit F and an initial input z0, an IVC scheme allows the prover to incre-
mentally generate a proof Πi asserting that zi = F (i)(z0), i.e., the result of
applying F to z0 for i iterations. The proof Πi is derived from the previous
proof Πi−1, which attests to the validity of zi−1 = F (i−1)(z0). IVC also allows
circuit F to take in a non-deterministic input ωi−1 for the ith incremental step,
i.e. zi = F (zi−1,ωi−1). IVC can be formally defined as (adapted from [33]):

Definition 2 (IVC). Given arithmetic circuit F executing incremental com-
putation zi = F (zi−1,ωi−1), an incrementally verifiable computation (IVC)
scheme is defined by PPT algorithms (G,P,V) and a deterministic K denot-
ing the generator, the prover, the verifier, and the encoder respectively. An IVC
scheme (G,K,P,V) satisfies perfect completeness if for any PPT adversary A,

Pr

V(vk, i, z0, zi, Πi) = 1

∣∣∣∣∣∣∣∣∣∣∣∣

pp← G(1λ),
F, (i, z0, zi, zi−1,ωi−1, Πi−1)← A(pp),
(pk, vk)← K(pp, F ),
zi = F (zi−1,ωi−1),
V(vk, i− 1, z0, zi−1, Πi−1) = 1,
Πi ← P(pk, i, z0, zi, zi−1,ωi−1, Πi−1)

 = 1

Furthermore, an IVC scheme is said to satisfy knowledge soundness if, for any
constant n ∈ N and for all expected polynomial-time adversaries P∗, there exists
an expected polynomial-time extractor E such that

Pr
r

zn = z where
zi+1 ← F (zi,ωi)
∀i ∈ {0, . . . , n− 1}

∣∣∣∣∣∣
pp← G(1λ),
(F, (z0, z),Π)← P∗(pp, r),
(ω0, . . . ,ωn−1)← E(pp, r)

 ≈
Pr
r

V(vk, (n, z0, z),Π) = 1

∣∣∣∣∣∣
pp← G(1λ),
(F, (z0, z),Π)← P∗(pp, r),
(pk, vk)← K(pp, F )


where r denotes an arbitrarily long random tape. An IVC scheme is succinct if
the size of the IVC proof Π does not grow with n.

2.4 Folding Schemes

IVC can be constructed from folding schemes (a.k.a. split accumulation) which
were originally introduced in Halo [9] and further developed by Kothapalli et
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al. [33] and Bunz et al. [12]. Later, the technique was generalized to a frame-
work called reduction of knowledge [29], in which a prover and a verifier run an
interactive protocol to reduce checking membership of an instance in a relation
to checking membership of a related instance in a usually simpler relation. In
particular, a folding scheme for a relation R is a protocol that transforms the
problem of verifying two instances in R into the problem of verifying a single
instance in R (adapted from [33]):

Definition 3 (Folding Scheme). A folding scheme for relation R consists of
a PPT generator algorithm G, a deterministic encoder algorithm K, and a pair
of PPT algorithms prover P and verifier V respectively, defined as:

• G(1λ)→ pp: On input security parameter λ, samples public parameters pp.
• K(pp, s) → (pk, vk): On input pp, and a common structure s between in-

stances to be folded, outputs a prover key pk and a verifier key vk.
• P(pk, (u0,w0), (u1,w1))→ (u,w): On input instance-witness tuples (u0,w0)

and (u1,w1), outputs a new instance-witness tuple (u,w) of the same size.
• V(vk, u0, u1)→ u: On input instances u0 and u1, outputs a new instance u.

Let (u,w)← ⟨P(pk,w0,w1), V(vk)(u0, u1)⟩ denote the verifier’s output instance
u and the prover’s output witness w from the interaction of P and V on witnesses
(w0,w1), prover key pk, verifier key vk and instances (u0, u1). A folding scheme
satisfies perfect completeness if for all PPT adversaries A

Pr

 (pp, s, u,w) ∈ R

∣∣∣∣∣∣∣∣∣∣
pp← G(1λ),
(s, (u0,w0), (u1,w1))← A(pp),
(pp, s, u0,w0), (pp, s, u1,w1) ∈ R,
(pk, vk)← K(pp, s),
(u,w)← ⟨P(pk,w0,w1), V(vk)⟩(u0, u1)

 = 1

A folding scheme satisfies knowledge soundness if for any expected polynomial-
time adversary P∗ there is an expected polynomial-time extractor E such that

Pr

 (pp, s, u0,w0) ∈ R,
(pp, s, u1,w1) ∈ R

∣∣∣∣∣∣
pp← G(1λ),
(s, (u0, u1))← P∗(pp, ρ),
(w0,w1)← E(pp, ρ)

 ≥

Pr

(pp, s, u,w) ∈ R

∣∣∣∣∣∣∣∣
pp← G(1λ),
(s, (u0, u1))← P∗(pp, ρ),
(pk, vk)← K(pp, s),
(u,w)← ⟨P∗(pk, ρ), V(vk)⟩(u0, u1)

− negl(λ)

where ρ denotes arbitrary input randomness for P∗. A folding scheme is consid-
ered non-trivial if the communication overhead and the computational effort of
the verifier V are lower when V verifies a single folded instance with a witness
provided by P, compared to verifying separate witnesses for each of the original
instances individually.
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3 Technical Overview

3.1 Common Notations

In the remainder of this paper, we will use | · | to denote the size/length of an
object. For example, |F | refers to the size of the circuit F , that is, the total
number of gates in the circuit. |io| represents the total length of the public input
and output vectors. |w| denotes the length of the witness vector. d represents
the depth of the circuit. D represents the maximum total degree of the circuit
(see Section 2.1). For a function defined over a Boolean hypercube, we will use
the “tilde” symbol over the function to represent its multilinear extension, e.g.
w̃(r). We will use λ to denote the security parameter, and negl(λ) to denote a
negligible function in λ. “PPT” stands for probabilistic polynomial time.

3.2 A Motivating Example

Our main goal is to design an efficient folding scheme to reduce the prover cost
through a technique we call circuit interpolation. As a motivating example, we
use a simple arithmetic circuit to illustrate the basic ideas. Assume F is a large
prime field, and we are given a circuit F which only takes in a witness vector
w ∈ Fm as its inputs and has a single output y ∈ F, i.e. y = F (w). Single
output here means the output is a single field element as opposed to being a
vector. Now, consider two instances (w0, y0) and (w1, y1). The prover creates
an interpolation of the two witness vectors w(t) = (1 − t) · w0 + t · w1, where
t ∈ F is a variable. Then, since F is an arithmetic circuit, F (w(t)) can be
expressed as a univariate polynomial of t. Let us assume that the circuit F
has a degree D in terms of its inputs, as defined earlier. Since w(t) is a linear
function of t, their composition y(t) = F (w(t)) = F ((1 − t) · w0 + t · w1) is
a D-degree univariate polynomial of t. The prover sends y(t) to the verifer 1.
The verifier first checks whether y(0) = y0 and y(1) = y1 both holds. Then, she
randomly samples γ ∈ F and sends it to the prover. They can then independently
create a randomly “interpolated” circuit instance (wγ , yγ) where wγ = (1− γ) ·
w0 + γ · w1 and yγ = y(γ). For completeness, it is obvious that yγ = F (wγ)
if y(γ) is honestly computed. For soundness, suppose the prover sends another
y′(t) instead, by the Schwartz-Zippel Lemma [44, 56], for a random γ ∈ F, the
probability that y(γ) = y′(γ) is at most D/|F|. As the verifier checks yγ = F (wγ),
she can be convinced with high probability that what she received is the true
y(t) = F (w(t)). Moreover, the verifier already checks y(0) = y0. Meanwhile,
through homomorphic commitments discussed later in this paragraph, we can
enforce that w(0) = w0. Hence, we have F (w0) = F (w(0)) = y(0) = y0 must
1 Alternatively, the prover can just sends {y(2), y(3), .., y(D)}, i.e. the evaluation of
y(t) at 2, 3, .., D to the verifier. Note that the prover does not need to send y(0) and
y(1), since by construction y(0) = y0 and y(1) = y1, so the verifier already has them.
Then, the verifer can evaluate y(t) at any point γ ∈ F via barycentric interpolation.
Since both the inputs and the output of the folded circuit instane can be obtained
via polynomial interpolation, we name our technique circuit interpolation.
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Fig. 2. Intuition of the circuit interpolation technique to fold two instances u0 =
((comw0, y0),w0) and u1 = ((comw1, y1),w1) into a single random instance uγ =
((comwr, yγ),wr). The MLE of the witness to the random instance w̃γ(z) is precisely
the interpolation of the MLE of w̃0(z) and w̃1(z), i.e. w̃γ(z) = (1−γ)·w̃0(z)+γ ·w̃1(z).
The prover and verifier can verify the folded instance and hence the original two in-
stances by running the GKR protocol on the folded instance.

hold. The same argument applies to w1. Hence, both (w0, y0) and (w1, y1) are
satisfying instances of circuit F . Circling back to checking if yγ = F (wγ), there
is an issue that the verifier does not know wγ , since it is derived from private
witnesses w0 and w1. To address this, we note that the multilinear extension
of w0 and w1 can be written as w̃0(z) =

∑|w|−1
i=0 ẽq(z, i) · w0i and w̃1(z) =∑|w|−1

i=0 ẽq(z, i) · w1i, respectively. Their random linear combination w̃γ(z) =

(1− γ) · w̃0(z) + γ · w̃1(z) =
∑|w|−1

i=0 ẽq(z, i) · ((1− γ) ·w0i + γ ·w1i) is precisely
the multilinear extension of wγ . Thus, if in the beginning, the prover sends the
verifier comw0 and comw1, the homomorphic polynomial commitments to w̃0(z)
and w̃1(z), the verifier can independently compute the polynomial commitment
comwr to w̃γ(z) by comwr = (1−γ)·comw0+γ ·comw1. This way the prover and
verifier jointly fold instance ((comw0, y0),w0) and ((comw1, y1),w1) into a single
instance ((comwγ , yγ),wγ). Finally, to verify the folded instance, the prover and
verifier can run the GKR protocol to jointly prove whether yγ = F (wγ). With
comwr the verifier can check in the last GKR step if the prover sends her the
correct values throughout the protocol execution. The homomorphism and the
binding property of the commitment scheme also ensure wγ is the correct random
linear combination of w0 and w1 (i.e. enforcing w(0) = w0 and w(1) = w1).
Figure 2 demonstrates circuit interpolation technique.

To see why this approach can significantly reduce the prover cost, it is worth
noting that this process does not introduce cross-terms as in Nova and other
folding works [30, 33, 40, 53]. As a result, the prover does not need to commit
to these cross-terms, which is approximately the same size as the circuit and
is one of the main contributors to the prover cost in Nova [33]. Secondly, most
existing folding methods commit to the entire trace of the circuit, that is, the
values of all intermidate gate outputs/inputs in addition to the actual witness
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w. As illustrated in the example above, by incorporating the GKR protocol, our
framework requires only the prover to commit to w, which could have a much
smaller size than the entire trace for certain types of circuits.

3.3 Overview of the Interstellar Protocol Framework

We designed the Interstellar protocol framework to expand the core ideas de-
scribed above into a full-fledged folding/IVC framework (Section 4 / 5). It is a
folding scheme and IVC compiler that allow committing only to the input wit-
ness, and verify the proof via a GKR backend. The proof can be compressed with
SNARK composition (Section 5.2). We then extend it to support high-degree
gates, lookup gates, allow folding multiple instances, and handle non-uniform
IVC efficiently (Section 6). We also enhance it with MPC such that multiple
provers each having access to a portion of the witnesses can jointly fold the
instances together and generate IVC proofs (Section 7). Below we provide an
overview of how these can be achieved.
Circuit Normalization. Given a possibly deep and multi-output circuit F
which performs incremental computation zi+1 = F (zi,ωi), we first normalize
it into an equivalent shallow circuit with a single output. This compressing to
one output lets folding verify a single output constraint instead of many. It also
reduces the prover overhead since shallower circuits tend to have a lower degree.
The circuit normalization has three main steps. The first step is circuit aug-
mentation which augments F to circuit F ′ in order to perform additional book-
keeping to fold proofs of prior invocations of itself. This is done by adding the ver-
ifier circuit of the non-interactive folding scheme to F similar to that described in
Section 5.1 of the Nova paper [33]. The next step is circuit flattening. Assume
the augmented circuit F ′ has d layers. We can split these layers into k blocks,
each with a depth of at most ⌈d/k⌉. Here k is a design parameter which trades
off the circuit depth with the witness size. If d is not too large, we can simply
set k = 1. The process of flattening F ′ into a circuit y = F̄ (x,w) is depicted in
Figure 3 and formally defined in Formula (1). Note that extra gates and wires are
also added to the circuit, such that if the correct witness is provided, the output
vector y of F̄ should be a zero vector. The third step is single output reduc-
tion, which transforms F̄ into F ∗ with a single output y ∈ F. The reduction uses
the random linear combination trick. If F̄ has n output y = (y0, y1, ..., yn−1), we
can sample log n independent random values β = (β0, .., βk, .., βlogn−1) ∈ Flogn

and use a circuit with at most log n layers to expand them into a random vec-
tor s = {si =

∏logn−1
k=0 (ik · βk + (1− ik) · (1− βk))|i = 1, .., n}. It can be proved

that s·y = 0 guarantees that y is a zero vector with high probability. By treating
β as a public input vector to the circuit, we finally convert the original circuit F
into an equivalent shallow circuit with a single output, namely y = F ∗(β,x,w)
where y = 0 indicates zi+1 = F (zi,ωi) holds for the original circuit with high
probability. Then, the prover and the verifier engage in an interactive protocol
to fold the two instances of the normalized circuit F ∗ into a single instance.
The Folding and IVC Scheme. For circuit y = F ∗(β,x,w) resulting from the
circuit normalization process described above, we call (β,x, comw, y) a commit-
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ted instance for F ∗. An instance (β,x, comw, y) is satisfied by a witness (w, rw)
where rw ∈ F, if y = F ∗(β,x,w) and comw = PolyCom(ppw,w, rw), namely
comw is a homomorphic polynomial commitments to w̃(z), the multilinear ex-
tension of w. Given two satisfying instances (β0,x0,w0, y0) and (β1,x1,w1, y1),
the goal of folding is to reduce the validity checks for them into that of a
third instance. The core idea is to define the following interpolation β(t) =
(1−t)β0+tβ1, x(t) = (1−t)x0+tx1, w(t) = (1−t)w0+tw1, y(t) = (1−t)y0+ty1,
and then derive the univariate output polynomial y(t) = F ∗(β(t),x(t),w(t)).
As in the motivating example, the folding process interpolates a third circuit in-
stance F ∗(β(γ),x(γ),w(γ)) induced by a value γ ∈ F randomly sampled by the
verifier. The validity checks for this third instance essentially boils down to check-
ing if the prover can respond with yγ such that yγ = F ∗(β(γ),x(γ),w(γ)) holds.
The soundness of this protocol is derived from the Schwartz-Zippel Lemma, as
explained in the motivating example. To complete the folding process, both the
prover and verifier also need to generate comwγ , the commitment to w(γ). If
we use a homomorphic commitment scheme, both the prover and verifier can
independently derive this new commitment from comw0 and comw1 via random
linear combination. The dominant group operations per fold is therefore just a
single MSM of size |w|, without needing to generate the cross-terms or full-trace
commitment as in many other folding frameworks. The interactive folding pro-
tocol is also a public coin protocol, and therefore can be made non-interactive
via the Fiat-Shamir transformation. The folding protocols are presented in Con-
struction 12 and Construction 14.

With the non-interactive folding protocol, we can construct the IVC scheme
which maintains an accumulated instance Ui for the ith folding step, and folds
the step instance ui into it (see Construction 15). We prove in Theorem 16 that
the proposed IVC scheme for the circuit F satisfy the completeness and knowl-
edge soundness property. In terms of efficiency, for each folding step, the prover
performs O(log |F |) hashes and O(D∗|F |) field operations. On top of that, when
instantiating PolyCom with the either the Bulletproofs or Dory commitment
scheme, the prover performs a single group scalar multiplication and a single
group MSM of size |w|, where w is the witness to circuit F ∗. The IVC proof
generated by Construction 15 is linear in |F |. As F ∗ can be viewed as a layered
circuit, to reduce the proof size, we propose to employ GKR-based SNARK pro-
tocols such as Libra to further compress the IVC proof. As stated in Theorem
18, the SNARK proof generation runs in time Oλ(|F |), and the generated proof
size can be reduced to Oλ(d

∗ log |F |).

Folding/IVC Scheme Extensions. Interstellar+ extends the basic folding/IVC
protocol to incorporate high-degree gates and lookup gates, support folding mul-
tiple instances at once, and handle non-uniform IVC:

Support for high-degree gates (Section 6.1): Our protocol handles high-
degree gates by simply unrolling them into sequences of standard multiplication
and addition gates. For example, a gate y = x4 can be expressed as z = x2

followed by y = z2. Unlike R1CS-based systems, where such unrolling increases
the number of constraints, and therefore the size of the witness and cross-term
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commitments, unrolling in our framework incurs almost no additional prover
cost. In particular, if the circuit flattening step avoids cutting through unrolled
gates, no extra witness elements are introduced, and so the prover costs for the
folding process remain unchanged.

Handling lookup gates (Section 6.2): It is well established that proving the
inputs and outputs of certain gates satisfy a lookup relationship is equivalent
to proving that a sequence of values is contained within a predefined lookup
table, where the sequence of values are derived from a subset of gate values in
the circuit [2, 27, 47]. Thus, to handle lookup gates we can leverage a lemma
from [27] which states that given a lookup table p = [pi]

P−1
i=0 , we have sequence

{vi|i = 0, 1, .., l − 1} ⊂ p as if and only if there exists a sequence [mi]
P−1
i=0

of field elements such that
∑l−1

i=0
1

X+vi
=

∑P−1
i=0

mi

X+pi
. In order to prove this

condition can be met, we augment F ∗ with a set of auxiliary public inputs such
as {mi|i = 0, 1, .., P−1}. We also add circuits to perform the additional checks for
these inputs which essentially equivalent to check if

∑l−1
i=0

1
X+vi

=
∑P−1

i=0
mi

X+pi

holds for the gate values and the additional inputs. Denoting the resulting circuit
by G∗, we can then invoke the folding and IVC protocol for G∗ which prove
whether the original lookup relationship is indeed satisfied.

Fold multiple instances at once (Section 6.3): The basic folding scheme
can be naturally extended to fold multiple instances at once, which enables our
scheme to support PCD. The core idea is to generalize the linear interpolation
w(t) = (1 − t)w0 + tw1 to w(t) =

∑k−1
j=0 δ(t, j) ·wj where δ(t, j) is the La-

grange basis polynomials, and likewise for β, x, and y. The same also applies
for comw, thanks to its homomorphic property. Then, the folding and IVC pro-
tocol proceed similar to the basic two instances case. In terms of efficiency, as
stated by Theorem 23, the prover performs O(log |F |) hashes and O(kD∗|F |)
field operations. The size of the folded instance has a constant of size Oλ(|F |).
On top of that, if we instantiate PolyCom with the either the Bulletproofs or
Dory commitment scheme, the prover performs k size-|w| group MSMs and k
group scalar-multiplications and additions.

Support non-uniform IVC (Appendix B.5): Non-uniform IVC aims at
efficiently producing succinct proofs of correct execution of programs in a VM
where only a small part of circuit is activated for each VM instruction [11, 30].
The cost for IVC proof generation should be proportional only to the size of the
sub-circuit representing the instruction invoked by the program step. Assume
that the VM has I subcircuit, each implementing a VM instruction, we vectorize
the state to (B,X, comW,Y) and (W, rW), where B = (β(0), ..,β(I−1)), and the
same goes for X, comW, Y, and W. In addition, we keep a “one-hot” program
counter vector to keep track of subcircuit that is activated by the current VM
instruction. Using this one-hot vector, we adapt our folding strategy in a way
that only the active component of vector (B, X, comW, Y, W, and rW) are
updated in each folding step. The remaining I − 1 inactive components of these
vectors stay the same post-folding so we do not need to touch them. This thus
achieves the desired cost profile.
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Collaborative Folding/IVC. All prior folding research works assume that
a single prover possesses all witnesses. Inspired by collaborative zk-SNARKS
[24,37,41], we present the first formal definition and practical realization of col-
laborative folding/IVC (Definition 24, Construction 43 / 28). It allows k ≥ 1
prover clients and n untrusted assisting servers to jointly produce IVC proofs
for computations such as zi+1 = F (wA,wB , zi) where secret witness wA is only
accessible by prover Alice and wB is private to prover Bob, without reveal-
ing the private witnesses owned by each prover client. Moreover, the witness
remains hidden as long as only a subset of the servers colludes. For this we
analyze the baseline folding/IVC protocol in Construction 12 / 15 and identify
the steps that touches the secret witnesses. These steps involve MSM compu-
tations, arithmetic circuit evaluation, and univariate polynomial commitments
and evaluation proof generations on distributed secret witnesses. In particular,
in each folding step, the prover clients need to commit to the secret witnesses.
Since Pedersen’s commitment boils down to an MSM, by adopting Garg et al.’s
collaborative MSM [24], this step is efficiently parallelized across the n servers
while maintaining privacy. Moreover, the folding step also requires evaluating
y(t) at D∗ + 1 points from secret witnesses belong to multiple prover clients.
This computation can be conducted via MPC using classic protocols such as
BGW [3]. After evaluating y(t), in the baseline folding protocol (Construction
12) the prover sends y(2), y(3), ..., y(D∗) to the verifier in the clear, which could
leak information about the witnesses in the MPC setting. To address this, we
instead let the prover clients commit to y(t) via MPC and only sends comy,
the zero-knowledge polynomial commitment of y(t) to the verifier. The prover
clients also need to evaluate y(t) at a γ ∈ F randomly chosen by the verifier, and
generate the corresponding evaluation proof. All these can be done securely and
scalably via MPC as we will discuss in Section 7.

4 Folding via Circuit Interpolation

4.1 Normalize the Circuit in Preparation for Folding

As mentioned earlier, our proposed folding protocol works by first normalizing
the circuit under consideration into a shallow circuit which has a single output.

Augment the Incremental Computation F . As in Nova, given a circuit F
which performs incremental computation circuit zi+1 = F (zi,ωi), we first need
to augment it to circuit F ′ by adding the verifier circuit of the non-interactive
folding scheme and a couple hashes, in order to perform additional bookkeeping
to fold proofs of prior invocations of itself. The augmentation of F follows a
process similar to that described in Section 5.1 and illustrated in Figure 3 of
the Nova paper [33], except that we replace Nova’s NIFS.V with our own version
described in Construction 14. We rearrange the inputs to resulting circuit F ′

takes to a public input vector x′ and a private witness vector w′, and denote
the output vector by y′, i.e., y′ = F ′(x′,w′). The formal construction of circuit
F ′ is provided in Appendix B.1.
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Circuit Flattening for Total Degree Reduction. In some cases, the aug-
mented circuit y′ = F ′(x′,w′) could be a “deep circuit ” with many layers, and
therefore its total degree D′ could potentially be large. To address this, we add
an extra step to “flatten” a d-layer circuit F ′ into a circuit with k parallel blocks,
each with at most l = ⌈d/k⌉ layers. Extra wires and gates are added to turn
the intermediate values into the inputs of the normalized circuit. The process of
flattening F ′ is depicted in Figure 3.

More formally, we denote the k blocks in the circuit F ′ (Figure 3(a)) by ck,
ck−1, ..., c1. The inputs and outputs of the ith block ci are denoted by hi and
hi−1, i.e., hi−1 = ci(hi). In particular, hk = (x′,w′), and h0 = y′. Then, the
public input vector x, pubic output vector y, and witness vector w of the l-layer
flattened circuit F̄ can be expressed as

x = (x′,y′)

y = (ck(i
′,w′)− hk−1, ck−1(hk−1)− hk−2, ..., c1(h1)− y′)

w = (w′,hk−1, ...,h1)

(1)

Note that we only need to flatten F ′ when D′ is sufficiently large, as k > 1
would increase the witness size and therefore the commitment cost (see Remark
10 for further discussion). When D′ is not too large (e.g. D′ < 100), we can
simply set k = 1. The net effect of k = 1 is just moving y′ from the output to
the input, so that the expected output of F̄ is a zero vector, which sets the circuit
up for the next normalization step. We have the following lemma regarding the
completeness and soundness of the flattening procedure. The proof of the lemma
is straightforward and is omitted here.

Lemma 4. If (x′,y′,w′) satisfies relation y′ = F ′(x′,w′), then y = F̄ (x,w)
is a zero vector. Conversely, if y is a zero vector, (x′,y′,w′) satisfies y′ =
F ′(x′,w′).

Single Output Reduction. Next, we perform another circuit transformation
such that the resulting circuit has a single output. Without this transforma-
tion, since F̄ may have multiple outputs, the prover would need to send the
output polynomial of all outputs to the verifier, which potentially incurs high
communication overhead.

Let us assume that the output of the circuit F̄ is an n dimensional vector y =
(y0, y1, ..., yn−1) ∈ Fn. To prove to the verifier that this is a zero vector, we can
use the random combination trick. That is, come up with a random coefficients
vector s and check if s ·y = 0. We propose to generate the random vector s using
the following process: First, the verifier V samples logn independent random
values β = (β0, .., βk, .., βlogn−1) ∈ Flogn and sends them to the prover P. Next,
both P and V can independently generate the following n random coefficients:

s = {si =
logn−1∏
k=0

(ik · βk + (1− ik) · (1− βk))|i = 1, .., n} (2)



16 Jieyi Long

Fig. 3. Flatten the augmented circuit F ′ to F̄ . In this example, circuit F ′ is divided into
k = 4 blocks c1, .., c4, each with l = ⌈d/4⌉ layers. There are other flattening strategies,
for example, minimizing the number of outputs of F̄ while keeping the degree of F̄
below a certain threshold (see also Remark 8).

where ik is the kth bit of the binary representation of index i. With s defined
above, we will prove in Lemma 5 that we only need to check the following inner
product to ensure that y′ = F ′(x′,w′) is a zero vector with high probability:

s · y = 0 (3)

We denote the resulting circuit by y = F ∗(β,x,w). This circuit has a single
output y ∈ F, and takes three inputs, namely the random vector β, as well
as x and w defined in Formula 1. In the following two lemmas we claim that
F ′(x′,w′) = y′ holds with high probability if y = 0. In addition, the prover and
the verifier can generate vector s independently with O(n) field multiplications
and additions. The proofs of these two lemmas are deferred to Appendix C.1.

Lemma 5. If w′ is a valid witness of F ′, i.e., F ′(x′,w′) = y′, and that β =
(β0, .., βk, .., βlogn−1) ∈ Flogn are uniformly random, then the normalized circuit
F ∗ evaluates to 0, i.e., F ∗(β,x,w) = 0. Conversely, if F ∗(β,x,w) = 0, then
F ′(x′,w′) = y′ holds with probability at least 1− logn

|F| ≥ 1− log |F ′|
|F| .

Lemma 6. Generating coefficient vector s = (s0, .., si, .., sn−1) with si defined
by Formula (2) takes Oλ(n) time and Oλ(n) memory, and therefore can be im-
plemented as a Oλ(n)-size circuit.

As shown in the following lemma, compared to F̄ , the normalization only
increases the circuit size by a constant factor and the total degree by at most
log n. The proof of the lemma is provided in Appendix C.1.

Lemma 7. The size of normalized circuit F ∗ is in the same order as F̄ and F ′,
i.e. O(|F ∗|) = O(|F̄ |) = O(|F ′|) = O(|F |). Moreover, denoting the total degree
of F ∗ and F̄ by D∗ and D̄, respectively, we have D∗ = D̄ + logn. Denote the
depth of F ∗ and F̄ by d∗ and d̄, respectively, we have d∗ = min{d̄, logn}+ 2.
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Remark 8. Note that O(n) ≤ O(|F̄ |) since n is the number of outputs of F̄ .
Lemma 7 further shows O(|F̄ |) = O(|F |). Hence, we have O(n) ≤ O(|F |). Also,
depending on the circuit structure, in many cases we might have n≪ |F | depend-
ing on how we flatten the circuit. Moreover, it is possible to reduce the degree
of the circuit D∗ to D̄ + 2 and depth d∗ to d̄ + 2 using alternative methods to
generate the vector s, but with different trade-offs. The details are provided in
Appendix B.2.

Remark 9. Protostar uses a similar random linear combination technique to col-
lapse multiple constraints into one. However, their prover needs to keep track of
the coefficients (i.e., [βi, β

′
i]
√
l−1

i=1 in Figure 6 of the Protostar paper) as part of
the witness. This results in two commitments to an extra O(

√
l) terms, which

adds extra prover overhead compared to our approach.

Deriving the Output Polynomial for F ∗. After the above two-phase circuit
normalization, the original circuit F ′ has been turned into a shallow and single-
output circuit y = F ∗(β,x,w). Given two satisfying instances (β0,x0,w0, y0)
and (β1,x1,w1, y1), the prover needs to interpolate them into a third instance,
and derive the output polynomial y(t) = F ∗(β(t),x(t),w(t)) where w(t) =
(1− t) ·w0+ t ·w1 and β(t) and x(t) are defined similarly. To obtain the closed-
form expression of y(t), we can plug β(t), x(t), and w(t) into the inputs of
circuit F ∗ and derive the closed-form expression of each intermediate gates layer
by layer towards the output. Alternatively, since y(t) is a degree-D∗ univariate
polynomial, we can evaluate β(t), x(t), and w(t) at D∗ + 1 points and then
compute the corresponding circuit outputs. The prover cost of this approach is
bounded by O(D∗ · |F ∗|) = O(D∗ · |F |) field operations. These D∗+1 evaluations
of y(t) can be sent directly to the verifier, which can evaluate y(t) at any point γ ∈
F with O(D∗) field operations online using the barycentric evaluation method
with a one-time preprocessing cost of O(D∗2) [6].

Remark 10. (Prover cost trade-off) Note that in the circuit flattening process,
the number of “blocks” k can be any integer between 1 and d. A larger k reduces
D∗, the total degree of F ∗, and thus the prover cost for computing the expression
of y(t). However, a larger k also increases the size of the witness w, leading to
a higher cost to commit to the multilinear extension of w. Hence, k can be a
circuit-specific parameter we choose to optimize the prover cost.

4.2 Construction of the Folding Scheme

Definition 11. Given a circuit F performing step computation zi+1 = F (zi,ωi)
where ωi is a non-deterministic input vector, we denote y = F ∗(β,x,w) the nor-
malized circuit as described in Section 4.1. We call (β,x, comw, y) the commit-
ted instance for F ∗. An instance (β,x, comw, y) is satisfied by a witness (w, rw)
where rw ∈ F, if comw = PolyCom(ppw,w, rw) and y = F ∗(β,x,w).
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Construction 12 (Interactive Folding Scheme (IFS)) Consider a finite field
F and a succinct, hiding, and homomorphic polynomial commitment scheme for
multilinear polynomials PolyCom over F. We define the generator G and encoder
K as follows:

• G(1λ)→ pp: output size bound for |F |, and commitment parameters ppw.
• K(pp, F )→ (pk, vk): output pk← (pp, F ∗) and vk←⊥.

The verifier V takes two committed instances u0 = (β0,x0, comw0, y0) and
u1 = (⊥,x1, comw1, 0)

2. The prover P, in addition to the two instances, takes
witnesses to both instances (w0, rw0) and (w1, rw1). The prover and verifier
proceed as follows:

• V: Sample independent random field elements β1 = (β0, .., βk, .., βlogn−1) ∈
Flogn, and send them to P.

• P: Compute the point evaluation form of polynomial y(t), i.e. the evaluations
of y(t) = F ∗(β(t),x(t),w(t)) as a function of t at t = 2, 3, .., D∗. Here,
w(t) = (1 − t) · w0 + t · w1, and β(t) and x(t) are defined similarly. Send
{y(2), y(3), .., y(D∗)}3 to V.

• V: Randomly sample γ ∈ F, and send it to P.
• P and V: Output the folded instance (βγ ,xγ , comwγ , yγ) as follows, where

y(γ) can be efficiently calculated by interpolating a degree-D∗ polynomial
through points {(0, y0), (1, 0), (2, y(2)), (3, y(3)), .., (D∗, y(D∗))} via the barycen-
tric evaluation method.

βγ ← (1− γ) · β0 + γ · β1

xγ ← (1− γ) · x0 + γ · x1

comwγ ← (1− γ) · comw0 + γ · comw1

yγ ← y(γ)

• P: Output the folded witness (wγ , rwγ), where

wγ ← (1− γ) ·w0 + γ ·w1

rwγ ← (1− γ) · rw0 + γ · rw1

Theorem 13. Construction 12 is a public-coin folding scheme for committed
instances of F ∗ that achieves completeness and knowledge soundness.
2 Note for u1, the β vector is null ⊥, meaning the value of β is not set when P and
V enter the protocol. Also, u1.y = 0. This is for the ease of constructing the IVC
protocol, where the accumulating instance u0 has its β already set, while P and V
will need to generate β for u1, the instance to be folded. Also, per Lemma 5, u1.y
should always be 0 for any β, if the witeness (w1, rw1) satisfies the instance u1.

3 Given w(t) = (1 − t) ·w0 + t ·w1, we have that w(0) = w0 and w(1) = w1. Thus,
y(0) = y0 and y(1) = 0 are already available in instances u0 = (β0,x0, comw0, y0)
and u1 = (⊥,x1, comw1, 0). Hence P does not need to send them to V.
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The proof for the above Theorem will be presented in Appendix C.1. Con-
struction 12 can be turned non-interactive as follows. We also assume that it
satisfies completeness and knowledge soundness in the standard model when ρ
is instantiated with a cryptographic hash function [33].

Construction 14 (Non-Interactive Folding Scheme (NIFS)) Under the ran-
dom oracle model, non-interactivity can be achieved using the strong Fiat-Shamir
transformation. Let ρ denote a random oracle sampled during parameter genera-
tion and provided to all parties. Let (G,K,P,V) represented the interactive fold-
ing scheme defined above in Construction 12. A non-interactive folding scheme
(G,K,P,V) can be constructed as follows:

• G(1λ): output pp← G(1λ).
• K(pp, F ): vk← ρ(pp, F ) and pk← (pp, F ∗, vk); output (vk, pk).
• P(pk, (u0,w0), (u1,w1)): Generate log n random values β0 ← ρ(vk, u0, u1),
β1 ← ρ(vk, u0, u1, β0), .., βlogn−1 ← ρ(vk, u0, u1, β0, .., βlogn−2); Compute
{y(2), y(3), .., y(D∗)} and forward them to IFS.P and IFS.V; Generate ran-
domness γ ← ρ(vk, u0, u1, β0, .., βlogn−2, y(2), .., y(D

∗)), and calculate yγ =
y(γ) using the barycentric interpolation method and then output the resulting
folded instance and witness.

• V(vk, u0, u1): runs IFS.V with randomness (β0, .., βlogn−1) generated the same
way as P; Receive {y(2), y(3), .., y(D∗)} and generaet γ the same way as P.
Calculate yγ = y(γ) via the barycentric interpolation method and output the
resulting folded instance.

5 The Interstellar IVC Scheme

With the non-interactive folding scheme defined in the previous section, we can
show how to construct an IVC scheme, and turn it into a SNARK.

5.1 The IVC Protocol Construction

We use Ui = (βi,Xi, comWi, Yi) to represent the correct execution of invocations
1, .., i−1 of F ∗, and ui = (βi,xi, comwi, yi) to represent the correct execution of
the ith invocation of F ∗. The construction of the IVC protocol is given below,
whose completeness and knowledge soundness are proven in Theorem 16:

Construction 15 (Interstellar IVC Protocol (InterstellarIVC)) Based on the
above building blocks, the IVC scheme (G,K,P,V) is defined as follows:

• G(1λ)→ pp: Output NIFS.G(1λ).
• K(pp, F )→ (pk, vk):
◦ generate circuit F ∗ ← NORMALIZE(pp, F ) as described in Section 4.1;
◦ generate (pkfs, vkfs)← NIFS.K(pp, F ∗);
◦ output (pk, vk)← ((pp, (pkfs, F ), (pp, (vkfs, F

∗)).
• P(pk, (i, z0, zi),ωi, Πi)→ Πi+1:
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◦ if i = 0, set (Ui+1,Wi+1) ← ((β = 0,x = 0, com0, y = 0),w0 =
0), where com0 is the commitment to the zero vector 0; Otherwise,
parse Πi as ((Ui,Wi), (ui,wi), ri) and then compute (Ui+1,Wi+1) ←
NIFS.P(pk, (Ui,Wi), (ui,wi));

◦ sample ri+1 ← F randomly;
◦ compute (ui+1,wi+1)← trace(F ∗, (vk,Ui, ui, (i, z0, zi),ωi, ri, ri+1)), where
ui+1.β =⊥ and ui+1.y = 0; Note that trace is a randomized algorithm
that internally samples randomness rw,i+1 to create hiding commitments
comw,i+1 = PolyCom(w̃i+1, rw,i+1) inside ui+1, where w̃i+1 is the mul-
tilinear extension of wi+1;

◦ output Πi+1 ← ((Ui+1,Wi+1), (ui+1,wi+1), ri+1).
• V(vk, (i, z0, zi), Πi)→ {0, 1}:
◦ if i = 0, check if zi = z0;
◦ otherwise,
− parse Πi as ((Ui,Wi), (ui,wi), ri),
− check if ui.y = 0 and if u.x = hash(vk, i, z0, zi,Ui, ri),
− randomly samples βi ∈ Flogn and set ui.β ← βi,
− check if Wi and wi are satisfying witnesses to Ui and ui respectively

using vk.pp and vk.F ∗.

Instantiating PolyCom As a well-known fact, given a vector commitment to
a n-sized vector over F, a corresponding multilinear polynomial commitment
scheme for logn variables can be constructed, if there exists an argument protocol
to prove an inner product computation between a committed vector and an n-
sized public vector (r0, 1 − r0) ⊗ .. ⊗ (rn−1, 1 − rn−1), where r ∈ Flogn is an
evaluation point [33]. Examples of such vector commitments include Bulletproofs
[13] and Dory [34]. In the following, we analyze the pros and cons of each option.

Bulletproofs PolyComBP. We can leverage Bulletproofs if we choose Ped-
ersen’s commitments as the PolyCom scheme used in the IVC protocol. For a
log n-variable multilinear polynomial, committing takes Oλ(n) time to produce
an Oλ(1)-sized commitment. To generate an evaluation proof, the prover time
is Oλ(n). The evaluation proof has size Oλ(log n) and takes the verifier Oλ(n)
time to verify. PolyComBP has a transparent setup and does not assume pairing.

Dory PolyComDory. For a log n-variable multilinear polynomial, PolyComDory

takes Oλ(n) time to produce an Oλ(1)-sized commitment, same as PolyComBP.
For evaluation, both the proof size and verification time are in Oλ(logn). While
having a more efficient verifier than PolyComBP, PolyComDory assumes the hard-
ness of SXDH, but also has a transparent setup.

The following theorem claims the completeness, knowledge soundness, and
efficiency of the Interstellar IVC scheme when composing with different PolyCom
schemes listed above. The proof follows the same reasoning as in our motivating
example, with the full formal proof deferred to Appendix C.2.

Theorem 16. Construction 15 is an IVC scheme for the circuit F that satisfies
completeness and knowledge soundness. In terms of efficiency, for each folding
step, the prover performs O(log |F |) hashes and O(D∗|F |) field operations. On
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top of that, when we instantiate PolyCom with the either the Bulletproofs or Dory
commitment scheme, the prover performs a single group scalar multiplication and
a single group MSM of size |w|, where w is the witness to circuit F ∗.

5.2 IVC Proof Compression by SNARK Composition

Note that the IVC proof generated with Construction 15 has a proof size linear
in the size of circuit F . Similarly to Nova, we can add a second-stage SNARK
protocol to further compress the IVC proof size. For that, we can apply a mod-
ified version of Construction 4 in the Nova paper [33]. The details are deferred
to Construction 38 in Appendix B.3. A small optimization is to fold the last two
statements, i.e. Ui and ui, into a single statement U′, so that the SNARK only
needs to prove one single statement. Regarding this construction, we have the
following theorem, whose proof is provided in Appendix C.3:

Theorem 17. Construction 38 is a SNARK of a valid IVC proof produced by
Construction 15.

Construction 38 requires an SNARK scheme for the circuit satisfiability prob-
lem to succinctly prove the knowledge of a valid IVC proof. Our IVC scheme
sets itself up nicely for employing GKR-based SNARK protocols, as the folded
instance (βγ ,xγ , comwγ , yγ) includes (βγ ,xγ , yγ), the public inputs/output of
the final folded instance for the circuit F ∗, as well as comwγ , the polynomial
commitment to the multilinear extension of the witness. Thus, we can apply
GKR-based SNARK protocols such as Libra [51] to turn our IVC scheme into
a SNARK. Note that the original version of Libra uses the KZG/PST com-
mitment but can be replaced with the multilinear PolyCom schemes discussed
in the previous section. We have the following theorem regarding the SNARK
construction for circuit satisfiability, whose proof is presented in Appendix C.3.

Theorem 18. There exists a SNARK in the random oracle model for the circuit
satisfiability problem for circuit F with the following efficiency characteristics,
where d∗ is the number of layers in the normalized circuit F ∗:

• Assuming the hardness of the discrete logarithm problem, the prover runs in
time Oλ(|F |); the proof length is Oλ(d

∗ log |F |); and the verifier online run
time is in Oλ(d

∗ log |F |+ |w|).
• Assuming the hardness of the SXDH problem, the prover runs in time Oλ(|F |);

the proof length is Oλ(d
∗ log |F |); and the verifier online run time Oλ(d

∗ log |F |).

Remark 19. The original Libra SNARK protocol achieves linear prover time for
any circuit. However, the verifier time is sublinear only for log-space uniform
circuits. This is because the protocol requires the verifier to compute multilin-
ear extensions ˜addi(g, x, y) and ˜multi(g, x, y) for each layer when running the
GKR protocol. As pointed out by other follow-up works in the literature (e.g.
the caption of Figure 9 in the Brakedown paper [26] regarding Hyrax*), we can
employ Spartan’s computation commitment idea to outsource these computa-
tions to the prover. In more detail, we can introduce a preprocessing step for
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the verifier to commit to all ˜addi(g, x, y) and ˜multi(g, x, y). During GKR execu-
tion, the verifier can ask the prover to return their evaluations at random points
with proofs. With these proofs and the polynomial commitments to ˜addi(g, x, y)
and ˜multi(g, x, y) generated earlier by herself, the verifier can check whether the
evaluations are correct. This keeps the verifier’s online run time in Oλ(d

∗ ·log |F |)
even for non-uniform circuits when PolyComDory is used.

6 Interstellar+: Extended Folding/IVC Scheme

In this section, we explore extensions of the Interstellar Folding/IVC scheme to
handle high-degree gates, look-up gates, multi-way folding, and support non-
uniform IVC, which are critical for support many real-world applications. We
defer the details of non-uniform IVC to Appendix B.5.

6.1 Handling High-Degree Gates

To handle high-degree gates in our framework, we can simply “unroll” them into
multiplication and addition gates. For example, a high-degree gate y = x4 can be
implemented using two consecutive multiplication gates calculating z = x2 and
y = z2, respectively. In other folding/IVC mechanisms using constraint systems
such as R1CS, this unrolling could lead to a higher prover cost, as it increases
the number of constraints and thus the witness and cross-term vector size, which
results in more group operations for committing to these vectors.

The cost impact of the unrolling on our IVC scheme is minimal. First, for
the folding operation, if the circuit flattening process does not “cut through”
the unrolled circuit representing the high-degree gates, no extra witness will be
created. Hence, there is zero additional overhead for folding the instance and
witness, no matter how high the degree of the gate is. Thus, we can optimize
the circuit flattening procedure so that it cuts through as few unrolled high-
degree gates as possible, which adds minimal or even zero additional cost for the
folding protocol. Secondly, for the SNARK proof generation step for the final
folded circuit, unrolling could increase the number of layers of the circuit, and
thus adds more work for the GKR protocol. However, SNARK proof generation
occurs only once for the entire IVC. The amortized cost per folding step would
approach zero as the number of steps increases. In summary, handling high-
degree gates by unrolling them creates only a small overhead for our framework.

6.2 Support for Lookup Gates

Inspired by Protostar [11], we leverage the following lemma from [27] to handle
lookup gates. We denote a size-P lookup table as p = {pi|i = 0, .., P − 1}. Then
we have [27]:

Lemma 20. Let F be a field of characteristic c > max(l, P ). Given two se-
quences of field elements [vi]

l−1
i=0 and [pi]

P−1
i=0 , we have {vi|i = 0, 1, .., l − 1} ⊂ p
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as sets (with multiples of values removed) if and only if there exists a sequence
[mi]

P−1
i=0 of field elements such that

l−1∑
i=0

1

X + vi
=

P−1∑
i=0

mi

X + pi
(4)

Our idea is to further augment the circuit F ∗ with a sub-circuit for the
prover and verifier to run an interactive protocol to evaluate Equation 4 at
a random point τ . For that, we augment F ∗ with additional public inputs τ ,
m = {mi|i = 0, .., P − 1}, h = {hi|i = 0, .., l − 1}, and g = {gi|i = 0, .., P − 1}.
We also add circuits to perform the following checks for these inputs [11]:

(vi + τ) · (hi · (vi + τ)− 1) = 0 (5)
(pi + τ) · (gi · (pi + τ)−mi) = 0 (6)

Here v = {vi|i = 0, 1, .., l−1} ⊆ w is a set of values (e.g. some of the intermediate
gate inputs/outputs) that we want to perform the lookup checks. The lookup
table p = {pi|i = 0, .., P−1} is also an additional public input vector. We denote
the augmented circuit by G∗. To simplify notation, we absorbed them into an
extended public input vector xA = (x,p, τ,m,h,g).

Construction 21 (Interactive Folding Scheme with Lookup Gates) Let
us consider a finite field F and a succinct, hiding, and homomorphic polynomial
commitment scheme for multilinear polynomials PolyCom over F. We define the
generator and encoder as follows:

• G(1λ)→ pp: output size bound for |F |, and commitment parameters ppw.
• K(pp, F ′)→ (pk, vk): output pk← (pp, G∗) and vk←⊥.

The verifier V takes two committed satisfying instances u0 = (β0,xA0, comw0, y0)
and u1 = (⊥,xA1, comw1, 0) where xA0 is fully specified, but xA1 = (x1,p, τ =⊥
,m =⊥,h =⊥,g =⊥) is only partially specified. The prover P, in addition to
the two instances, takes witnesses to both instances w0 and w1. The prover and
verifier proceed as follows:

• P: send m = {mi =
∑l−1

j=0 1(vj = pi)|i = 0, .., l − 1} to V.
• V: Randomly sample τ ∈ F, and send it to P.
• P: Compute h = {hi = 1

vi+τ if vi + τ ̸= 0 else 0|i = 0, .., l − 1} and
g = {gi = mi

pi+τ if pi + τ ̸= 0 else 0|i = 0, .., P − 1}. Send h and g to V.
• P and V: independently update xA1 ← (x1,p, τ,m,h,g).
• P and V: Execute the interactive folding protocol IFS.P and IFS.V in Con-

struction 12 on u0 = (β0,xA0, comw0, y0) and u1 = (⊥,xA1, comw1, 0) for
circuit G∗, and output the folded instances. P also outputs the folded witness.

Theorem 22. For circuits with lookup gates, the interactive folding scheme in
Construction 21 achieves completeness and knowledge-soundness.
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The proof for the above theorem is presented in Appendix C.4. The non-
interactive version of Construction 21 (using Fiat-Shamir transformation) can
be a drop-in replacement for the NIFS scheme used in Construction 15 to extend
the IVC scheme to support circuits with lookup gates.

6.3 Folding Multiple Instances at Once

Our folding scheme can be extended to support folding k > 2 instances at once.
The folded instance has a constant size. First, we denote the witness vector for
the k instances by {wi|j = 0, 1, .., k− 1}. Let us define the following multilinear
combination: w(t) =

∑k−1
j=0 δ(t, j) ·wj , where δ(t, j) is the Lagrange basis poly-

nomial as defined in Section A.2 4. The verifier samples a random field element
γ ∈ F and sends it to the prover to fold the k witnesses into one:

wγ =

k−1∑
j=0

δ(γ, j) ·wj

In a similar fashion, both the prover and the verifier can fold and derive
xγ and βγ , that is, xγ =

∑k−1
j=0 δ(γ, j) · xj and βγ =

∑k−1
j=0 δ(γ, j) · βj . An

optimization is that we can reuse the same β = {βi | i = 0, 1, .., logn − 1}
for {u1, u2, .., uk−1}. In other words, verifier samples log n independent random
values β = (β0, .., βk, .., βlogn−1) ∈ Flogn. And both the prover and verifier can
set u1.β = u2.β = .. = uk−1.βk−1 = β. Moreover, since all instances are using
the same β, the circuitry to generate vector s (Formula 2) can be shared among
the instances. We will prove in Theorem 23 that this is sufficient to guarantee
knowledge soundness.

As for comwγ , we note that the multilinear extension of wγ can be de-
rived as w̃γ(z) =

∑|w|−1
i=0 ẽq(z, i) ·wγi =

∑|w|−1
i=0 ẽq(z, i) · (

∑k−1
j=0 δ(γ, j) ·wji) =∑k−1

j=0 δ(γ, j) · (
∑|w|−1

i=0 ẽq(z, i) ·wji) =
∑k−1

j=0 δ(γ, j) · w̃j(z), which is just a lin-
ear combination of {w̃j(z)|j = 0, 1, .., k−1}. Then, given the additive homomor-
phic property of the PolyCom scheme, the prover and verifier can independently
generate comwγ , the polynomial commitment to w̃γ(z) as:

comwγ =

k−1∑
j=0

δ(γ, j) · comwj

As for the output polynomial y(t), it is still a low-degree univariate polyno-
mial whose degree in t is bounded by k · D∗, since each of the Lagrange bases
{δ(t, j)|j = 0, 1, .., k − 1} is a degree-k univariate polynomial of t. The prover
can derive the evaluation form of y(t) and send it to the verifier to continue the
folding process.

Through the above protocol, the prover and the verifier can independently
output (βγ ,xγ , comwγ , yγ), which folds the k instances into one. In addition, the
4 Note that when k = 2, δ(t, 0) = 1− t and δ(t, 1) = t. Thus, the technique described

in this section is a natural extension of Construction 12.
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prover outputs the folded witness (wγ , rw). The above procedure can fold any
number of instances at once, as long as k · D∗, the total degree of the output
polynomial is still sufficiently small compared to the field size. We provide the
formal construction of the interactive and non-interactive protocol for folding
multiple instances at once in Construction 39 and Construction 40 in Appendix
B.4. The size of the folded instance remains constant, independently of how
many instances are folded at once. Finally, it is worth pointing out that with the
support for folding multiple instances at once, we can extend the IVC protocol to
PCD rather straightforwardly. We omit the details, since this is not the focus of
this paper. The following theorem states the completeness, knowledge soundness,
and efficiency of Construction 39 and Construction 40. The proof of the theorem
is presented in Appendix C.4.

Theorem 23. The scheme for folding k instance at once in Construction 39 is
a public coin protocol that achieves the completeness and knowledge-soundness
property. In terms of efficiency, for the non-interactive version of the proto-
col (Construction 40), the prover performs O(log |F |) hashes and O(kD∗|F |)
field operations. The size of the folded instance has a constant of size Oλ(|F |).
On top of that, if we instantiate PolyCom with either the Bulletproofs or Dory
commitment scheme, the prover performs k size-|w| group MSMs and k group
scalar-multiplications and additions.

7 Interstellar++: Support for Collaborative Folding/IVC

The techniques introduced above, and all the existing folding research works to
the best of our knowledge [7,8,11,18–20,30–33,40,53], assume that a single party
possesses the witnesses of all instances to be folded. However, in practice, it may
arise that the witness itself is distributed across multiple parties, each of which
wishes to preserve the privacy of their own portion. These scenarios have been
studied in the context of collaborative zk-SNARKs [24, 36, 37, 41], where secret
sharing and multi-party computation (MPC) are leveraged to enable distributed
proof generation among untrusted parties.

Motivated by these developments, we extend our folding framework to the
setting of Collaborative Folding/IVC, where folding and IVC can be executed
jointly by multiple parties in a privacy-preserving and scalable manner. More-
over, the witness remains hidden as long as only a subset of the servers collude.
As an example, assume we need to fold two instances of a circuit y = F (wA,wB)
where for each instance, witness wA only knows to Alice, and wB is only accessi-
ble by Bob. Also, similar to some of the collaborative zk-SNARKs works [24,37].
We assume there are n servers available to assist the folding/IVC proof genera-
tion but should not learn anything about the witnesses.

Let us first look at how to turn the IVC protocol in Construction 15 into
a Collaborative IVC at a high level. In fact, there are only two places in the
prover protocol which non-trivially touches the secret witnesses, namely the first
and the third step. The first step invokes NIFS.P to fold (Ui,Wi) and (ui,wi)
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together. We will discuss in details later in this section on how to turn this
folding step into an MPC. The third step creates commitment comw,i+1 =
PolyCom(w̃i+1, rw,i+1). We note that this commitment can be generated via
MPC efficiently if we use Pedersen’s commitment as the PolyCom scheme. This
is because the computational bottleneck of generating a Pedersen’s commitment
for a long vector w is the Multi-Scalar Multiplication (MSM) computation. For
this, we can leverage Garg et al.’s approach [24] for collaborative MSM to offload
the computation to the n servers efficiently.

7.1 Collaborative Folding Construction

Definition 24 (Collaborative Folding). Let λ be the security parameter.
Assume there are k the number of prover clients each holds a subset of the
witness of each instance, and there are n servers that can assist with the proof
generation. R is an NP relation. A collaborative folding scheme for relation R
consists of a PPT generator algorithm G, a deterministic encoder algorithm K,
and a multiparty protocol Π and verifier V respectively, defined as:

• G(1λ)→ pp: On input security parameter λ, samples public parameters pp.
• K(pp, s) → ({pki|i ∈ [n]}, vk): On input pp, and a common structure s

between instances to be folded, outputs prover key pki for the corresponding
server and a verifier key vk.
• Πonline((u0, {wj

0|j ∈ [k]}), (u1, {wj
1|j ∈ [k]})) → (u, {wj |j ∈ [k]}): This is

an MPC protocol between the verifier V, a set of k prover clients PC =
{Cj |j ∈ [k]}, and a set of n servers PS = {Si|i ∈ [n]}. The jth prover client
holds wj

0 and wj
1, namely its own portion of witnesses w0 and w1 of the

two instances to be folded. Given the two instances u0 and u1 the prover
clients and servers then engage in an interactive protocol among themselves
to compute the folded instance (u, {wj |j ∈ [k]}) where the folded witness
portion wj is only accessible to the jth prover client throughout the process.
Here u = (β,x, {comj

w|j ∈ [k]}, y), and u0 and u1 are defined accordingly.
• V(vk, u0, u1)→ u: On input instances u0 and u1, outputs a new instance u.

We say that Π = (K, Πonline) is a collaborative folding scheme for relation
R, if the following properties are satisfied:

• Completeness. For all PPT adversaries A

Pr

 (pp, s, u,w) ∈ R

∣∣∣∣∣∣∣∣∣∣∣∣

pp← G(1λ),
(s, (u0, {wj

0|j ∈ [k]}), (u1, {wj
1|j ∈ [k]}))← A(pp),

(pp, s, u0, {wj
0|j ∈ [k]}), (pp, s, u1, {wj

1|j ∈ [k]}) ∈ R,
(pk, vk)← K(pp, s),
(u, {wj |j ∈ [k]})← Πonline(

{pki|i ∈ [n]}, (u0, {wj
0|j ∈ [k]}), (u1, {wj

1|j ∈ [k]}))

 = 1
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• Knowledge-Soundness. A collaborative folding scheme satisfies knowledge
soundness if for any expected polynomial-time adversary prover clients PC∗
there is an expected polynomial-time extractor E such that

Pr

 (pp, s, u0, {wj
0|j ∈ [k]}) ∈ R,

(pp, s, u1, {wj
1|j ∈ [k]}) ∈ R

∣∣∣∣∣∣
pp← G(1λ),
(s, (u0, u1))← PC∗(pp, ρ),
({wj

0|j ∈ [k]}, {wj
1|j ∈ [k]})← E(pp, ρ)

 ≥

Pr

(pp, s, u,w) ∈ R

∣∣∣∣∣∣∣∣
pp← G(1λ),
(s, (u0, u1))← PC∗(pp, ρ),
(pk, vk)← K(pp, s),
(u, {wj |j ∈ [k]})← ⟨PC∗(pk, ρ), V(vk)⟩(u0, u1)

−negl(λ)
• m-Zero-Knowledge. For all semi-honest PPT adversaries A controlling at

most a m-sized subset Corr ⊂ [n] of the servers, and an honest verifier, there
exists an efficient simulator Simcf , such that the following holds

viewAΠonline
[{pki|i ∈ [n]}, (u0, {wj

0|j ∈ [k]}), (u1, {wj
1|j ∈ [k]})]

≈c Simcf (pp, {pki|i ∈ [n]}, (u0, {wj
0|j ∈ [k]}), (u1, {wj

1|j ∈ [k]})}

For ease of presentation below we assume the circuit flattening step in Section
4.1 is skipped, such that {wj

i } are the original witnesses without intermediate
gate values. The protocols can be extended to handle the more general case with
circuit flattening by modifying the above definition and requiring the n servers
to maintain the shares of the extended witness after each folding step. Given the
linearity of the witness folding process, they can continue the folding with these
shares to collectively generate the IVC proof.

To construct a collaborative folding scheme, we first identify the steps that
touches the secret witnesses in Construction 12. The first one is to compute
the evaluation form fo y(t). This computation requires the secret witnesses from
different prover clients. In the end, the prover also folds the witnesses of the two
instances and this accesses the witnesses again. This final step is easy to handle
in an MPC setting, as each prover client Ci can just fold her own secret witness.

Going back to the first step, securely computing y(t) in an MPC setup can be
done through classic MPC methods such as the BGW protocol [3]. As explained
in Section 4.1, since y(t) is a degree-D∗ univariate polynomial, we can evaluate
β(t), x(t), and w(t) at D∗ + 1 points y(0), y(1), .., y(D∗) and then compute the
corresponding circuit outputs layer by layer to obtain the evaluation form of
y(t) through MPC. As an optimization, exploiting the structual regularity of
this computation, we can formulate it in a way that allows us to leverage Single
Instruction Multiple Data (SIMD) in this evaluation process. In particular, the
prover clients can secret share the witnesses with the servers via Packed Secret
Sharing (PSS) [22] using a vector of polynomials f(x) where f(−i) = w(i) for
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i = 0, 1, .., D∗. Then, the servers can run an PSS-based MPC to compute the
evaluation form of y(t) layer by layer in a single pass.

However, there are other subtleties. In particular, if the servers in the MPC
computation compute these {y(i)|0 ≤ i ≤ D∗} values in the clear, extra infor-
mation about the witnesses could get leaked. To address this issue, We instead
propose to ask the servers to commit to the univariate polynomial y(t) via MPC,
and later generate evaluation proof at a random point γ securely. Committing
to and generating evaluation proof for univariate polynomial y(t) via MPC se-
curely can be achieved using the techniques such as the one proposed by Garg et
al. [24]. However, their approach requires a lead server which carries out heavy
computations and is the efficiency bottleneck.

Remark 25 (Bulletproofs based collaborative polynomial commitment). To re-
move the efficiency barrier discussed above, we observe that y(t) can be expressed
in the inner product form y(t) =

∑D∗

j=0 δ(t, j) · y(j) where {δ(t, j)|j = 0, 1, .., D∗}
are the Lagrange basis polynomials, and each of the n servers already holds addi-
tive shares of y(j)|j = 0, 1, .., D∗. This structure enables us to use inner-product
argument (IPA) based univariate polynomial commitment schemes such as Bul-
letproofs [13] in an MPC setting. In Bulletproofs, the core “2-to-1” random com-
bination involves MSMs over group elements weighted by y(j) in the exponent.
Garg et al.’s collaborative MSM protocol [24] supports exactly this setting – it
allows the servers to jointly compute MSMs using only their exponent shares,
without revealing them, and distributes the workload evenly among all n servers.
Thus, by replacing the standard MSMs in Bulletproofs with Garg et al.’s collab-
orative MSMs, we can generate polynomial commitments and evaluation proofs
collaboratively, with balanced computation and full witness privacy. The detailed
construction is omitted here due to page limit.

Based on the above discussion, we can modify Construction 12 to a collabo-
rative folding scheme below:

Construction 26 (Interactive Collaborative Folding Scheme (ICFS)) Let
us consider a finite field F and a succinct, hiding, and homomorphic polynomial
commitment scheme for multilinear polynomials PolyCom over F. We define the
generator and encoder as follows:

• G(1λ)→ pp: output size bound for |F |, and commitment parameters ppw.
• K(pp, F )→ (pk, vk): output pk← (pp, F ∗) and vk←⊥.

The verifier V takes two committed instances u0 = (β0,x0, {comj
w0|j ∈

[k]}, y0) and u1 = (⊥,x1, {comj
w1|j ∈ [k]}, 0). The set of prover clients PC =

{Cj |j ∈ [k]}, in addition to the two instances, takes witnesses to both instances
({wj

0, r
j
w0|j ∈ [k]}) and ({wj

1, r
j
w1|j ∈ [k]}). The online protocol Πonline then

proceeds as follows:

• V: Sample independent random field elements β1 = (β0, .., βk, .., βlogn−1) ∈
Flogn, and send them to the set of prover clients PC in the clear.
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• PC: Run MPC-based zero-knowledge univariate polynomial commitment scheme
(using [24] or the Bulletproofs based scheme described above) with the servers
PS = {Si|i ∈ [n]} to create comy, the commitment to y(t) = F ∗(β(t),x(t),w(t)).
PC then sends comy to V. In more details:
o The prover clients PC secret shares the witnesses with the servers PS;
o Run MPC (e.g. the BGW protocol) to securely compute y(2), y(3), .., y(D∗).

In the end, each server owns a share of each of y(2), y(3), .., y(D∗);
o With the shares, the servers create comy, the zero-knowledge polynomial

commitment to y(t) via MPC, and send comy to the prover clients;
o The prover clients relay comy to V.

• V: Randomly sample γ ∈ F, and send it to C.
• PC: Run MPC with the servers PS to evaluate y(0), y(1), and y(γ), and gen-

erate the corresponding evaluation proofs πy0, πy1, and πyγ . Send (y(0), πy0),
(y(1), πy1), (y(γ), πyγ) to V 5.

• V: Check if y(0) − y0 = 0 and y(1) = 0. Then check if y(0), y(1), and y(γ)
are the correct evaluations of y(t) at 0, 1, and γ using comy and πy0, πy1,
and πyγ

6.
• PC and V: Output the folded instance (βγ ,xγ , {comj

w|j ∈ [k]}, yγ) as follows:

βγ ← (1− γ) · β0 + γ · β1

xγ ← (1− γ) · x0 + γ · x1

comj
wγ ← (1− γ) · comj

w0 + γ · comj
w1 | j ∈ [k]

yγ ← y(γ)

• PC: The jth prover client Cj outputs the folded witness (wj
γ , r

j
wγ) to herself,

where

wj
γ ← (1− γ) ·wj

0 + γ ·wj
1

rjwγ ← (1− γ) · rjw0 + γ · rjw1

Theorem 27. Assuming at most m < n
2 − D∗ servers are corrupted, and the

corrupted servers are semi-honest, Construction 26 achieves the completeness,
knowledge-soundness, and m-zero-knowledge property as defined in Definition
24.

The proof of the above theorem can be found in Appendix C.5. Moreover,
note that the interaction between between PC and V is a public coin proto-
col. Thus it can be turned into a non-interactive protocol via the Fiat-Shamir
transformation. The detailed construction is also provided in Appendix C.5.
5 As an optimization, the servers can batch the opening proof of y(0), y(1), and y(γ)

into a single proof, which will reduce the verifier circuit size.
6 These checks add five more constraints to the verifier circuit. We can treat them as

five independent sub-circuits, each expected to evaluate to 0. Thus, they can all be
absorbed into the zero vector check in Equation 3.
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7.2 Collaborative IVC Construction

Construction 28 (Collaborative IVC CIVC)) Based on the above building
blocks, the CIVC scheme (G,K,PC,PS,V) is defined as follows:

• G(1λ)→ pp: Output NIFS.G(1λ).
• K(pp, F )→ (pk, vk):
◦ generate circuit F ∗ ← NORMALIZE(pp, F ) as described in Section 4.1;
◦ generate (pkfs, vkfs)← NIFS.K(pp, F ∗);
◦ output (pk, vk)← ((pp, (pkfs, F ), (pp, (vkfs, F

∗)).
• PC(pk, (i, z0, zi), {ωj

i |j ∈ [k]}, Πi)→ Πi+1:

◦ if i = 0, set (Ui+1, {Wj
i+1|j ∈ [k]}) ← ((β = 0,x = 0, {com0}k, y =

0), {wj
0|j ∈ [k]} = {0}k), where com0 is the commitment to the zero vec-

tor 0; Otherwise, parse Πi as ((Ui, {Wj
i |j ∈ [k]}), (ui, {wj

i |j ∈ [k]}), ri)
and then compute (Ui+1, {Wj

i+1|j ∈ [k]})← NICFS.PC(pk, (Ui, {Wj
i |j ∈

[k]}), (ui, {wj
i |j ∈ [k]}));

◦ sample ri+1 ← F randomly;
◦ compute (ui+1, {wj

i+1|j ∈ [k]}) ← trace(F ∗, (vk,Ui, ui, (i, z0, zi), {ωj
i |j ∈

[k]}, ri, ri+1)), where ui+1.β =⊥ and ui+1.y = 0; Note that trace is a ran-
domized algorithm that internally samples randomness {rjw,i+1|j ∈ [k]}
to create hiding commitments {comj

w,i+1 = PolyCom(w̃j
i+1, r

j
w,i+1)|j ∈

[k]} inside ui+1, where w̃j
i+1 is the multilinear extension of wj

i+1; If
PolyCom is implemented via Pedersen’s commitment, Garg et al.’s col-
laborative MSM approach [24] can be leveraged to offload the computation
to the n servers efficiently;

◦ output Πi+1 ← ((Ui+1, {Wj
i+1|j ∈ [k]}), (ui+1, {wj

i+1|j ∈ [k]}), ri+1).
• V(vk, (i, z0, zi), Πi)→ {0, 1}:
◦ if i = 0, check if zi = z0;
◦ otherwise,
− parse Πi as ((Ui, {Wj

i |j ∈ [k]}), (ui, {wj
i |j ∈ [k]}), ri),

− check if ui.y = 0 and if u.x = hash(vk, i, z0, zi,Ui, ri),
− randomly samples βi ∈ Flogn and set ui.β ← βi,
− check if {Wj

i |j ∈ [k]} and {wj
i |j ∈ [k]} are satisfying witnesses to

Ui and ui respectively using vk.pp and vk.F ∗.

It is worth pointing out that the special case where PC contains a single
prover client is similar to the zkSaaS setup [24] which allows a resource-limited
prover to outsource the IVC prover generation to n servers. Moreover, as Section
5.2 discussed, the IVC proof generated in the above protocol can be compressed
using a second-stage SNARK protocol. For collaborative IVC, this compression
can also be implemented collaboratively, for example, by using the collaborative
GKR/Libra-based zk-SNARKs protocol proposed by Liu et al. [36].
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A Additional Preliminaries

A.1 IP, IOP, and Polynomial IOP

Interactive Proof and Argument. An interactive proof (IP) or argument is
a protocol that runs several rounds between a prover P and a verifier V. In each
round, V is allowed to ask questions based on P’ answers from previous rounds.
In the context of circuit satisfiability, we are given a circuit F with a public input
vector x and an expected output vector y. The circuit F also takes in a witness
vector w private to P, and P tries to convince V that F (x,w) = y through the
interactions. We formalize interactive proofs for the circuit satisfiability problem
in the following [14]:

Definition 29 (Interactive Proof of Knowledge for Circuit Satisfiabil-
ity). Consider a pair of prover and verifier P,V. Both P and V are given an
arithmetic circuit F , a public input vector x, and an output vector y. In addi-
tion, the prover has access to a private witness vector w. For a given security
parameter λ, there is a setup process which outputs prover parameter pp and
verifier parameter vp, i.e. (pp, vp) ← Setup(1λ). P and V exchange a sequence
of messages π, and then V outputs a Boolean bit accept(P(pp,w),V(vp), π). We
call the interactive protocol Π = (Setup,P,V) between P and V an interactive
proof of knowledge for the satisfiability of the circuit F if the following holds:

• Perfect Completeness. For every (pp, vp) ← Setup(1λ), and every tuple
of vectors (x,w,y) such that F (x,w) = y
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Pr

[
accept(P(pp,w),V(vp), π) = 1

∣∣∣∣ (pp, vp)← Setup(1λ)
F (x,w) = y

]
= 1.

• δ-Soundness. We call interactive proof Π δ-sound for δ < 1 if for any
(adversarial) prover P∗ and the sequence of messages π∗ between P∗ and V,
the following holds

Pr

accept(P∗(pp,w),V(vp), π∗) = 1
∧
F (x,w) ̸= y

∣∣∣∣∣∣ (pp, vp)← Setup(1λ)

 ≤ δ.

We say Π is statistically sound if P∗ is unbounded, and δ is negligible in
terms of λ, i.e., δ ≤ negl(λ). We say Π is computationally sound if P∗ is a
probabilistic polynomial time (PPT) adversarial prover and δ ≤ negl(λ).

• δ-Knowledge Soundness. For any PPT adversarial prover P∗, there exists
a PPT algorithm E called the extractor such that given the access to the entire
executing process and randomness of P∗, E can extract a witness vector w
such that the following holds:

Pr

accept(P∗(pp,w),V(vp), π∗) = 1
∧
F (x,w) ̸= y

∣∣∣∣∣∣ (pp, vp)← Setup(1λ)
w← EP∗

(pp,x,y, π∗)

 ≤ δ.

An interactive protocol is “knowledge sound”, or simply an “argument of
knowledge”, if the knowledge error δ ≤ negl(λ). If the adversary is unbounded,
then the argument is called an interactive proof of knowledge.

• Public Coin. An interactive protocol is considered to be public coin if all
the verifier messages including the final output can be computed as a deter-
ministic function given a random public input.

• Zero-Knowledge. An interactive protocol has the zero-knowledge property
if there exists a PPT simulator algorithm S such that for any PPT algorithm
V∗, (pp, vp) ← Setup(1λ), auxiliary input z ∈ {0, 1}poly(λ), it holds that the
following two probability distributions are indistinguishable:

View(⟨P(pp, w),V∗(vp, z)⟩(F,x,y)) ≈ SV
∗
(F,x,y, z)

where View(⟨P(pp, w),V∗(vp, z)⟩(F,x,y)) denotes the distribution of tran-
scripts V∗ sees when interacting with an honest prover, and SV∗

(F,x,y, z)
represents the distribution of the output of the simulator S.

Interactive Oracle Proof. We define an interactive oracle proof (IOP) [4,43]
as an interactive proof where in each round, the prover sends a string as an
oracle, and the verifier is not required to read through the prover’s messages.
Instead, the verifier has oracle access to the prover’s messages and can make
probabilistic queries to them. Interactive oracle proof can be viewed as a hybrid
of interactive proof and probabilistically checkable proofs (PCP) [1].
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Polynomial Interactive Oracle Proof. In some of the communication steps
of an IOP protocol, the prover sends a polynomial as an oracle, and the verifier
query may request an evaluation of the polynomial at a point in its domain. We
call such a protocol a Polynomial Interactive Oracle Proof (Polynomial IOP).
Below, we formalize the concept of Polynomial IOP:

Definition 30. A polynomial interactive oracle proof is a public-coin interactive
oracle proof protocol where, in one or more rounds, the message sent from P to
V is an oracle to a µ-variate polynomial f over a field of choice F. These oracles
specify µ and the degree in each variable, and they can be queried by V at arbitrary
points in Fµ to evaluate the polynomial at these points.

Many modern SNARKs are constructed by combining a polynomial IOP
with a cryptographic primitive called polynomial commitment schemes [28]. This
combination yields a succinct interactive argument, which can then be made non-
interactive via the Fiat-Shamir transformation [21], resulting in a SNARK [48].

A.2 Polynomial Interpolation

Lagrange interpolation. Given a set of ν distinct field elements {t1, t2, ..., tν},
the univariate Lagrange basis for polynomials of degree ≤ ν − 1 is a set of
polynomials {δ(t, t1), δ(t, t2), ..., δ(t, tν)} each of degree ν − 1, such that

δ(t, ti) =

{
1, t = ti
0, ∀ t ̸= ti, 1 ≤ i ≤ ν

We can express δ(t, ti) explicitly as follows:

δ(t, ti) =
∏

1≤j≤ν, j ̸=i

t− tj
ti − tj

, for i = 1, 2, ...ν (7)

Then, given ν points {(t1, y1)(t2, y2), ..., (tν , yν)}, the unique univariate polyno-
mial with degree ≤ ν − 1 passing through these points can be written as:

L(t) =

ν∑
i=1

yiδ(t, ti) (8)

In many applications, the evaluation points {ti} are simply integers, for ex-
ample, t1 = 1, t2 = 2, .., tν = ν. Another popular choice is to let ti = ωi−1 where
ω is the νth root of the unity of field F. This choice can sometimes simplify
calculations.

Multilinear extension. A multilinear function is a function of multiple vari-
ables that is linear separately in each variable. Given a function f : Fµ → F
and its evaluations over the Boolean hypercube {0, 1}µ, its multilinear extension
f̃(t) is a multilinear function which agrees with f(t) for any t ∈ {0, 1}µ [48]. To
derive the explicit expression of the multilinear expression for f(·), let us first
define the identity function:
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ẽq(x, t) =

µ∏
k=1

(tk · xk + (1− tk) · (1− xk)) (9)

where x ∈ Fµ is a vector of variables, and tk is the kth element of t ∈ {0, 1}µ.
A key property of the identity function is that ẽq(x, t) = 1 if x, t ∈ {0, 1}µ, and
x = t. Otherwise, ẽq(x, t) = 0. Using the property, we can derive the explicit
expression of f̃(·) [14]:

Lemma 31 (Multilinear extensions (MLE)). For every function f : {0, 1}µ →
F, there is a unique multilinear polynomial f̃ : Fµ → F such that f̃(t) = f(t) for
all t ∈ {0, 1}µ. We call f̃ the multilinear extension of f , and f̃ can be explicitly
expressed as f̃(x) =

∑
t∈{0,1}µ ẽq(x, t) · f(t).

A.3 Polynomial Evaluation

Univariate polynomials have two equivalent forms of representation, the coeffi-
cient form which uses the monomial basis, and the point-value form which uses
the Lagrange basis.

Single point evaluation. Given a univariate polynomial L(t), and an evalua-
tion point r ∈ F, our goal is to calculate L(r).

• Coefficient form. Horner’s method applies to the coefficient form L(t) =
a0 + a1t+ a2t

2 + ...+ aνt
ν . The trick is to rewrite the polynomial as L(t) =

a0 + t(a1 + t(a2 + t(a3 + ...+ t(aν−1 + taν)...))). This allows us to compute
L(r) from the innermost parentheses with O(ν) field multiplications and
additions.
• Point-value form. The barycentric interpolation/evaluation method [6] ap-

plies to the point-value form L(t) =
∑ν−1

i=0 yiδ(t, ti). Let us use M(t) to
denote the product

∏
0≤j≤ν−1 (t− tj). Let di =

∏
0≤j≤ν−1,j ̸=i (ti − tj). We

can rewrite L(t) as L(t) = M(t)
∑ν−1

i=0
yi

di(t−ti) . It is shown that provided
{(0, y0), (1, y1), .., (i, yi), .., (ν, yν)}, we can calculate L(r) for a given r ∈ F
with O(ν) field multiplication and additions [6].

A.4 Polynomial Commitment Schemes

At a high level, a polynomial commitment scheme allows a prover to compute
a commitment to a polynomial [16, 28, 39, 42, 45, 50, 54, 55]. The commitment
can later be “opened” at any evaluation point. As an example, to prove the
committed univariate polynomial f(x) is evaluated to yr at the point r, the
prover presents the claimed value of f(r) and an associated opening proof πr to
the verifier. The verifier can then check the claimed value and proof against the
commitment com, and decide if the claimed value is correct. More formally, a
polynomial commitment scheme (for multivariate polynomials) can be defined
as [28,42,54]:
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Definition 32. Let F be a finite field. F is a family of µ-variate polynomials
over F, and ν is a variable degree parameter. (KeyGen,Commit,Open, V erify)
form an extractable polynomial commitment scheme for F if the following holds:

• Perfect Completeness. For any polynomial f ∈ F it holds that

Pr

V erify(com, t, y, π, vp) = 1
∧
y = f(t)

∣∣∣∣∣∣
(pp, vp)← KeyGen(1λ, µ, ν)
com← Commit(f, pp)
(y, π)← Open(f, t, pp)

 = 1.

• Soundness. For any PPT adversary A, the following probability is negligi-
ble:

Pr

V erify(com, t∗, y∗, π∗, vp) = 1
∧
y∗ ̸= f∗(t∗)

∣∣∣∣∣∣
(pp, vp)← KeyGen(1λ, µ, ν)
com← Commit(f∗, pp)
(f∗, t∗, y∗, π∗)← A(1λ, pp)

 ≤ negl(λ).

• Extractability. For any PPT adversary A, there exists a polynomial time
algorithm E with access to A’s randomness such that for all benign auxiliary
inputs z ∈ {0, 1}poly(λ) the following probability is negligible:

Pr

CheckCom(com∗, vp) = 1
∧
com∗ ̸= Commit(f ′, pp)

∣∣∣∣∣∣
(pp, vp)← KeyGen(1λ, µ, ν)
f ′ ← E(1λ, pp, z)
com∗ ← A(1λ, pp, z)

 ≤ negl(λ).

A.5 More on the Sumcheck Protocol

The Sumcheck protocol is a protocol to prove the following claim:

∑
b1,b2,..,bµ∈{0,1}

f(b1, b2, .., bµ) = H

where f : Fµ → F is a multivariate polynomial and H is the claimed sum of
the evaluation of f over the Boolean hypercube {0, 1}µ. Since there are N = 2µ

combinations of b1, .., bµ, directly calculating the sum could require O(N) time,
The Sumcheck protocol delegates the computation to a potentially unbounded
prover, and proves that the claimed sum H is computed correctly. We present
the details of the Sumcheck protocol in Protocol 1.
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Protocol 1 (Sumcheck). The protocol proceeds in µ rounds.

• In the 1st round, P sends V a univariate polynomial

f1(x1) =
∑

b2,..,bµ∈{0,1}

f(x1, b2, .., bµ)

V checks H = f1(0) + f1(1). Then V sends a random challenge r1 ∈ F to P.

• For round i ∈ [2, 3, .., µ− 1], P sends V a univariate polynomial

fi(xi) =
∑

bi+1,..,bn∈{0,1}

f(r1, .., ri−1, xi, bi+1, .., bµ)

V checks fi−1(ri−1) = fi(0) + fi(1), and sends a random ri ∈ F to P.

• In the µth round, P sends V a univariate polynomial

fµ(xµ) = f(r1, .., rµ−1, xµ)

V checks fµ−1(rµ−1) = fµ(0) + fµ(1). V then samples a random challenge
rµ ∈ F. Next, V queries the oracle [[f ]] to obtain the evaluation f(r1, r2, .., rµ).
V accepts if and only if fµ(rµ) = f(r1, r2, .., rµ).

The Sumcheck protocol is complete and sound with soundness error δ =
νµ
|F| = ν logN

|F| , where ν is the maximum degree of the individual variables of
f [35, 38, 48]. Its proof size is O(νµ) = O(ν logN). This is because the entire
protocol has µ = logN rounds and in each round, the prover P sends a univariate
polynomial which can be uniquely determined by ν + 1 points. The verifier
time over the entire execution of the Sumcheck protocol is proportional to the
total communication, plus the cost of a single oracle query to [[f ]] to compute
f(r1, r2, .., rµ). Thus, the verifier time is O(ν logN + T ), where T is the time
complexity of one query to the oracle [[f ]] [48]. The instantiation of the oracle
access to [[f ]] depends on the application of the Sumcheck protocol. In some
applications, the verifier might be able to query other parties, for example, the
prover to obtain the evaluation results. In other applications, the verifier may
have sufficient data to compute f(r1, r2, .., rµ) directly on her own.

Analyzing the prover time is a bit more involved, as it depends on various
factors, including the degree and the sparsity of f . In general, the prover time
can be bounded by O(NνT ) [48]. However, for some highly important cases, the
prover time can be further optimized. In particular, we have the following lemma
(adapted from Lemma 4.5 in Chapter 4 of [48]):

Lemma 33. Let p1, p2, .., pk be µ-variate multilinear polynomials. Suppose that
for each pi there is an algorithm that evaluates pi at all inputs in {0, 1}µ in O(2µ)
field multiplications or additions. Let f = p1 · p2 · · · pk be the product of these
multilinear polynomials. Then, when the Sumcheck protocol is applied to polyno-
mial f , the honest prover can be implemented in O(k · 2µ) field multiplications
or additions.
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For a polynomial f that satisfies the conditions specified in the above lemma,
the prover time can be reduced to O(k · 2µ) = O(kN). If k is in O(1), the prover
time would be linear in terms of N .

A.6 More on the GKR Protocol

As briefly discussed in Section 2.2, the prover P and the the the verifier V can use
the GKR protocol to prove the correctness of a circuit evaluation. The protocol
processes the circuit under consideration layer by layer, from the output all the
way to the input. In each round, P and V run a Sumcheck protocol to reduce
the correctness of the evaluation of the current layer to the next layer. Finally,
at the input layer, the verifier queries the oracle to determine whether to accept
or reject the claimed circuit output.

To formally describe the GKR protocol, we first introduce some notation.
We denote the number of gates in the ith layer by Ni. Without loss of gen-
erality, we also assume that Ni is a power of two. We let µi = logNi. Then,
we can define a function vi : {0, 1}µi → F that returns the output of the gate
b in layer i where b ∈ {0, 1}µi is a binary string. We call b the label of the
gate. With our layer indexing convention, vd corresponds to the input layer
and v0 corresponds to the output layer. Next, we introduce three functions
addi, subi,multi : {1, 0}µi−1+2µi → {0, 1} for the addition, subtraction, and
multiplication gates. These are referred to as wiring predicates in the literature.
With these definitions, we have the following formula to express vi in terms of
vi+1:

vi(z) =
∑

x,y∈{0,1}µi+1

(addi+1(z, x, y)(vi+1(x) + vi+1(y))

+ subi+1(z, x, y)(vi+1(x)− vi+1(y))

+multi+1(z, x, y)(vi+1(x)vi+1(y)))

(10)

for any z ∈ {0, 1}µi . Note that in the above, vi is expressed as a summation
over a Boolean hypercube. Hence, P and V can execute a Sumcheck protocol to
verify if the layer is computed correctly. Since the Sumcheck protocol requires
the function for the summation to be a polynomial, we can rewrite the above
equation using multilinear extensions:

ṽi(g) =
∑

x,y∈{0,1}µi+1

fi(x, y)

=
∑

x,y∈{0,1}µi+1

( ˜addi+1(g, x, y)(ṽi+1(x) + ṽi+1(y))

+ ˜subi+1(g, x, y)(ṽi+1(x)− ṽi+1(y))

+ ˜multi+1(g, x, y)(ṽi+1(x)ṽi+1(y)))

(11)
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where g ∈ Fµi is a random vector.
With the above equation derived, we can present the details of the GKR

protocol in Protocol 2. In the beginning, P sends the claimed outputs v0 to
V. V then derives ṽ0 and computes ṽ0(g) for a random g ∈ Fµ0 . Next, P and
V run a Sumcheck protocol on Equation (11) starting from i = 0. In the last
step of the Sumcheck protocol for layer i, V needs an oracle query for fi(ρ, η),
where ρ and η are randomly generated vectors in Fµi+1 . According to Equation
(11), computing fi(ρ, η) requires ˜addi+1(g, x, y), ˜subi+1(g, x, y), ˜multi+1(g, x, y),
as well as ṽi+1(ρ) and ṽi+1(η). We note that ˜addi+1(g, x, y), ˜subi+1(g, x, y) and
˜multi+1(g, x, y) can be computed by V locally, since they only depend on the

circuit wiring pattern, and not the values of the wires. On the other hand, V
can ask P to send her ṽi+1(ρ) and ṽi+1(η). With all these values, V can finally
calculate fi(ρ, η). This effectively reduces the claim about layer i to two claims
about layer i + 1. Thus, the claim about the output layer can eventually be
reduced to claims about the input layer, where V has access to all input values
to verify the claims herself.

Protocol 2 (GKR). Given prime field F, let F be a layered arithmetic circuit
with depth d. P claims that F (vd) = v0, where vd and v0 are the input and output
vector of the circuit, respectively. We denote the multilinear extension of vd and v0

by ṽd and ṽ0, respectively.

• V samples a random g ∈ Fµ0 and send it to P. Then, both party compute ṽ0(g).
• P and V run a Sumcheck protocol on polynomial f0(x, y) as defined in Equation

(11) for i = 0. If the Sumcheck fails, V rejects the claimed outputs.
• For i ∈ [1, 2, ..., d− 1] do

• V randomly sample αi, βi ∈ F and send them to P.
• P and V runs the Sumcheck protocol on αiṽi(ρ) + βiṽi(η) as defined in

Equation (12).
• At the end of the Sumcheck protocol, P sends V ṽi+1(ρi+1) and ṽi+1(ηi+1).

Based on these values, V check if Equation (12) holds for layer i. If the
check fails, V rejects the claimed outputs.

• At the input layer d, V has two claims ṽd(ρd) and ṽd(ηd). Based on the inputs,
V evaluates ṽd at ρd and ηd and checks if they are the same as the two claimed
values. If so, V accepts the claimed output. Otherwise, V rejects the claimed
output.

However, since a claim about layer i translates into two claims about layer
i+1, which in turn requires the execution of two Sumcheck protocols, the number
of Sumcheck protocols P and V that must run could grow exponentially with d,
the depth of the circuit. To address this issue, Chiesa et al. proposed to combine
the two claims ṽi(ρ) and ṽi(η) into one using a random linear combination [15].
To be more specific, V randomly selects αi, βi ∈ F and computes αiṽi(ρ)+βiṽi(η)
as follows:
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αiṽi(ρ) + βiṽi(η)

=
∑

x,y∈{0,1}µi+1

((αi
˜addi+1(ρ, x, y) + βi

˜addi+1(η, x, y))(ṽi+1(x) + ṽi+1(y))

+ (αi
˜subi+1(ρ, x, y) + βi

˜subi+1(η, x, y))(ṽi+1(x)− ṽi+1(y))

+ (αi
˜multi+1(ρ, x, y) + βi

˜multi+1(η, x, y))(ṽi+1(x)ṽi+1(y)))

(12)

P and V then run the Sumcheck protocol on the above polynomial instead.
In the last step of the Sumcheck, V still receives two claims about ṽi+1. Since
Equation (12) can handle two random points ρ and η at once, the exponential
invocations of the Sumcheck protocol can be avoided. Thus, starting from the
outputs, P and V can recursively process the circuit until the input layer.

In terms of protocol complexity, it can be shown that the GKR protocol
above can have a O(d log |F |) proof size. The verifier time is O(|io|+ d log |F |).
The soundness error of the protocol is O(d log |F |

|F| ) [48,51]. The prover time com-
plexity depends on the implementation. Naively running the Sumcheck protocol
on polynomial (12) incurs O(|F |2) prover time. Later, Cormode et al. observed
that these polynomials are sparse, containing only O(|F |) nonzero monomials
and improved the prover time to O(|F | log |F |) [17]. Xie et al. further achieved
linear O(|F |) prover time [51].

Remark 34. Over the years, researchers have made substantial improvements to
the GKR protocol, some of which can be adopted directly in the construction
of our proposed Interstellar protocol framework. For example, the original GKR
protocol applies only to layered circuits, and yet Zhang et al. showed that even
non-layered circuits can be efficiently handled by a variant of the GKR proto-
col [52]. Notably, after normalization as discussed in Section 4.1, the resulting
circuit C ′ is not strictly a layered circuit. Hence, Zhang et al.’s techniques can
be applied. Moreover, Cormode et al. discussed how to efficiently handle gates
with fan-in larger than two [17]. In particular, it is shown that a tree of ad-
dition gates at the circuit output can be converted into a high fan-in addition
gate with the number of inputs equal to the number of leaves of the addition
gate tree. We can run a single Sumcheck protocol to check if the claimed output
v0 =

∑
x∈{0,1}log N1 ṽ1(x), where N1 is the number of fan-ins of the addition gate.

Since ṽ1(x) is a multilinear function and P can evaluate it for V, based on our
analysis of the Sumcheck protocol in Section A.5, the prover and verifier time
complexity for this check are O(N1) and O(logN1). The proof size is O(logN1),
and the soundness error is O( logN1

|F| ).

A.7 Succinct Non-interactive Argument Systems

Argument systems assume computationally bounded provers [10,48]. In more de-
tail, an argument system for a circuit F is an interactive proof for the satisfiabil-
ity of F in which the soundness condition is only required to hold against prover
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strategies that run in polynomial time. This notion of soundness is called com-
putational soundness. Arguments are allowed to use cryptographic primitives, as
we assume that a polynomial time prover is unable to break the primitives. Incor-
porating cryptography achieves additional useful properties that are otherwise
unattainable, such as public verifiablity, succinctness, and non-interactivity.

In particular, succinctness means that the argument is short, at least sublin-
ear of the size of the witness. Non-interactivity means that the argument is static,
consisting of a single message from the prover to the verifier. An interactive proof
or argument can be turned into a non-interactive argument by applying the Fiat-
Shamir transformation [4, 14, 21, 35, 51]. There are other desirable properties of
an argument, for example, argument of knowledge which is closely related to the
concept of knowledge soundness defined in Section A.1. It roughly means that
not only that a statement is valid, but also that the prover knows a witness to
the veracity of the statement. To be more precise, if the prover can convince
the verifier to accept the statement with non-negligible probability, then there
exists an extractor algorithm which can efficiently extract the witness from the
prover. Argument systems that satisfy all or even a subset of these properties
have a myriad of applications in various fields, both in theory and practice.

B More Details of the IVC Scheme

B.1 Construction of F ′

We use Ui = (βi,Xi, comWi, Yi) to represent the correct execution of invocations
1, .., i − 1 of F ∗, and ui = (βi,xi, comwi, yi) to represent the correct execution
of the ith invocation of F ∗. In the following, we provide the formal construction
of F ′.

Construction 35 Let NIFS = (G,K,P,V) be the non-interactive folding scheme
defined by Construction 14. Consider a computation represented by a circuit
zi+1 = F (zi,ωi) that takes non-deterministic input, and a cryptographic hash
function hash. We define the augmented circuit F ′ as follows:
F ′(vk,Ui, ui, (i, z0, zi),ωi, ri, ri+1):

If i = 0, output hash(vk, 1, z0, F (z0,ω0), ri+1),
otherwise,

(1) check if ui.x = hash(vk, i, z0, zi,Ui, ri), where ui.x is the output of ui,
(2) check if ui.y = 0,
(3) compute Ui+1 = NIFS.V(vk,Ui, ui, comwi) where comwi is the PolyCom

commitment for the multilinear extension of wi, the witness of ui.
(4) output hash(vk, i+ 1, z0, F (zi,ωi),Ui+1, ri+1).

Remark 36. For ease of presentation, we rearrange the inputs to resulting circuit
F ′ takes to a public input vector x′ and a private witness vector w′, i.e., x′ =
(vk,Ui, ui, (i, z0, zi),ωi, ri, ri+1) and w′ = ωi. We also denote the output vector
of F ′ by y′, i.e., y′ = hash(vk, i + 1, z0, F (zi,ωi),Ui+1, ri+1). This way, we can
decribe F ′ more compactly as y′ = F ′(x′,w′).
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Remark 37. At first glance, the above construction appears to have a circu-
lar dependency. In particular, as described in Section 4.1, F ∗ is constructed
by flattening F ′ and then adding extra circuitry. On the other hand, F ′ op-
erates on Ui and ui, the committed satisfying instances of F ∗. However, this
actually does not create a circular dependency. This is because both Ui and ui
are simply three vectors of field elements plus one commitment (e.g. a group
element if Pedersen’s commitment is used). In the construction of F ′, running
NIFS.V(vk,Ui, ui, comwi) only involves well-defined field and group operations
on Ui = (βi,Xi, comWi, Yi) and ui = (βi,xi, comwi, yi), and does not require
the “structure” of F ∗. This is similar to the original Nova construction, where
F ′ only operates on the witnesses to the relaxed R1CS instances but not on the
R1CS matrices (A,B,C), which represents the structure of F ′.

B.2 Alternative Constructions of Coefficient Vector s

Alternative Strategy 1. Instead of using Formula 2, we can also generate s the
following way to reduce the number of layers of the circuits to generate s to logb n
(e.g. b = 10). In this setup, the verifier randomly samples {β0, β1, .., βlogb n} and
sends them to the prover. Both the prover and verifier then calculate {βi,j =

βj
i | i = 0, 1, .., logb n − 1; j = 0, 1, .., b − 1} and generate s using the following

formula:

s = {
logb n−1∏

i=0

βi,ji |(j0, j1, .., jlogb n−1) ∈ {0, 1, .., b− 1}logb n−1} (13)

The circuit generating s defined above is a (b logb n)-degree circuit which has
logb n layers and can be implemented using O(n) gates using the “evaluation
tree” technique illustrated in the proof for Lemma 6.

Alternative Strategy 2. Alternatively, we can follow the technique in Section
3.5 of Protostar [11] for which the verifier only samples and sends the prover a
single random value β ∈ F. Then the prover calculates 2

√
n values from β as

follows:

[βi ← βi]
√
n−1

i=1 , [β′j ← βj
√
n]
√
n−1

j=1

The prover sends these values back to the verifying, which can then generate a
length-n vector s like below:

s = {βi · β′j | i = 1, ..,
√
n− 1; j = 1, ..,

√
n− 1} (14)

The verifier also need to add a sub-circuit conduct 2
√
n degree-2 consistent

checks βi+1 − βi · β = 0 and β′i+1 − β′i · β′1 for i = 1, ..,
√
n− 2 = 0 to make sure

the prover generate vector s honestly.
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The benefit of this construction is that each element of s is just a degree-2
polynomial of the inputs, unlike in Formula 2, where each element is a degree-
logn polynomial of the inputs. Thus, it only increases the overall degree of the
circuit by 2, and the number of layers by at most 2, i.e., D∗ = D̄ + 2, and
d∗ = min{d̄, 1}+2 = d̄+2. One of the downsides is that with this construction,
the prover is required to keep track of an error vector representing the results
of the 2

√
n consistency checks and needs to commit to this error vector for each

folding round. This adds a group MSM operation of size O(
√
n) to the prover

overhead.

B.3 SNARK Protocol for Validating an IVC Proof

In this section, we formally define the SNARK construction for a valid IVC
proof.

Construction 38 (SNARK for a Valid IVC Proof) Let IVC = (G,K,P,V)
denote the IVC scheme in Construction 15. Let NIFS denote the non-interactive
folding scheme in Construction 14. Let hash denote a randomized cryptographic
hash function that provides hiding. Assume a SNARK SNARK for circuit satis-
fiability that has the same public parameter generation algorithm. We construct
a SNARK (G,K,P,V) for the IVC scheme as follows.

• G(1λ)→ pp: Output pp← SNARK.G(1λ).
• K(pp, F )→ (pk, vk):
◦ Compute (pkIVC, vkIVC)← IVC.K(pp, F ).
◦ generate circuit F ∗ ← NORMALIZE(pp, F ) as described in Section 4.1.
◦ Compute (pkSNARK, vkSNARK)← SNARK.K(pp, F ∗).
◦ Output pk← (pkIVC, pkSNARK) and vk← (vkIVC, vkSNARK).

• P(pk, (i, z0, zn), Πi)→ π:
◦ If i = 0, output ⊥;
◦ Otherwise,
− parse Πi as ((Ui,Wi), (ui,wi), ri);
− compute (U′,W′)← NIFS.P(pkIVC, ((Ui,Wi), (ui,wi)));
− compute πU′←zkSNAKR.P(pkSNARK,U′,W′);
− output (Ui, ui, ri, πU′).

• V(vk, (i, z0, zn), π)→ {0, 1}:
◦ If i = 0, check that z0 = zi;
◦ otherwise,
− parse π as (Ui, ui, ri, πU′),
− check that ui.x = hash(vkIVC, i, z0, zi,Ui, ri),
− randomly samples βi ∈ Flogn and set ui.β ← βi,
− compute U′ ← NIFS.V(vkIVC,Ui, ui), and
− check that SNARK.V(vkSNARK,U′, πU′) = 1.
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B.4 Multi-Fold Protocol Construcion

Here, we present the formal construction of the protocol for folding multiple
instances at once:

Construction 39 (Interactive Multi-Fold Scheme (IMFS)) Consider a fi-
nite field F and a succinct, hiding, and homomorphic polynomial commitment
scheme for multilinear polynomials PolyCom over F. We define the generator and
encoder as follows:

• G(1λ)→ pp: output size bound for |F |, and commitment parameters ppw.
• K(pp, F ′)→ (pk, vk): output pk← (pp, F ∗) and vk←⊥.

The verifier V takes multiple committed instances u0 = (β0,x0, comw0, y0)
and {ui = (⊥,xi, comwi, 0)|i = 1, .., k−1}. The prover P, in addition to the two
instances, takes witnesses to these instances {(wi, rwi)|i = 0, 1, .., k − 1}. The
prover and verifier proceed as follows:

• V: Sample independent random field elements β1 = (β0, .., βk, .., βlogn−1) ∈
Flogn, and send them to P.
• P: Set u1.β = u2.β = .. = uk−1.β = β. Then, compute the point evaluation

form of the polynomial y(t), i.e., the evaluations of y(t) = F ∗(β(t),x(t),w(t))

as a function of t at t = k, k+1, .., kD∗. Here w(t) =
∑k−1

j=0 δ(t, j) ·wj where
{δ(t, j)|j = 0, 1, .., k} are the Lagrange basis polynomials. β(t) and x(t) are
defined similarly. Send {y(k), y(k + 1), .., y(kD∗)} to V.

• V: Randomly sample γ ∈ F, and send it to P.
• P and V: Output the folded instance (βγ ,xγ , comwγ , yγ) as follows, where

y(γ) can be calculated efficiently by interpolating a degree-(kD∗) polynomial
through points {(0, y0), (1, 0), .., (k−1, 0), (k, y(k)), .., (kD∗, y(kD∗))} via the
barycentric evaluation method.

βγ ←
k−1∑
j=0

δ(γ, j) · βj

xγ ←
k−1∑
j=0

δ(γ, j) · xj

comwγ ←
k−1∑
j=0

δ(γ, j) · comwj

yγ ← y(γ)

• P: Output the folded witness (wγ , rw), where
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wγ ←
k−1∑
j=0

δ(γ, j) ·wj

rwγ ←
k−1∑
j=0

δ(γ, j) · rwj

The above construction can be turned non-interactive using the Fiat-Shamir
transformation:

Construction 40 (Non-Interactive Multi-Fold Scheme (NIMFS)) Under the
random oracle model, non-interactivity can be achieved using the strong Fiat-
Shamir transformation. Let ρ denote a random oracle sampled during parameter
generation and provided to all parties. Let (G,K,P,V) represented the interac-
tive folding scheme defined above in Construction 39. A non-interactive folding
scheme (G,K,P,V) can be constructed as follows:

• G(1λ): output pp← G(1λ).
• K(pp, F ): vk← ρ(pp, F ) and pk← (pp, F ∗, vk); output (vk, pk).
• P(pk, {(ui,wi) | i = 0, 1, .., k − 1}: Generate logn random values β = {βi ∈

F|i = 0, 1, .., log n− 1} using the hash function ρ whose input is the concate-
nation of all messages up to that point. Set u1.β = u2.β = .. = uk−1.β = β.
Then, compute the point evaluation form of the polynomial y(t), i.e., the
evaluations of y(t) = F ∗(β(t),x(t),w(t)) as a function of t at t = k, k +

1, .., kD∗. Here w(t) =
∑k−1

j=0 δ(t, j) ·wj where {δ(t, j)|j = 0, 1, .., k} are the
Lagrange basis polynomials. β(t) and w(t) are defined similarly. Forward
{y(k), y(k+1), .., y(kD∗)} to IFS.P and IFS.V; Generate randomness γ using
the hash function ρ, and calculate yγ = y(γ) via the barycentric interpolation
method and then output the resulting folded instance and witness.

• V(vk, {ui | i = 0, 1, .., k − 1}): runs IFS.V with randomness β ∈ Flogn gener-
ated the same way as P; Receive {y(k), y(k + 1), .., y(kD∗)} and generate γ
the same way as P. Calculate yγ = y(γ) using the barycentric interpolation
method and output the resulting folded instance.

B.5 Folding Scheme for Non-Uniform IVC

Non-uniform IVC aims at efficiently producing succinct proofs of correct execu-
tion of programs in a VM with a particular instruction set [11, 30]. The goal is
to attain the “a la carte” cost profile, i.e., the cost for proving a single step of a
program is proportional only to the size of the sub-circuit representing the in-
struction invoked by the program step, instead of the entire circuit representing
all supported instructions. Below we illustrate how we can achieve this.

First, similar to [11, 30], we assume that the VM has I sub-circuits. Natu-
rally, we can extend the definition of the committed circuit instance and the
witness in Definition 11 to (B,X, comW,Y) and (W, rW), where the witness
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W = (w(0), ..,w(I−1)). Randomness B, public input X, commitments comW

and commitment randomness rW are also expanded to I-element vectors, de-
fined similarly to W. For the output, we also expand y as defined in Formula 3
to a vector Y = {y(i) | i = 0, 1, .., I − 1}, where:

y(i) = s(i) · y(i) for i = 0, 1, .., I − 1 (15)

and s(i) are derived from the randomness β(i) similar to Formula 2.
In the context of IVC, let us denote the currently accumulated instance-

witness pair as (Bacc,Xacc, comWacc,Yacc) and (Wacc, rWacc). Also, note that
during the program execution, at each step, only one sub-circuit is active. Hence,
effectively, the satisfying instance-witness pair for each incremental computation
can still be represented using the original format (βstep,xstep, comwstep, ystep)
and (wstep, rwstep) compactly. In order to fold it into the accumulated instance,
we need to expand it first, so that the two instances to be folded together have
the same format. To account for the fact that only one sub-circuit is active for
each folding step, we assume there is a program counter pc ∈ {0, 1, .., I−1} which
equals the index of the currently active sub-circuit. We include in the input X
a “one-hot” program counter vector b = (b(0), b(1), .., b(I−1)) where only the pcth

bit is 1 and all the others are 0. We then define the expanded witness for the
step computation as:

Wstep = ((1− b(i)) ·W(i)
acc + b(i) ·wstep | i = 0, 1, .., I − 1) (16)

where W
(i)
acc is the witness vector to the ith sub-circuit in the accumulated in-

stance. In other words, W(i)
step = wstep if i = pc and W

(i)
step = W

(i)
acc otherwise.

The intuition is that only the active sub-circuit needs to be folded, and the
remaining should stay the same. Let us see how we can achieve this with the
following folding procedure:

Bacc ← (1− γ) ·Bacc + γ ·Bstep

Xacc ← (1− γ) ·Xacc + γ ·Xstep

comWacc ← (1− γ) · comWacc + γ · comWstep

Similarly, the prover updates the folded witness (Wacc, rWacc) as

Wacc ← (1− γ) ·Wacc + γ ·Wstep

rWacc ← (1− γ) · rWacc + γ · rWstep

Let us analyze Wacc before and after folding to see the outcome of the
above process. For i ̸= pc, we have that W

(i)
acc ← (1 − γ) ·W(i)

acc + γ ·W(i)
step =

(1 − γ) ·W(i)
acc + γ ·W(i)

acc = W
(i)
acc. In other words, the vector element remains

unchanged. On the other hand, we have W
(pc)
acc ← (1− γ) ·W(pc)

acc + γ ·W(pc)
step =

(1−γ)·W(i)
acc+γ·wstep , which is a random combination akin to the corresponding
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folding formula in Construction 12. The same holds for Bacc, Xacc, comWacc,
and rWacc.

Next, we turn our attention to the output vector Y. For i ̸= pc, per our anal-
ysis above, the public inputs and witness of the sub-circuit remain unchanged,
therefore, y(i) stays the same. For i = pc, the prover and the verifier can simply
compute the values of y(i)(γ) using the barycentric evaluation method similar to
Construction 12. The formal construction of the folding scheme for non-uniform
IVC is presented in Construction 41 in below. It is worth pointing out that the
proof compression technique from Section 5.2 is compatible with Construction
41. This is because the verifier can generate the multilinear extension of Bacc,
Xacc, and Yacc on her own. And with comW, the verifier can validate the eval-
uation of the multilinear extension of Wacc at any random point, thanks to the
additive homomorphic property of the PolyCom commitment.

Construction 41 Consider a finite field F and a succinct, hiding, and homo-
morphic polynomial commitment scheme for multilinear polynomials PolyCom
over F. Assume circuit F hs I + 1 sub-circuits F (0), F (1), .., F (I) where for
each compuatation step, only one of the first I sub-circuits are activated. On
the other hand, the last sub-circuit F (I) handles common computations and is
always active for all steps. We define the generator and encoder as follows:

• G(1λ)→ pp: output size bound for |F |, and commitment parameters ppw.
• K(pp, F ′)→ (pk, vk): output pk← (pp, F ∗) and vk←⊥.

The verifier V takes an instance Uacc = (Bacc,Xacc, comWacc,Yacc) which
accumulates all previous computation steps, and ustep = (⊥,xstep, comwstep, 0)
for the sub-circuit active for the current step. In addition, the verifier is given
ucom = (⊥,xcom, comwcom, 0) for the common sub-circuit F (I) which is always
active. The prover P, in addition to the three instances, take witnesses to all
three instances (Wacc, rWacc), (wstep, rwstep), and (wcom, rwcom). The prover
and verifier proceed as follows:

• V: Sample independent random vectors βstep = (β0, .., βk, .., βlogn−1) ∈ Flogn

and βcom = (β′0, .., β
′
k, .., β

′
logn−1) ∈ Flogn and send both βstep and βcom to

P.
• P and V: Create the inputs to step instance Bstep and Xstep and witness

commitment comWstep as follows:

Bstep = (β(0), ..,β(I−1),βcom)

where β(i) = (1− b(i)) ·B(i)
acc + b(i) · βstep for 0 ≤ i ≤ I − 1

Xstep = (x(0), ..,x(I−1),xcom)

where x(i) = (1− b(i)) ·X(i)
acc + b(i) · xstep for 0 ≤ i ≤ I − 1

comWstep = (com
(0)
W , .., com

(I−1)
W , comWcom)

where com
(i)
W = (1− b(i)) · com(i)

Wacc + b(i) · comwstep for 0 ≤ i ≤ I − 1
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• P: Create the witness to the step instance (Wstep, rWstep) as follows:

Wstep = (w(0), ..,w(I−1),wcom)

where w(i) = (1− b(i)) ·W(i)
acc + b(i) ·wstep for 0 ≤ i ≤ I − 1

rWstep = (r
(0)
W , .., r

(I−1)
W , rwcom)

where r
(i)
W = (1− b(i)) · r(i)Wacc + b(i) · rWstep for 0 ≤ i ≤ I − 1

• P: Compute the point evaluation form of polynomial y(pc)(t), i.e. the eval-
uations of y(pc)(t) = F (pc)∗(β(pc)(t),x(pc)(t),w(pc)(t)) as a function of t at
t = 2, 3, .., D(pc)∗. Here w(pc)(t) = (1− t) ·w(pc)

acc + t ·w(pc)
step, and β(pc)(t) and

x(pc)(t) are defined similarly. Send {y(pc)(2), y(pc)(3), .., y(pc), (D(pc)∗)}, i.e.
the point evaluation form of y(pc)(t), to V.

• P: Similarly, compute the point evaluation form of polynomial y(I)(t) at t =
2, 3, .., D(I)∗. Send {y(I)(2), y(I)(3), .., y(I), (D(I)∗)}, i.e. the point evaluation
form of y(I)(t), to V.

• V: Randomly sample γ ∈ F, and send it to P.
• P and V: Update the accumulated instance as follows.

Bacc ← (1− γ) ·Bacc + γ ·Bstep

Xacc ← (1− γ) ·Xacc + γ ·Xstep

comWacc ← (1− γ) · comWacc + γ · comWstep

Yacc ← Update(Yacc)

Here is how Update(Yacc) works. First, y(i)acc ← (1− b(i)) ·y(i)acc+ b(i) ·y(pc)(γ)
for i = 0, 1, .., I − 1. In this formula, y(pc)(γ) can be derived from the follow-
ing points {(0, y(pc)acc ), (1, 0), (2, y(pc)(2)), .., (D(pc)∗, y(pc)(D(pc)∗))} efficiently
via the barycentric evaluation method. Likewise, y(I)acc ← y(I)(γ) can be cal-
culated efficiently from {(0, y(I)acc), (1, 0), (2, y(I)(2)), .., (D(I)∗, y(I)(D(I)∗))}.
Note that since b(i) = 0 for all i ̸= pc, only the pcth and the Ith element
of Yacc need to be updated. Other elements of Yacc remain unchanged.

• P: Output the accumulated witness (Wacc, rWacc), where

Wacc ← (1− γ) ·Wacc + γ ·Wstep

rWacc ← (1− γ) · rWacc + γ · rWstep

Now let us analyze the efficiency of the above construction. At first glance, its
time complexity increases with I, since B, X, comW, rW, and Y are all vectors
of dimensions I. However, as demonstrated above, for each of these vectors, only
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one element gets updated in each folding round. In practice, F might have a
subcircuit which is always active for each computation step, e.g. for aggregating
the results from each of the I sub-circuits and outputting to the user. We can
simply add an extra element to B, X, comW, Y, W, and rW to accommodate
this always-on sub-circuit. Moreover, in the above we assume that b is indeed a
one-hot vector, but this needs validation. This condition can be checked by veri-
fying whether b(i) · (1− b(i)) = 0 holds for all i = 0, 1, .., I − 1 and

∑I−1
i=0 b(i) = 1.

These checks and the b input can be absorbed into the always-on sub-circuit.
In summary, the runtime of a folding step only depends on the size of the ac-
tivated sub-circuit, plus this extra circuit for common computations. Thus, we
achieve the “a la carte” cost profile. We have the following theorem regarding
the properties of Construction 41 , whose proof can be found in Appendix C.4.

Theorem 42. Construction 41 achieves completeness and knowledge sound-
ness. In terms of efficiency, the cost of proving a step of a program is proportional
only to the size of the circuit invoked by the program step.

C Proofs for the Folding and IVC Scheme

C.1 Proofs for the Folding Scheme

Below we prove Lemma 5, which characterizes the perfect completeness and
knowledge soundness of the circuit normalization process from F ′ to F ∗:

Proof. The proof of the first claim, i.e. the perfect completeness property, is
straightforward and is omitted here. To prove the latter claim, i.e. the soundness
property, let us first construct the following function of variables {β0, .., βk, .., βlogn−1} ∈
Flogn:

f(β0, .., βlogn−1) =

n∑
i=1

(ai ·
logn−1∏
k=0

(ik · βk + (1− ik) · (1− βk))) =

n∑
i=1

ai · ẽq(β, i)

(17)
where {a1, .., ai, .., an} ∈ Fn are constant field elements. Obviously, the function
f(β0, .., βk, .., βlogn−1) is a multilinear function of {β0, .., βk, .., βlogn−1} ∈ Flogn.
Based on the Schwartz-Zippel lemma for multilinear functions [44, 56], since
{ẽq(t, i) | i = 0, 1, .., n−1} are the multilinear Lagrange basis, for independently
chosen uniformly random values {β0, .., βk, .., βlogn−1}, if {a1, .., ai, .., an} has
a non-zero element, the probability that f(β0, .., βk, .., βlogn−1) = 0 is at most
logn
|F| . Replacing {a1, .., ai, .., an} with y, the outputs of circuit F̄ , we can arrive

at the conclusion that if F ∗(β,x,w) = s · y = 0, the probability that any of the
outputs of circuit F̄ is non-zero is at most logn

|F| . Also, given the equivalence of
circuit F ′ and F̄ shown by Lemma 4 and that n = |s| ≤ |F ′|, it follows that
F ′(x′,w′) = y′ holds with probability at least 1− logn

|F| ≥ 1− log |F ′|
|F| .
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In the following, we prove Lemma 6, which states that the proofer can gen-
erate random vector s in Oλ(n) time and Oλ(n) memory.

Proof. The process for generating s is very similar to the proof of Lemma 3.8 in
[48], which calculates n multilinear Lagrange basis polynomials for logn variables
using an “evaluation tree” with O(n) field multiplications/additions and O(n)
memory space. There are log n stages. In Stage 1, the prover computes and
stores two values β0 and (1 − β0). In stage 2, the prover multiplies these two
values with β1 and (1 − β1), respectively, and obtains and stores four values
β0β1, β0(1 − β1), (1 − β0)β1, and (1 − β0)(1 − β1). In general, in Stage i, the
prover computes and stores all such 2i values from the 2(i−1) values obtained
in the previous stage using O(2i) field multiplications/additions until i = log n.
Hence, to generate vector s = (s1, s2, .., si, .., sn) where si is defined by Formula
(2), the algorithm takes Oλ((2

1 + 22 + .. + 2i + .. + 2logn) = Oλ(n) times and
memory space.

Below we prove Lemma 7, which bounds the size and degree of the normalized
circuit F ∗.

Proof. Compared to F ′, the flattened circuit F̄ has one more layer of gates,
consisting of n ≤ |F ′| subtraction gates. F ∗ adds n multiplication gates and
an addition gate with n inputs. We also need a circuit to generate s, which
can be implemented using O(n) gates with O(n) gates according to the proof
of Lemma 6. Moreover, the verifier needs to generate logn hashes to create
β = (β0, .., βk, .., βlogn−1) ∈ Flogn. This can be achieved with O(logn) gates.
Finally, compared to F , F ′ only adds two hashes and the circuits to fold the
inputs and witnesses, each has a size at most O(|F |). Thus, O(|F ∗|) = O(F̄ ) =
O(|F ′|) = O(|F |). Regarding the degrees, the degree of the circuit that generates
s has degree logn since each si is a product of logn inputs. The inner product
between s and the outputs of F̄ increases its degree by logn. Hence, we have
D∗ = D̄ + log n. As for the depth of the circuit, the hash generating circuit
can be flattened using the procedure in Section 4.1 if needed. Hence, the hash
generation circuit does not increase the circuit depths and degree. On the other
hand, the depth of the circuit generating s is log n. Flattening this circuit can
lead to extra complications as we will need to introduce more randomness to
prove the correctness of its execution. If we do not flatten it, it has log n layers.
Counting the multiplication and addition layer mentioned earlier, we have d∗ =
min{d̄, logn}+ 2.

Now we prove Theorem 13, which states the completeness and knowledge
soundness of the proposed folding scheme.

Proof. Let us first prove the perfect completeness property of the folding scheme,
and then the knowledge soundness and public coin property.

Perfect Completeness. Given an adversarially chosen circuit F , according to
Lemma 5, we can normalize F into an equivalent circuit F ∗, that is, for any
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satisfying witness of F , we can construct a corresponding satisfying witness
for F ∗. Now, consider two committed instances u0 = (β0,x0, comw0, y0) and
u1 = (⊥,x1, comw1, y1) for F ∗, where ⊥ means that the β vector for u1 is not
set when the prover P and the verifier V enter the protocol. Suppose that P, in
addition to these two instances, holds the satisfying witnesses to both instances
(w0, rw0) and (w1, rw1).

Now suppose that P and V compute a folded instance uγ = (βγ ,xγ , comwγ , yγ)
and suppose that P computes a folded witness (wγ , rwγ). To prove complete-
ness, we must show that (wγ , rwγ) is a satisfying witness of uγ , which means the
following must hold:

yγ = F ∗(βγ ,xγ ,wγ) (18)
comwγ = PolyCom(pp,w, rw) (19)

For Equation 18, the left-hand side yγ was the evaluation of y(t) at γ ∈ F,
and the right-hand side is the evaluation of F ∗ at (βγ ,xγ ,wγ). Below we show
they are the equal. By construction, the prover first obtains the point evaluation
form of y(t), i.e. the evaluations of y(t) = F ∗(β(t),x(t),w(t)) as a function of t
at t = 0, 1, .., D. Here w(t) = (1− t) ·w0 + t ·w1 and x(t) = (1− t) · x0 + t · x1.
And β(t) is defined similarly, that is, β(t) = (1 − t) · β0 + t · β1, but note that
β1 is randomly sampled by V during the protocol. Based on this, the verifier
can obtain y(γ) for the randomly sampled γ using the barycentric evaluation
method. On the other hand, the right-hand side essentially first obtains βγ =
β(t = γ), xγ = x(t = γ), and wγ = w(t = γ), and then evaluates F ∗ at
(βγ ,xγ ,wγ). The left-hand side and the right-hand side should reach the same
result as yγ = y(γ) = F ∗(β(γ),x(γ),w(γ)) = F ∗(βγ ,xγ ,wγ). This proves that
Equation 18 holds.

Equation 19 obviously holds because of the additive homomorphism of the
scheme PolyCom. This thus proves the completeness property of the folding
scheme.

Knowledge Soundness. For the knowledge soundness property, consider an ad-
versarially chosen circuit F and two committed instances u0 = (β0,x0, comw0, y0)
and u1 = (⊥,x1, comw1, 0).

We will leverage the Forking Lemma (Lemma 1 in the Nova paper [33]) to
prove the knowledge soundness property. That is, we prove that there exists a
PPT algorithm X such that when given the public parameter pp, circuit F , and
a tree of accepting transcripts and the corresponding folded instance-witness
pairs, output a satisfying witness with probability 1− negl(λ).

Suppose X is provided with two transcripts (τ0, τ1) with the same initial
message β1 ∈ Flogn from V. Note that a transcript τi for i ∈ {0, 1} additionally
comes with an accepting witness τi.(w, rw) and the verifier’s randomness γ.
Thus, X can retrieve (w0,w1) such that

(1− τi.γ) ·w0 + (τi.γ) ·w1 = τi.w (20)
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for i ∈ {0, 1}. Using the same approach, X can interpolate for (rw0, rw1). Fur-
thermore, recall that the two transcripts (τ0, τ1) contain the same β1 for instance
u1.

Now we need to argue that (w0, rw0) and (w1, rw1) are indeed satisfying
instances for u0 and u1, respectively.

We first show that the retrieved witnesses are valid openings to the corre-
sponding commitments in the instance. For i ∈ {0, 1}, because τi.w and τi.rw
are part of a satisfying witness, and because PolyCom is additive homomorphic,
we should have

(1− τi.γ) · PolyCom(ppw,w0, rw0) + τi.γ · PolyCom(ppw,w1, rw1)

= PolyCom(ppw, (1− τi.γ) ·w0 + τi.γ ·w1, (1− τi.γ) · rw0 + τi.γ · rw10)

= PolyCom(ppw, τi.w, τi.rw)

= comτi.w

= (1− τi.γ) · comw0 + τi.γ · comw1

Interpolating, the following must hold:

PolyCom(ppw,w0, rw0
) = comw0 (21)

PolyCom(ppw,w1, rw1
) = comw1 (22)

Next, we need to show that

• w0 satisfies F ∗(β0,x0,w0) = y0, and
• w1 satisfies F ∗(β1,x1,w1) = 0, where X can extract β1 from transcripts
(τ0, τ1) as mentioned earlier.

To prove these claims, denote f∗(t) = F ∗(β(t),x(t),w(t)) where β(t) = (1 −
t) · β0 + t · β1, and x(t) and w(t) are defined similarly. On the other hand, de-
note y(t) as the degree-D∗ polynomial obtained by interpolation through points
{(0, y0), (1, 0), (2, y(2)), (3, y(3)), .., (D∗, y(D∗))}. If f∗(t) and y(t) are two differ-
ent degree-D∗ polynomials over field F, the probability that for a random τi.γ,
f∗(τi.γ) = y(τi.γ) is at most D∗

|F| , according to the Schwartz-Zippel Lemma [44].
Since both (τ0, τ1) are both accepting transcripts, F ∗(β(τi.γ),x(τi.γ),w(τi.γ)) =
f∗(τi.γ) = y(τi.γ) must hold for i ∈ {0, 1}. This indicates that f∗(t) and y(t)
are the same degree-D∗ polynomial with probability 1 − D∗

|F| = 1 − negl(λ).
Note that by construction, y(0) = y0 and y1 = 0. We can thus conclude that
F ∗(β0,x0,w0) = F ∗(β(0),x(0),w(0)) = f∗(0) = y(0) = y0. Similarly, we must
have F ∗(β1,x1,w1) = y(1) = 0. With these two claims proved, the knowledge
soundness properly follows from the Forking Lemma for folding schemes (Lemma
1 in [33]).

Public Coin. Obviously, the construction uses only public randomness. Hence,
the public coin property holds.
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C.2 Proofs for the Interstellar IVC Protocol

Below we prove Theorem 16, which claims the completeness, knowledge sound-
ness, and effiency properties of the Interstellar IVC protocol presented in Con-
struction 15.

Proof. Let us first prove the completeness property of the IVC protocol, and
then knowledge soundness and efficiency.

Completeness. We will prove the completeness property by induction. Con-
sider (F, i + 1, z0, zi+1) and the corresponding inputs (zi,ωi) such that zi+1 =
F (zi,ωi). Let pp ← G(1λ), and let (pk, vk) ← K(pp, F ). Now, consider a proof
Πi such that V(vk, i, z0, zi, Πi) = 1. We need to show that given Πi+1 ←
P(pk, (i, z0, zi),ωi, Πi), that V(vk, i + 1, z0, zi+1, Πi+1) = 1 holds with proba-
bility 1.

Base Case (i = 0): Suppose that the prover is provided Π0 and V(vk, 0, z0, z0, Π0) =
1. By the based case of P and F ∗, we have Π1 = ((U1,W1), (u1,w1), r1) for some
(u1,w1), where (U1,W1) = ((β = 0,x = 0, com0, y = 0),w0 = 0) and com0 is
the commitment to the zero vector 0. We note that in Equation 2, the index i
starts from 1 instead of 0. This way, if β is a zero vector, s will also be a zero
vector, which indcates y = s · y = 0 · y = 0. Thus, (U1,W1) as defined above is
a satisfying instance-witness pair to start with. In addition, (u1,w1) satisfies F ∗
by construction. Moreover, by definition u1.x = hash(vk, 1, z0, F (z0,ω0), u⊥, r1).
Then, we have V(pp, 1, z0, z1, Π1) = 1 by the construction of V.

Inductive Step (i ≥ 1): Assume that for Πi = ((Ui,Wi), (ui,wi), ri), we have
V(vk, i, z0, zi, Πi) = 1, and that P outputs Πi+1 = ((Ui+1,Wi+1), (ui+1,wi+1), ri+1).
By construction, we have (Ui+1,Wi+1) ← NIFS.P(pk, (Ui,Wi), (ui,wi)). Thus,
by the completeness of the underlying folding scheme, we have that (Ui+1,Wi+1)
is a satisfying instance-witness pair. In addition, we have ui.x = hash(vk, i, z0, zi,Ui, ri).
Therefore, P can construct a satisfying instance-witness pair (ui+1,wi+1) that
represents the correct execution of F ′ on input (Ui, ui, (i, z0, zi),ωi, r, ri+1),
where ri+1 ∈ F is a field element randomly sampled by P. By construction,
we have

ui+1.x = hash(vk, i+ 1, ui.z0, F (zi,ωi),NIFS.V(vk,Ui, ui), ri+1)

= hash(vk, i+ 1, ui.z0, zi+1,Ui+1, ri+1)

by the completeness of the underlying folding scheme. Finally, with the above
ui+1.x and that (Ui,Wi) and (ui,wi) are both satisfying instance-witness pairs as
proved above, V(vk, i+1, z0, zi+1, Πi+1) = 1 must hold according to the definition
of V in Construction 15. This proves the completeness of the Interstellar IVC
protocol.

Knowledge Soundness. The following proof largely follows the knowledge
soundness proof of Lemma 10 in [33] with some adaptation for our IVC protocol.
Here we prove the knowledge soundness property through induction. Consider
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an expected polynomial time adversary P∗ that outputs a function F on input
pp, and let (pk, vk) ← K(pp, F ). Suppose given a constant n, P∗ additionally
outputs (z0, z,Π) such that V(vk, n, z0, z,Π) = 1 with probability ϵ. Now we
need to construct an expected polynomial time extractor E which takes input
(pp, z0, z), outputs (ω0, ..,ωn−1) such that we have zn = z with probability
ϵ− negl(λ) by computing zi ← F (zi−1,ωi−1).

We show by induction that E can construct an expected polynomial time
extractor Ei(pp) that outputs ((zi, .., zn−1), (ωi, ..,ωn−1), Πi) such that for all
j ∈ {i+1, .., n}, we have zj = F (zj−1,ωj−1) and V(vk, i, z0, zi, Πi) = 1 for zn =
z with probability ϵ−negl(λ). Then, in the end, when i = 0, V checks z0 = zi, and
the values (ω0, ..,ωn−1) retrieved by E0(pp) are such that zi+1 = F (zi,ωi) holds
for all i ≥ 1 given zn = z. In the following, we will use the following strategy.
First, we assume the existence of Ei which satisfies the inductive hypothesis.
Then, we construct Ei−1 by letting Ei construct an adverarial non-interactive
folding scheme P̃i−1, which guarantees an extractor Ẽi−1 for the non-interactive
folding scheme. Next, we use Ẽi−1 to construct Ei−1 for the induction.

Base Case (i = n): Let En(pp; ρ) output (⊥,⊥,Πn) where Πn is the output
of P∗(pp; ρ). By assumption, En should succeed with probability ϵ in expected
polynomial time.

Inductive step (1 ≤ i < n): Suppose E can construct an expected polynomial
time extractor Ei that outputs ((zi, .., zn−1), (ωi, ..,ωn−1)), and Πi that satisfies
the inductive hypothesis. To construct an extractor Ei−1, E first constructs an
adversary P̃i−1 for the non-interactive folding schemes as follows:

P̃i−1(pp; ρ):
(1) Let ((zi, .., zn−1), (ωi, ..,ωn−1), Πi)← Ei(pp; ρ).
(2) Parse Πi as ((Ui,Wi), (ui,wi), ri).
(3) Parse wi, the witness input to F ∗ to retrieve (Ui−1, ui−1, ri−1).
(4) Output (Ui−1, ui−1) and (Ui,Wi).

By the inductive hypothesis, we have V(vk, i, z0, zi, Πi) = 1, where Πi ← Ei(pp)
with probability ϵ−negl(λ). Therefore, by the verifier check, (ui,wi) and (Ui,Wi)
are satisfying instance-witness pairs, and that ui.x = hash(vk, i, z0, zi,Ui, ri).
Because V randomly samples βi ∈ Flogn and set ui.β ← βi, if (ui,wi) passes
the check, then wi is indeed a satisfying assignment for F ∗ (not just a trivially
satisfying witness). Moreover, according to Lemma 5, if F ∗ is satisfied, then F ′

is also satisfied with probability at least 1− log |F ′|
|F| = 1− negl(λ).

Next, by the construction of F ∗ and the binding property of the hash func-
tion, we have Ui = NIFS.V(vk,Ui−1, ui−1) with probability ϵ − negl(λ). Thus,
by the union bound, P̃i−1 succeeds in producing an accepting folded instance-
witness pair (Ui,Wi) for instances (Ui−1, ui−1) with probability 1 − (1 − (1 −
negl(λ)))− (1− (ϵ− negl(λ))) = ϵ− 2 · negl(λ) = ϵ− negl(λ) in expected polyno-
mial time. Then, by the knowledge soundness of the underlying folding scheme
there exists an extractor Ẽi−1 that outputs (wi−1,Wi−1) such that (ui−1,wi−1)
and (Ui−1,Wi−1) satisfy F ′ with probability ϵ−negl(λ) in expected polynomial
time.
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Then, with P̃i−1 and Ẽi−1, E constructs an expected polynomial time Ei−1
as follows:
Ẽi−1(pp; ρ):
(1) ((Ui−1, ui−1), (Ui,Wi))← P̃i−1(pp; ρ);
(2) Retrieve ((zi, .., zn−1), (ωi, ...,ωn−1), Πi, ri−1) from the state of P̃i−1;
(3) Parse Πi.wi to retrieve zi − 1 and ωi−1;
(4) Let (wi−1,Wi−1)← Ẽi−1(pp);
(5) Let Πi−1 ← ((Ui−1,Wi−1), (ui−1,wi−1), ri−1);
(6) Output ((zi−1, .., zn−1), (ωi−1, ...,ωn−1), Πi−1).
Let us first reason that the outputs (zi−1, .., zn−1) and (ωi−1, ...,ωn−1) are

valid. By the inductive hypothesis, we already have that for all j ∈ {i+1, .., n},
zj = F (zj−1,ωj−1) and that V(vk, i, z0, zi, ((Ui,Wi), (ui,wi), ri)) = 1 with
probability ϵ− negl(λ). Because V checks that

ui.x = hash(vk, i, z0, zi,Ui, ri) (23)

by the construction of F ∗, the binding property of the hash function, and the
union bound, we have F (zi−1,ωi−1) = zi with probability ϵ− negl(λ). Next, we
argue that Πi−1 is valid. Because (ui,wi) satisfies F ′, and (Ui−1, ui−1) were re-
trieved from wi, by the binding property of the hash function, and by Equation
23, we have ui−1.x = hash(vk, i − 1, z0, zi−1,Ui−1, ri−1) and ui−1.β ̸= 0. Addi-
tionally, when i = 1, by the base case check we have zi−1 = z0. Because Ẽi−1
succeeds with probability ϵ − negl(λ). We have V(vk, i − 1, z0, zi−1, Πi−1) = 1
with probability ϵ − negl(λ). This thus proves the knowledge soundness of the
Interstellar IVC protocol.

Efficiency. In Construction 14, regarless of the PolyCom we employ, the prover
first needs to perform O(logn) hashes to generate β1 = (β0, .., βk, .., βlogn−1) ∈
Flogn. Since n ≤ |F |, the prover performs at most O(log |F |) hashes. Then,
the prover evaluates F ∗(β(t),x(t),w(t)) at D∗ − 1 points (2, 3, .., D∗) to ob-
tain {y(2), y(3), .., y(D∗)}. This requires O(D∗|F ∗|) field operations. According
to Lemma 7, O(|F ∗|) = O(F ′|). Hence O(D∗|F ∗|) = O(D∗|F |). Next, one more
hash is performed to generate γ. With γ, the prover can use the barycentric
method to evaluate y(λ), where the online processing takes Oλ(D

∗) field oper-
ations. Then, the prover needs to calculate βλ and xγ , each of which takes at
most O(|F |) field operations. In summary, these calculations require O(log |F |)
hashes and O(D∗|F |) field operations.

Besides that, the prover also calculates comwγ and commits to w1. The time
complexity of these two operations depends on the PolyCom scheme we choose.
If we instantiate PolyCom with the either the Bulletproofs or Dory commitment
scheme, generating comwγ ← (1 − γ) · comw0 + γ · comw1 involves one single
group scalar multiplication. On the other hand, committing to w1 requires a
single gourp MSM of size |w|.
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C.3 Proofs for the IVC SNARK Protocol

Below we prove Theorem 17, which claims the completeness and knowledge
soundness of Construction 38.

Proof. Completeness and knowledge soundness both hold due to the complete-
ness and knowledge soundness of the underlying SNARK and the non-interactive
folding scheme in Construction 14. The protocol achieves succinctness due to
the succinctness of the commitment scheme used by the non-interactive fold-
ing scheme, the succinctness of the hash function, and the succinctness of the
underlying non-interactive argument.

Below we prove Theorem 18, which claims the existence of a SNARK in the
random oracle model for the circuit satisfiability problem for circuit F .

Proof. We adopt the GKR-based Libra Polynomial IOP [51] for the circuit F ∗

and replace the polynomial oracles with the selected PolyCom scheme, which the
prover and verifier use to simulate ideal queries to a committed oracle. Since the
Libra polynomial IOP is a public coin protocol, we can apply the Fiat-Shamir
transformation to achieve non-interactivity in the random oracle model.

In terms of efficiency, in the Libra polynomial IOP, the prover runs in linear
time Oλ(|F ∗|) = Oλ(|F |) for any circuit (including non-uniform circuits). Also,
as explained by Remark 19, there is an improvement which we can apply to make
the IOP verifier’s online run time and proof size both in Oλ(d

∗ · log |F |) even
for non-uniform circuits, where d∗ is the number of layers in F ∗. Combining the
polynomial IOP run time with various PolyCom schemes, we have the following
conclusions:

• If we adopt Bulletproofs based PolyComBP, the commitment to the witness w
takes Oλ(|w|) time, and produces an Oλ(1)-sized commitment. The prover
time for generating an Oλ(log |w|)-sized evaluation proof is Oλ(|w|), which
takes the verifier Oλ(|w|) time to verify. Since |w| ≤ |F |, combining the
prover and verifer runtime for the IOP protocol, we have that the prover
runs in time Oλ(|F |); the proof length is Oλ(d

∗ log |F |); and the verifier
online run time is in Oλ(d

∗ log |F |+ |w|).
• If we adopt Dory based PolyComDory, the commitment to the witness w takes
Oλ(|w|) time, and produces an Oλ(1)-sized commitment. The prover time
for generating an Oλ(log |w|)-sized evaluation proof is Oλ(|w|), which takes
the verifier Oλ(log |w|) time to verify. Since |w| ≤ |F |, combining the prover
and verifer runtime for the IOP protocol, we have that the prover runs in
time Oλ(|F |); the proof length is Oλ(d

∗ log |F |); and the verifier online run
time Oλ(d

∗ log |F |).

C.4 Proofs for the Interstellar+ Protocol

Below we prove Theorem 22, which claims the completeness, knowledge sound-
ness, and efficiency of Construction 21.
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Proof. Completeness. Since the satisfying witness-instance pair of G∗ and that
of F ∗ have the same format, we can follow the steps of the completeness proof
of Theorem 13. The details are omitted here, but it is worth mentioning that
vi+τ = 0 could render 1

vi+τ undefined. Thus, similar to Protostar, we set hi = 0

if 1
vi+τ = 0. {gi |i = 0, .., P − 1} are handled in a similar fashion. In this way,

the lookup checks 5 and 6 can always be satisfied with a correct witness.

Knowledge Soundness. For knowledge soundness we need to prove that given
a tree of accepting transcripts, there is an polynomial time extractor that can
extract w0, w1, rw0, rw1, m1, τ1, h1, g1, and β1, such that:

• (w0, rw0) and (w1, rw1) are witnesses of u0 = (β0,xA0, comw0, y0) and u1 =
(β1,xA1, comw1, 0), respectively, with probability 1 − negl(λ). Here xA1 =
(x1,p1, τ1,m1,h1,g1).
• The lookup check per Lemma 20

∑l−1
i=0

1
X+vi

=
∑P−1

i=0
mi

X+pi
holds with prob-

ability 1− negl(λ).

Once these two claims are proven, we can apply the forking lemma [33] to
prove the knowledge soundness.

The first claim can be proved similarly to the knowledge soundness proof for
Theorem 13. Note that in Construction 21, wγ and rwγ are sent after from the
tree of accepting transcripts, thus we can pick two transcripts with the same
ancestors containing m1, τ1, h1, g1, and β1. Then, using the same interpolation
method as in the knowledge soundness proof for Theorem 13, we can solve a set
of linear equations to obtain (w0, rw0) and (w1, rw1) which satisfy u0 and u1,
respectively, with probability 1− negl(λ). The details are omitted here.

For the second claim, we can prove it using a strategy similar to the proof for
Protostar’s Lemma 5 [11]. From the transcript tree, we take 2(l+P ) transcripts
that all have the same v1 and m1 as the initial messages, but different (τ1,h1 ∈
Fl,g1 ∈ FP ) as the follow-up messages. By the pigeonhole principle, there must
exist a subset S ⊆ {0, 1, 2(l + P ) − 1} transcripts such that |S| = l + P and
w1i + τ1 ̸= 0 for all i ∈ {0, 1, .., l − 1} and j ∈ S and p1i + τ1 ̸= 0 for all
i ∈ {0, 1, .., P − 1} and j ∈ S. For these transcripts, we have h1i = 1

v1i+τ1
and g1i = m1i

p1i+τ1
with probability 1 − negl(λ). The probability is not strictly

1 because the verifier circuit checks conditions 5 and 6 indirectly by checking
whether y = s · y = 0, which introduces a negl(λ) soundness error (see Lemma
5). Now, let us define the following polynomial that has a degree l + P − 1:

p(X) =

l∏
k=1

(X + w1k) ·
P∏

j=1

(X + p1j) · (
l−1∑
i=0

1

X + vi
=

P−1∑
i=0

mi

X + pi
)

We have shown that there are l + P values of τ1 for which p(X = τ1) = 0.
Since p(X) has degree l + P − 1, p(X) must be a zero polynomial. There-
fore,

∑l−1
i=0

1
X+vi

=
∑P−1

i=0
mi

X+pi
holds with probability 1 − negl(λ). According
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to Lemma 20, we must have {vi|i = 0, 1, .., l − 1} ⊂ p holds with probability
1− negl(λ).

Finally, applying the forking lemma, we can conclude Construction 21 is
knowledge sound.

Next, we prove Theorem 23, which claims that the protocol for folding multi-
ple instances at once achieves the completeness and knowledge soundness prop-
erly, and provides its runtime efficiency.

Proof. Completeness. As the interactive protocol for folding multiple instances
at once in Construction 39 is a natural extension of Construction 12, we can
simply follow the completeness proof of Theorem 13. The details are omitted
here.

Knowledge Soundness. Similar to the completeness property, we can also
follow the proving stratgy of the knowledge soundness proof for Theorem 13.
The only caveat is that y(t) now has degree kD∗, and the Schwartz-Zippel error
becomes kD∗

|F| . As a result, our construction requires kD∗

|F| in O(negl(λ)), which
places an upper bound on k. The other caveat is that we reuse the same β for
u1, u2, .., uk−1. We note that by construction, u1.y = u2.y = .. = uk−1.y = 0,
meaning that F ∗(β, ui.x, ui.w) = 0 holds for i = 1, 2, .., k − 1. Per Lemma 5,
this indicates for each i ∈ {1, 2, .., k− 1}, F ′(x′i,w′i) = y′i holds with probability
at least 1 − log |F ′|

|F| . By the union bound, the probability that F ′(x′i,w
′
i) = y′i

holds for all = 1, 2, .., k− 1 is at least 1− k log |F ′|
|F| , which is 1− negl(λ) if k

|F| is in
O(negl(λ)). The remainder of the proof are largely the same as the knowledge
soundness proof for Theorem 13 with linear combinations such as (1−t)·w0+t·w1

replaced by its generalization
∑k−1

j=0 δ(t, j) ·wj . The details are omitted here.

Public Coin. Obviously, the construction uses only public randomness. Hence,
the public coin property holds.

Constant Folded Instance Size. Obviously, the folded instance still has the
same size as u0, whose size is in Oλ(|F ∗|) = Oλ(|F |) (Lemma 7). Therefore, the
size of the folded instance is a constant.

Efficiency. In Construction 40, regarless of the PolyCom we employ, the prover
first needs to perform O(logn) hashes to generate {βi ∈ F|i = 0, 1, .., logn −
1}. Since n ≤ |F |, the prover performs at most O(log |F |) hashes. Then, the
prover evaluates F ∗(β(t),x(t),w(t)) at D∗−1 points (k, k+1, .., kD∗) to obtain
{y(k), y(k+1), .., y(kD∗)}. This requires O(kD∗|F |) field operations. Per Lemma
7, O(|F ∗|) = O(|F |). Hence O(kD∗|F ∗|) = O(kD∗|F |). Next, one more hash is
performed to generate γ. With γ, the prover can use the barycentric method
to evaluate y(λ), where the online processing takes O(kD∗) field operations.
Then, the prover needs to calculate βγ , xγ , and wγ . Again, using the barycen-
tric evaluation method, generating each of these vectors takes at most O(k|F |)
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field operations. In summary, these calculations require O(log |F |) hashes and
O(kD∗|F |) field operations.

Besides that, the prover also calculates comwγ and commits to {wj | j =
1, 2, .., k}). If we instantiate PolyCom with the either the Bulletproofs or Dory
commitment scheme, committing to {wj | j = 1, 2, .., k}) requires k group
MSMs, each of size |w|. On the other hand, generating comwγ ←

∑k−1
j=0 δ(γ, j) · comwj

involves k group scalar-multiplications and additions since each comwj is a group
element and δ(γ, j) is a constant.

Below we prove Theorem 42, which claims the completeness, knowledge
soundness, and efficiency of Construction 41.

Proof. Completeness. The completeness proof basically follows the complete-
ness proof for Theorem 13, with the argument applied to each individual sub-
circuit. The proof is straightforward and the details are omitted here.

Knowledge Soundness. Similar to completeness, the knowledge soundness
proof follows that of Theorem 13, with the argument applied to each individual
sub-circuit. The only minor caveat is that if i ̸= pc and i ̸= I, since the prover
will reuse w

(i)
acc for w

(i)
step, we have

w(i) = (1− γ) ·w(i)
acc + γ ·w(i)

step

= (1− γ) ·w(i)
acc + γ ·w(i)

acc

= w(i)
acc

Hence w(i)
step = w

(i)
acc = w(i) can be extracted directly from the transcript without

solving a system of linear equations as in Formula 20. For i = pc or i = I, we
can still solve a Formula 20-like set of linear equations to obtain w

(i)
step and w

(i)
acc.

Efficiency. As already analyzed in Appendix B.5, for B, X, comW, Y, W, and
rW, only two elements get updated in each folding round. In particular, for Y,
only y(pc)(γ) and y(I)(γ) need to be calculated. Thus, the runtime of a folding
step only depends on the size of the activated sub-circuit, plus the extra circuit
for common computations. We therefore conclude that we can achieve the “a la
carte” cost profile.

C.5 Details and Proofs for Collaborative Folding/IVC

Below we present the construction of the non-interactive collaborative folding
scheme:

Construction 43 (Non-Interactive Collaborative Folding Scheme (NICFS))
Under the random oracle model, non-interactivity can be achieved using the
strong Fiat-Shamir transformation. Let ρ denote a random oracle sampled dur-
ing parameter generation and provided to all parties. Let (G,K,PC,PS,V) repre-
sented the interactive folding scheme defined above in Construction 26. A non-
interactive folding scheme (G,K,PC,PS,V) can be constructed as follows:
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• G(1λ): output pp← G(1λ).
• K(pp, F ): vk← ρ(pp, F ) and pk← (pp, F ∗, vk); output (vk, pk).
• PC(pk, (u0, {wj

0|j ∈ [k]}), (u1, {wj
1|j ∈ [k]})): Generate log n random values

β0 ← ρ(vk, u0, u1), β1 ← ρ(vk, u0, u1, β0), .., βlogn−1 ← ρ(vk, u0, u1, β0, .., βlogn−2).
Run CIFS.PC with these random values to create comy and forward it to V.
Generate randomness γ ← ρ(vk, u0, u1, β0, .., βlogn−2, comy), and forward it
to PC to compute y(0), y(1), and y(γ) and generate their corresponding eval-
uation proofs πy0, πy1, and πyγ via MPC. Forward (y(0), πy0), (y(1), πy1)
and (y(γ), πyγ) to V, and then output the resulting folded instance and wit-
ness.

• V(vk, u0, u1): runs CIFS.V with randomness (β0, .., βlogn−1) generated the
same way as PC; Receive comy and generate γ the same way as P. Receive
(y(0), πy0), (y(1), πy1) and (y(γ), πyγ) to V from PC. Perform verification
on these values and proofs. Output the resulting folded instance.

Below we present the proof for Theorem 27, which claims that the interactive
collaborative folding scheme achieves the completeness, knowledge soundness,
and m-zero-knowledge property:

Proof. Completeness proof directly follows that of Theorem 13 and the com-
pleteness proof of the collaborative MSM protocol [24] and BGW protocol. We
omit the details.

To prove knowledge soundness, we first follow the soundness proof of Theo-
rem 13 to show that the extractor algorithm X can retrieve {wj

0,w
j
1} for each

j ∈ [k] by solving a similar set of linear equations, and the same apply to
{comj

w0, com
j
w1|j ∈ [k]}. Next we need to show that w0 satisfies F ∗(β0,x0, {wj

0|j ∈
[k]}) = y0, and that w1 satisfies F ∗(β1,x1, {wj

1|j ∈ [k]}) = y1. For these claims
we can apply the same Schwartz-Zippel-based argument as in the soundness
proof for Theorem 13. The only caveat is that instead of {y(0), y(1), .., y(D∗)}
as in Construction 12, in Construction 26, the verifier receives the commitment
to y(t), and the evaluation results at points 0, 1, γ and the corresponding evalu-
ation proof. However, if we use an extractable polynomial commitment scheme,
then knowledge soundness would hold, since X can extract {y(0), y(1), .., y(D∗)}
with high probability and thus we can fall back to the soundness proof for The-
orem 13. Moreover, in the MPC setting with honest-majority and the corrupted
servers are semi-honest, the servers only compute y(t) and the zero-knowledge
polynomial commitment and proofs. They do not help cheating clients hide in-
consistency because evaluation proofs are knowledge-sound and verification is
public. Thus an extractor X that rewinds the public-coin ICFS transcript, for
example to obtain two accepting runs with different γ if needed, succeeds exactly
as in the single-prover folding analysis.

To construct a simulator Simcf in order to prove the m-zero-knowledge prop-
erty, we break the interaction messages among V, PC, and PS into two views,
namely the view between PC and PS, and the view between PC and V:
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• For the view between PC and PS, given the assumption that at most m <
n
2 − D∗ servers are corrupted, and the corrupted servers are semi-honest,
Simcf can employ an MPC simulator to simulate the view, using similar
arguments as zkSaaS [24], since the only MPC computations in our protocol
are the collaborative MSM, polynomial commitment, and the BGW protocol,
same as in zkSaaS [24].

• The view between PC and V consists of the following messages: V first sends
PC (β0, .., βk, .., βlogn−1) ∈ Flogn. Next, PC sends comy to V. V then replies
with random value γ ∈ F. In response, PC sends (y(0), πy0), (y(1), πy1),
(y(γ), πyγ) to V. To simulate this view, the simulator Simcf just needs to
run the protocol to the end so that V receives γ ∈ F and y(γ). She then
constructs an alternative degree-D∗ univariate polynomial y′(t) which agrees
with y(t) only at 0, 1, and γ, that is, y′(0) = y(0), y′(1) = y(1), and y′(γ) =
y(γ). Next, she rewinds the protocol to the second step, and send com′y, the
commitment to y′(t) to V instead. V proceeds and send the same γ ∈ F back
to PC. Then, the simulator sends back (y′(0), π′y0), (y′(1), π′y1), (y′(γ), π′yγ).
To prove zero-knowledge, we note that com′y is indistinguishable from comy

given the hiding property of the commitment scheme. Next, since y′(0) =
y(0), y′(1) = y(1), and y′(γ) = y(γ), the evaluation results are identical in
the real and simulated view. Finally, due to the zero-knowledge property
of the commitment scheme for y′(t), π′y0, π′y1, and π′yγ are indistinguishable
from πy0, πy1, and πyγ . And since π′yγ is the correct evaluation proof of y′(γ),
and likewise for π′y0 and π′y1, they will pass the validity checks imposed by
the verifier. Therefore, we can conclude that the simulated view between PC
and V is indistinguishable from the real view for honest verifiers.

In summary, since the two simulated views are indistinguishable from the cor-
responding real views, we can claim that honest verifier zero-knowledge can be
achieved under the assumptions.
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