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Abstract
Polynomial commitment schemes (PCSs) enable verifying
evaluations of committed polynomials. Multilinear (ML)
PCSs from linear codes are favored for their prover time.
Distributed MLPCSs further reduce it by enabling multiple
provers to distribute both commitment and proof generation.

We propose PIPFRI, an FRI-based MLPCS that unites the
linear prover time of PCSs from encodable codes with the
compact proofs and fast verification of Reed–Solomon (RS)
PCSs. By cutting FFT and hash overhead for both commit-
ting and opening, PIPFRI runs 10× faster in prover than the
RS-based DeepFold (Usenix Security’ 25) while retaining
competitive proof size and verifier time, and beats Orion
(Crypto ’22) from linear codes by 3.5-fold in prover speed
while reducing proof size and verification time by 15-fold.

Its distributed version DEPIPFRI delivers the first code-
based distributed SNARK for arbitrary circuits over single
multilinear polynomials, and further achieves accountability.
DEPIPFRI outperforms DeVirgo (CCS ’22)—the only prior
code-based distributed MLPCS, limited to data-parallel cir-
cuits and lacking accountability—by 25× in prover time and
7× in communication, with the same number of provers.

A central insight in both constructions is the shred-to-shine
technique. It further yields a group-based MLPCS of indepen-
dent interest, with 16× shorter structured reference string and
10× faster opening time than multilinear KZG (TCC’13).

1 Introduction

Polynomial commitment schemes (PCSs) [32,36] let a prover
commit to a polynomial f in µ variables with degree bound d
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and later prove that f (xxx) = y at a public point xxx without re-
vealing f . Succinct non-interactive arguments of knowledge
(SNARKs) [19, 30, 47, 55] use PCSs with the proof size and
verification cost sublinear in the polynomial size dµ. Modern
SNARK constructions follow the “PIOP (polynomial interac-
tive oracle proof) [20] + PCS” framework [19, 20, 30], so the
overall efficiency depends on the PIOP and PCS.

Multilinear PCSs (MLPCSs) [39, 51] for polynomials with
d = 2 and µ > 1 pair naturally with linear-prover-time mul-
tilinear PIOPs [19, 47] for SNARKs. MLPCSs from linear
codes [32, 34, 59, 60] operate directly over finite fields, avoid-
ing more costly group operations, and pushing prover times
even lower. These PCSs have been applied in machine learn-
ing [2,42] and scalable blockchain [46,48], protecting billions
of dollars. In these domains, prover time is the key scalability
metric, while proof size and verifier time remain vital for
blockchains, deciding the verification circuit size and thus the
prover time of the recursive SNARK [33].

However, current code-based MLPCSs can not simultane-
ously achieve linear (and concretely efficient) prover time
along with poly-log (and concretely efficient) proof sizes and
verifier times. Specifically, RS-code MLPCSs [34, 58, 60]
provide the latter with several hundred KBs proofs, but the
prover is quasi-linear, optimal with RS-encoding via Fast
Fourier Transformers (FFTs). By contrast, MLPCSs from
linear-time encodable codes attain the former but either yield
square-root proof size and verifier cost [32], or several-MBs
proofs and concretely 10× slower verifier time [56].

Distributed PCSs [40,41,52,54] offer another way to reduce
the prover time by enabling multiple provers to perform com-
mitting and opening collaboratively. They are also required
for constructing distributed SNARKs using the “distributed
PIOP [40, 41] + distributed PCS” paradigm. Distributed PI-
OPs are information-theoretic and compatible with all PCSs
from different cryptographic primitives. Using code-based
distributed PCSs to build prover-efficient distributed SNARKs
is a promising direction due to their original efficiency.

A distributed PCS exhibits full linear speedup if: 1) with
ℓ provers, each prover’s work is 1/ℓ of the single-prover



work while 2) the proof size and verifier time remain un-
changed. DeVirgo [54], the only code-based distributed PCS
(also an MLPCS), achieves full linear speedup in theory but
has four drawbacks. Its base PCS, Virgo [59], has quasi-
linear opening complexity and is 10× slower in prover than
recent non-distributed FRI-based PCSs [34, 60], so DeVirgo
needs at least 8 provers to match their prover times, which
increases deployment costs. Secondly, unlike non-code-based
distributed MLPCSs [40, 52], DeVirgo only distributes work
when each sub-prover handles a separate, unrelated polyno-
mial; it cannot split the workload of a single, interdependent
polynomial across provers. This limitation prevents its use in
distributed SNARKs for general circuits, as state-of-the-art
prover-efficient schemes [40, 52] use distributed multilinear
PIOPs, which require distributed PCSs supporting single and
linear-size polynomials. Thirdly, unlike some non-code-based
distributed PCSs [41, 52], DeVirgo lacks accountability: an
honest master prover cannot detect malicious sub-provers,
making the overall system vulnerable to adversaries. Finally,
the concrete amortized communication can reach hundreds of
MBs, making it impractical for low-bandwidth networks.

Such a state of affairs motivates us to ask two questions:
1. Can we achieve a code-based MLPCS with more efficient

prover as well as affordable proof size and verifier time?
2. Can we design an accountable code-based distributed PCS

supporting single polynomials with improved efficiency?

1.1 Our Contribution

PIP: Shred-to-Shine MLPCS-to-MLPCS Upgrade. We
propose PIP, a simple and general MLPCS framework built
from MLPCS that achieves faster prover with at most slight in-
creases in proof size and verification. We instantiate PIP with
code-based and group-based MLPCSs, obtaining two PCSs,
PIPFRI and PIPKZG, respectively, with strong trade-offs. PIP
also inspires to achieve generality for distributed PCSs.

PIPFRI: Efficient FRI-based MLPCS with zero knowledge.
Compared with FRI-based MLPCSs (e.g., PolyFRIM [60],
DeepFold [34]), PIPFRI reduces FFT-based committing costs
from O(N logN) to O(N logm) by splitting N into mℓ for tun-
able m. It also cuts hash-based committing and opening costs
from O(N) to O(m) using smaller Merkle trees. Its opening
cost stays at O(N), but requires only a single linear combi-
nation (Frlc), which is practically efficient. Table 1 shows
the main trade-offs, and Table 2 reports micro-benchmarks
with 2× and 5× speedups in FFTs and Merkle trees. Exper-
iments show that despite the complexity gap, PIPFRI is the
first FRI-based PCS achieving faster prover time than PCSs
from linear-time codes over RS-friendly fields (e.g., Orion)
due to the more efficient recursive-PCS construction of PIP.

We also equip PIPFRI with zero knowledge, a feature essen-
tial for zk-SNARKs and their applications, which is missing
from several recent works [6, 19, 58, 60] (Table 1).

DEPIPFRI: Accountable and general distributed PCS with
improved computation and reduced communication. We
propose DEPIPFRI, a code-based distributed PCS with linear
speedup (cf. Table 3). It also adds the following new features.
1. DEPIPFRI is the first code-based scheme with accountabil-

ity. Some group-based distributed PCSs [41,52] support
accountability readily as each sub-proof is generated by a
sub-prover locally, which allows the master prover to verify
directly. Code-based schemes offer no analogous mecha-
nism: each sub-proof is generated by multiple sub-provers.
We propose new designs to support accountability.

2. DEPIPFRI is general, supporting the distribution of both
single polynomials and multiple independent polynomials.
The former leads to the first code-based distributed SNARK
for arbitrary circuits. Currently, such scheme [54] could
achieve linear prover speedup only by splitting independent
polynomials, as current distributed FFTs [53] fail to handle
interdependent workloads efficiently (cf., Section 1.2).

3. The amortized computation and communication costs for
openings are O(m/ℓ), an ℓ-fold gain over DeVirgo. This
breaks the apparent O(m) complexity, achieved by our
shred-to-shine method in the non-distributed PIPFRI. It
first splits a size-O(mℓ) polynomial into ℓ size-O(m) poly-
nomials, and merges these ℓ polynomials into one of the
same size m. As a result, in the distributed setting, the
ℓ provers, though each holding a size-m polynomial, can
handle a single size-m polynomial collaboratively. For this
scenario, we introduce a new distributed folded polynomial
computation approach, optimally achieving the O(m/ℓ)
bound. This approach also improves the opening complex-
ity of distributed FRI, which is a standalone advance as
FRI is the core sub-protocol in code-based schemes [6,34].
It could support other FRI-based distributed PCSs.

Empirical Evaluation. We implement PIPFRI, DEPIPFRI,
and (distributed) SNARKs from them. PIPFRI strikes a strong
balance among code-based PCSs, especially on prover time. It
has a 10× faster prover (commit + open) time than FRI-based
DeepFold, and 3.5× faster prover than Orion from linear-
time codes, while maintaining the proof size and verifier time
from competitive to 15× better. Also, PIPFRI is memory-
efficient among code-based PCSs with poly-log proof size,
which is 10× smaller than DeepFold, 5× smaller than Orion,
and firstly supports size-229 polynomials on 32 GB RAM.
Overall, PIPFRI leads to SNARKs with 2-10× faster provers
than DeepFold and 10-20× smaller proof sizes than Orion.

DEPIPFRI achieves full linear speedup, in contrast to De-
Dory [40] that achieves linear speedup while sacrificing proof
size and verification (from O(logmℓ) to O(logm2ℓ)). Apart
from generality and accountability, DEPIPFRI cuts the prover
time by 25× and communication overhead by 7× compared
to DeVirgo, thanks to our new distributed FRI. The proof
size and verifier time are competitive. The generality fur-
ther makes DEPIPFRI lead to the first code-based distributed
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Table 1: Comparisons of size-N = mℓ code-based MLPCSs with λ-bit security

Scheme Commit Open Verify Proof size zk

Brakedown [32] O(N)F/H O(N)F/H O(
√

N)F/H O(λ
√

N)F+O(logN)H #
Orion [56] O(N)F/H O(N)F/H O(

√
N)F/H, no preprocessing O(λ log2 N)H G#

HyperPlonk [19] O(N logN)F,O(N)H O(N logN)F,O(N)H O(λ logN)F,O(log2 N)H O(λ logN)F,O(log2 N)H #
Virgo [59] O(N logN)F,O(N)H O(N logN)F,O(N)H O(λ logN)F,O(log2 N)H O(λ logN)F,O(log2 N)H  
PolyFRIM [60] O(N logN)F,O(N)H O(N)F/H O(λ logN)F,O(log2 N)H O(λ logN)F,O(log2 N)H #
Basefold [58] O(N logN)F,O(N)H O(N)F/H O(λ logN)F,O(log2 N)H O(λ logN)F,O(log2 N)H #
DeepFold [34] O(N logN)F,O(N)H O(N)F/H O(λ logN)F,O(log2 N)H O(λ logN)F,O(log2 N)H G#
PIPFRI O(N logm)F,O(m)H,O(m)Hℓ O(N)Frlc,O(m)F/H O(λ logm+λℓ)F,O(log2 m)H O(λ logm+λℓ)F,O(log2 m)H  

F is a field with large multiplicative cosets, and H a hash function. Both denote operation time or size, as context requires. Hℓ: hashing O(ℓ)
entries (versus H for a constant number); Frlc: one-time random linear combination over F; implementations use logN ≤ ℓ < log2 N, m = N/ℓ.
#: No zero-knowledge (zk) variant explicitly provided; G#: No zk implementation provided;  : Both are given.

Table 2: Micro-benchmarks of PolyFRIM and PIPFRI for size-
220 polynomials over a 64-bit finite field

Type Term Time Term Time

FFT O(N logN)F 620 ms O(N logm)F 315 ms
Build MT O(N)H 2,258 ms O(m)H,O(m)Hℓ 468 ms
RLC - - O(N)Frlc 52 ms

∗MT:Merkle tree; RLC:random linear combination over a field

SNARK for arbitrary circuits, with a 4× faster prover time
and a 5× faster verifier time than HyperPianist [40], a group-
based distributed SNARK with time efficiency.

PIPKZG: Group-based PCS with shorter SRS and faster
time. We instantiate PIP to build PIPKZG from mKZG [45]
(cf., Table 4). PIPKZG reduces the size of structured reference
string (SRS) as well as the opening and verifier complexities.
Compared with univariate Bünz et al. [17] with sublinear-size
SRS, PIPKZG is secure in the algebraic group model (AGM)
instead of the more abstract generic group model (GGM) [29].

Experiments show that PIPKZG has 16× shorter SRS, 2×
faster prover, and 2× faster verifier time than mKZG, but
sacrifices the proof size by 1.8× (<3KB for most cases).
Compared with the trustless group-based Dory [39], PIPKZG
requires trusted setups, but is more efficient due to operating
over type-1 groups and eliminating the expensive operations
over target groups. Concretely, PIPKZG has a 2× faster prover,
4× faster verifier, and 10× smaller proof size.

1.2 Technical Overview
Construction of PIP. The high-level idea of PIP is “shred-to-
shine”: shredding a large multilinear polynomial into smaller
sub-polynomials, handling each sub-polynomial efficiently,
eliding expensive operations, and regrouping proofs to let
performance shine by batching. Technically, we apply tensor
products to recast the validation of a multilinear polynomial
of size N = mℓ as ℓ checks on size-m sub-polynomials. Ob-

serving that these sub-polynomials are evaluated at the same
point, we use batch PCS to slash prover workload, delivering
a speedup by reducing the number of expensive operations
for the evaluation proof, exactly where performance matters,
while asymptotic improvement in the total cost would likely
require new paradigm-specific techniques.

In other words, PIP offers a simpler design, shining through
different PCS frameworks to reduce cost-dominating oper-
ations, covering FFTs, Merkle trees, and group operations.
Instantiating PIP produces PCSs with more compact proofs
and lower prover and verifier cost when compared with previ-
ous code-based attempts, e.g., those adopting recursive-proof
techniques [10, 32, 56]. See Section 3.1 for details.
Construction of PIPFRI. We build PIPFRI by instantiating
PIP with PolyFRIM [60], which is less efficient than the latest
DeepFold [34]. Recall that PIP is general and compatible with
any FRI-based PCS. That PIPFRI surpasses DeepFold under-
scores the transformative impact of PIP. To build PIPFRI,
we face two challenges: (1) A direct instantiation requires
building O(ℓ) separate Merkle trees for O(ℓ) sub-polynomials
in the committing phase, undermining performance gains.
(2) Sending sub-polynomial evaluations to the verifier leaks
extra information even if PolyFRIM were zero-knowledge.

For challenge (1), by analyzing the structural patterns of
opened entries in PolyFRIM, we aggregate entries likely
opened together into a single leaf. This insight enables PIPFRI
to use a single Merkle tree in the commitment phase, reducing
the prover hash costs from O(ℓ ·m)H into O(m)Hℓ+O(m)H.

For challenge (2), we firstly build zk-PolyFRIM by merg-
ing the tensor-product foldings inherent to PolyFRIM with a
masking coefficient strategy from DeepFold. Observing that
it suffices to prove the validity of one target evaluation other
than all sub-evaluations in batch PCS, we then exploit the lin-
earity of RS codes to build the virtual target polynomial while
not sending the sub-evaluations. We prove the soundness
using the proximity gap theorem for RS codes [8].
Construction of DEPIPFRI. The challenge to build general
FRI-based distributed PCSs lies in the lack of efficient dis-
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Table 3: Distributed MLPCSs with ℓ provers supporting only ℓ size-m parallel polynomials or a single size-mℓ polynomial as well

Scheme Trans. Poly Pi: Commit Pi: Open Comm.: Commit Comm.: Open V & |π| Acct. Circuit

DemKZG [40, 52] no single O(m log |F|
logm ) O(m log |F|

logm ) O(logmℓ) O(logmℓ) O(logmℓ) yes arbitrary

DeDory [40] yes single O(m log |F|
logm ) O(m log |F|

logm ) O(logmℓ) O(logmℓ) O(logm2ℓ) no arbitrary
DeVirgo [54] yes parallel O(m logm) O(m) O(m) O(m) O(λℓ+ log2 m) no data-parallel
DEPIPFRI yes single O(m logm) O(m/ℓℓℓ) O(m) O(m/ℓℓℓ) O(λℓ+ log2 m) yes arbitrary

Trans.: transparent. Pi/V : sub-prover/verifier complexity over a field. Note that O(m) group multi-scalar exponentiations, as
in DemKZG and DeDory, equal to O(m log |F|

logm ) over a field where log |F|= ω(logm) [32]. |π|: proof size. Comm.: amortized
communication complexity. Acct.: accountability. Circuit: supported SNARK circuit type.

Table 4: Group-based MLPCSs for polynomial of size N =mℓ

Scheme SRS size Commit Open Verifier Proof size

mKZG O(N)G O(N)G O(N)G O(logN)P O(logN)G

PIPKZG O(m)G O(N)G O(N)Grlc,
O(m)G

O(ℓ)G,
O(logm)P

O(ℓ)G,
O(logm)G

G: operations over group. Grlc: linear combination between group
and field. P: pairing operations. Efficiency: Grlc > G > P.

tributed FFT. Most FRI-based PCSs require linear-size FFTs.
However, existing scheme in DIZK [53] on a size-mℓ vec-
tor across ℓ provers costs O(m log2 m) per prover, increas-
ing the overall prover time. This differs from group-based
schemes, where the multi-scalar exponentiations are naturally
distribution-friendly [1, 43]. We achieve generality by our
“shred-to-shine” method in PIPFRI. The size-mℓ target poly-
nomial is split into ℓ size-m sub-polynomials, and the FFT
for the target polynomial is transformed into ℓ independent
sub-FFTs for sub-polynomials. As a result, sub-provers can
run sub-FFTs locally, taking amortized O(m logm) optimally.

We next improve the opening phase of DEPIPFRI. Sup-
pose in the i-th round, provers compute a codeword fi|Li

over a domain Li, corresponding to the i-th folded degree-
O(|Li|) polynomial fi. In DeVirgo, each sub-prover P j holds
a size-O(2 · |Li|) sub-polynomial f ( j)

i−1 in the (i−1)-th round,

computes the degree-O(|Li|) sub-polynomial f ( j)
i and its code-

word, and then exchanges with other provers to build fi and
fi|Li . P j would compute and send all entries of f ( j)

i |Li to
other provers, and hence, the amortized prover complexity
and communication complexity are both O(|Li|).

We improve the efficiency via the following observation:
optimally, P j only needs the j-th part of fi|Li , which is of
length O(|Li|/ℓ) given ℓ provers. We then build a distributed
folded polynomial computation method to compute fi|Li col-
laboratively and directly, instead of computing f ( j)

i |Li sepa-
rately and then combining them. As a result, the amortized
prover and communication complexities are both reduced to
O(|Li|/ℓ). Equipped with the distributed FFT and our im-

proved distributed FRI, we build DEPIPFRI over PIPFRI.
Finally, we achieve accountability for DEPIPFRI. Known

accountable distributed PCSs [52] are group-based: sub-
provers send to the master prover P0 (prover-)independent sub-
proofs, and P0 combines homomorphically into the final proof.
Each sub-proof corresponds naturally to a public sub-relation,
allowing P0 to verify and detect malicious behavior easily. In
contrast, proofs in code-based distributed PCSs (DEPIPFRI in-
cluded) are jointly generated by multiple provers. The malice
that arose in a sub-prover’s sub-proof may actually originate
from others, complicating accountability.

To resolve this, we let sub-provers additionally generate
sub-proofs for their sub-polynomials, and verify them via
PCS verification. By the construction of DEPIPFRI, these sub-
proofs deterministically relate to the jointly-generated proof,
and can serve as an authentic reference relying on the sound-
ness. P0 can reconstruct and compare the correct DEPIPFRI’s
proof with the received one. Any discrepancy pinpoints the
exact malicious sub-prover. This adds only a minor overhead:
P0’s cost rises from O(ℓ logm) to O(ℓ log2 m), still well below
each sub-prover’s O(m logm) cost, where m≫ ℓ.

1.3 Related Work

Code-based PCSs all rely on a low-degree test (LDT) to
verify that a committed vector is within a constant relative
Hamming distance of a valid codeword. Standard LDTs in-
clude: 1) the direct LDT [3] employed in PCSs [11, 32, 56]
from linear-time encodable codes; 2) FRI-(like)-based LDTs
for RS codes [7,8,58] as used in PCSs [34,58–60]. The direct
LDT applies to all constant-relative-distance linear codes but
yields a proof size linear in the vector length. In contrast, FRI
offers poly-log proof size, though limited to RS codes.

PCSs from direct LDT. Brakedown [32] introduces a practi-
cal generalized Spielman (GS) code and an MLPCS with a
linear-time prover relying on the direct LDT from Ligero [3].
It offers square-root verifier complexity and proof sizes, reach-
ing tens of MBs. Orion [56] uses a code-based SNARK [59]
to recursively prove the verification circuit of Brakedown,
reducing the proof size to poly-log. However, the proofs

4



remain several MBs and the verifier complexity stays square-
root without trusted preprocessing. Block et al. [11] modify
the GS code in Brakedown into an expand-accumulate (EA)
code with larger code distance and hence smaller proof size,
while leaving overall complexities unchanged. Blaze [14]
uses the repeat-accumulate-accumulate (RAA) code to tailor
an MLPCS. Currently, it only works over binary fields.

FRI-based PCSs generally have higher prover complexity
and slower prover times than linear-prover PCSs. Surprisingly,
our FRI-based PIPFRI is the first FRI-based PCS to achieve
better prover efficiency than state-of-the-art linear-prover
PCSs (e.g., Orion) over RS-friendly prime fields.

PCS from FRI. The univariate FRI-PCS [50] with linear
opening complexity is not directly compatible with multi-
linear polynomials. Zeromorph [38], a general MLPCS-
from-univariate-PCS approach, requires quasi-linear open-
ings when instantiated with FRI-PCS. Virgo [59] and Hyper-
Plonk [19] build MLPCSs with O(N logN) openings due to
committing size-O(N) auxiliary polynomials.

PolyFRIM [60] refines FRI to bypass this committing over-
head, firstly achieving O(N) openings. Basefold [58] exploits
FRI as a multilinear polynomial oracle and combines it with
the multilinear sum-check [31], resulting in an MLPCS with
linear opening complexity. However, this oracle-based ap-
proach weakens soundness, necessitating extra verifier queries
and resulting in proofs near 1 MB in practice.1 DeepFold [34]
improves Basefold’s soundness. It has a concretely faster
prover time and smaller proof size than PolyFRIM. Notably,
only Virgo and DeepFold offer zero-knowledge variants.

Recent STIR [5] and WHIR [6] are drop-in replacements
of FRI with fewer queries and verifier’s hashes. Like FRI-
based MLPCSs mentioned above, replacing FRI as STIR or
WHIR leads to schemes with better proof size and verifier
time. However, STIR and WHIR do not improve the prover.

Compared with these PCSs, PIPFRI achieves faster prover
complexity and prover time in committing and opening, as
well as zero knowledge. PIPFRI also features competitive
concrete proof size and verifier time with DeepFold (hence
outperforms PCSs from direct LDT), though DeepFold origi-
nally outperforms the sub-protocol PolyFRIM used in PIPFRI.

Distributed PCSs enable multiple sub-provers, each han-
dling a sub-polynomial, to jointly produce commitments and
evaluation proofs. Multiple distributed PCSs exist for distinct
polynomial forms from different primitives. Existing dis-
tributed MLPCSs include group-based distributed mKZG and
distributed Dory [40], which can distribute single polynomi-
als. In contrast, DeVirgo [54], the sole code-based distributed
(ML)PCS, supports only multiple independent polynomials.
When used for SNARKs this would limit its usage to only data-
parallel circuits as current linear-prover distributed PIOPs for
general circuits [40] involve a single linear-size polynomial.

1Basefold offers an “FRI-like” LDT for foldable linear codes, which
generalizes RS codes. PCS with this LDT is field-agnostic but less efficient.

Table 5: Efficiency of distributed FRIs in Xu et al. and ours

Pi P0 V /π Total Comm.

[57] O(m logm)∗ O(mℓ) O(ℓ logm+ log2 m) O(mℓ)

Ours O(m logm) O(ℓ logm) O(λℓ+ log2 m) O(mℓ)

∗Xu et al. assume that Pi initially holds the polynomial evaluations,
hence not needing FFTs. Ours starts from FFTs and features a quasi-
linear complexity. Operations other than FFTs also cost O(m) time.

Table 6: Performance of distributed FRIs for size-225 polyno-
mials in Xu et al. and ours, with 4 or 16 provers (#Pi)

#Pi P (s) V (ms) π (KB) Total Comm.

[57] 4 30 10 700 1.07 GB
Ours 4 9.7 3.8 283 1.50 GB
[57] 16 10 30 1,500 1.07 GB
Ours 16 2.6 3.8 271 1.90 GB

Typically, distributed PCSs assume all sub-provers are hon-
est. Recent works [41, 52] consider situations where some
sub-provers can be malicious and generate fake sub-proofs.
Accountability guarantees that if some sub-prover is mali-
cious to generate fake sub-proofs, the honest master prover
can detect it. Existing accountable PCSs are all group-based,
and extending the techniques into code-based schemes is not
natural, as mentioned in Section 1.2. Differently, DEPIPFRI is
the first code-based accountable and general distributed PCS.

Group-based PCSs start from univariate KZG [36]. Its mul-
tilinear version, mKZG [45], requires logarithmic proof size
and verification in polynomial size. (m)KZG requires a linear-
size SRS, which can be hundreds of GBs for large-scale
computations [53] and affect the discrete-logarithm assump-
tion [35]. An exception is Bünz et al. [17] with O(

√
N) SRS,

but its security relies on GGM [44], a model generally re-
garded as stronger than AGM [29] assumed in (m)KZG-based
SNARKs. Dory [39] eliminates the trusted setups, also with a
sublinear common-reference-string. However, its prover and
verifier operate over the target group instead of the type-one
group as in mKZG, which is reportedly 4× worse [39].

Concurrent Work. Recently, Xu et al. [57] propose a “fold-
and-batch” distributed FRI, sharing our sub-goal of devising
distributed code-based PCS, while mainly considering empir-
ical communication saving. On a high level,

Note that Xu et al. do not achieve full linear speedup,
with verifier time and proof size worsening as the number
of provers grows. Our prover efficiency comes from the im-
proved distributed opening with O(m/ℓ) sub-prover and amor-
tized communication, which could also accelerate theirs.

We build distributed code-based PCSs and distributed
SNARKs for general circuits using different methodologies.
Xu et al. design a bivariate PCS paired with the bivariate PIOP
in Pianist [41]. We build an MLPCS and use the multilinear
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PIOP in HyperPianist [40], which is out of their reach due to
incompatibility. Our faster FRI and linear-time PIOP yield a
faster prover in distributed PCS and SNARK.2 Fast proving is
exactly why we chose to study and improve code-based PCS.

Apart from efficiency, accountability is also not in their
scope. In addition, their distributed PCS can only distribute
bivariate polynomials like f (X ,Y )=∑i fi(X)Li(Y ), assigning
independent polynomials fi(X) to provers. In contrast, our
shred-to-shine method enables distributed FFTs and supports
(single) univariate, bivariate, and multilinear polynomials.
Finally, our shred-to-shine method also speeds up the prover
of non-distributed FRI-PCS by 10× (Table 8). Its benefits
also shine through other PCSs, such as Xu et al.’s and mKZG.

2 Preliminaries

[n] denotes {1, . . . ,n} for integer n. Lowercases like f , f̂ ,
and f̃ represent polynomials on finite field F. We use f̃ and
f̂ to specifically denote multilinear and its twist univariate
polynomials. Bold denotes vectors on F. xi denotes the i-
th entry of xxx. ⟨aaa,bbb⟩ and aaa⊗ bbb denote the inner and tensor
product of aaa and bbb, respectively. ⊗n

i=1xxxiii means xxx111⊗·· ·⊗ xxxnnn.
N = dµ represents polynomial size for µ-variate polynomials
with degree bound d. Given a coset L and code rate ρ ∈ (0,1),
RS code RS[L,ρ] ∈ F|L| means { f |L|deg( f )< ρ|L|}, and f |L
is the evaluation of polynomial f with size ρ|L| on L.

Merkle tree is a vector commitment of a size-N vector with
O(N) prover time, O(logN) verifier time, and O(logN) proof
size. It comprises three algorithms. rt← MT.Commit(vvv)
outputs the Merkle root for vector vvv. Given a query set I ,
({vi}i∈I ,path)←MT.Open(rt,I ,vvv) outputs vi (the queries)
and path (the verification path). {0,1} ←MT.Verify(rt,I ,
{vi}i∈I ,path) verifies the validity by checking the consis-
tency among {vi}, rt, and path. We use Merkle trees built by
collision-resistant and non-invertible hash functions.

Argument of Knowledge (AoK). An interactive argument for
NP relation R allows a prover to convince a verifier that there
exists a witness w s.t. (x,w) ∈ R for statement x. AoK addi-
tionally requires knowledge soundness, i.e., w is efficiently
extractable. Appendix A.1 recalls the definitions.

Polynomial Commitment Scheme (PCS). A PCS for poly-
nomial f is defined by the algorithms or protocols below [32].
• pp← Gen(1λ,d,µ): takes security parameter λ, variate µ,

and variate-degree bound d; generates public parameter pp.
• C← Com(pp, f ): takes f and outputs commitment C.
• b←VerPoly(pp,C, f ,aux): verifies the opening of C given

possible auxiliary input aux; outputs b ∈ {0,1} at the end.
• b← Eval(pp,C,xxx,y; f ) is an (interactive) argument. Prover

P and verifier V hold commitment C, point xxx, and eval-
uation y. P attempts to convince V that C commits f of
bounded size dµ and f (xxx) = y. V finally outputs b ∈ {0,1}.

2Xu et al. did not report figures for their distributed PCSs and SNARKs.

PCSs satisfy completeness, polynomial binding, and knowl-
edge soundness. Zk-PCSs additionally satisfy honest-verifier
zero knowledge. Appendix A.2 recalls formal definitions.

HyperPlonk and PolyFRIM. HyperPlonk [19, §B] runs
an FRI and an FRI-like scheme. Given a size-N = 2µ

multilinear polynomial f̃0, the prover folds the twisted uni-
variate polynomial f0 to obtain and commit to f1, . . . , fµ+1,
where the size of fi(X) is N/2i. This is similar to FRI, ex-
cept that the folding parameter is an entry of the evaluation
point xxx rather than a random challenge. In the i-th round
(i ∈ [µ]), fi(X) = gi−1(X)+ xi ·hi−1(X), where gi−1,hi−1 sat-
isfy fi−1(X) = gi−1(X2)+X ·hi−1(X2). The prover and veri-
fier then run a batch FRI-PCS to show the low-degree proper-
ties of f1, . . . , fµ+1 and their consistency.

The batch FRI-PCS requires padding polynomials f1, . . . ,
fµ+1 to the same size N, leading to a quasi-linear opening
complexity. PolyFRIM proposes a rolling batch FRI specified
for LDTs of these polynomials, observing that the j-th round
folded-polynomial of f1 is evaluated over the same domain as
f j+1, and hence can be combined directly. This process can
apply recursively, reducing the quasi-linear opening complex-
ity to linear, which is detailed in Appendix A.

3 PIP: Shred-to-Shine MLPCS from MLPCS

This section proposes PIP, a shred-to-shine general MLPCS
framework built on and improving MLPCS. Its goal is to
reduce expensive operations in PCSs, exemplified by FFTs,
group multi-scalar exponentiations (both costing super-linear
complexities over fields) and Merkle-tree constructions. To
achieve this, we transform the evaluation validity of a mul-
tilinear polynomial f̃ of size N = mℓ into ℓ independent
checks on size-m sub-polynomials. We split its coefficient
( f1, f2, . . . , fN) into ℓ parts of size m. For j ∈ [ℓ], we define a
sub-polynomial f̃ j with coefficient ( f( j−1)·m+1, . . . , f j·m).

Without loss of generality (w.l.o.g.), assume m and ℓ
are power-of-two integers. Suppose the evaluation point
is xxx = (x1, . . . ,xlogmℓ). We define two public vectors vvv =
⊗k∈[logm](1,xk) and www =⊗k∈[logℓ](1,xk+logm). Observe that

y = ⟨( f̃1(vvv), . . . , f̃ℓ(vvv)),www⟩. (1)

This forms our key insight guiding the following construc-
tion. Instead of committing f̃ directly, the prover commits to
each f̃1, . . . , f̃ℓ separately, sends claimed evaluations ( f̃1(vvv),
. . . , f̃ℓ(vvv)), and proves their validity. Once those proofs pass,
the verifier checks if Equation (1) holds with public www.

As f̃1, . . . , f̃ℓ are evaluated at the same point vvv, our frame-
work naturally leverages batch PCS (Definition 3.1), which
allows efficient simultaneous opening of multiple polynomi-
als at a common point. Batch PCS is available for nearly all
leading schemes from different cryptographic primitives, such
as KZG [36], Bulletproofs [15], Dark [16], and FRI-PCS [50].
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Protocol 1 (PIP). Let PCb = (Genb,Comb,
VerPolyb,Evalb) be the algorithms of a batch MLPCS.

• pp← Gen(1λ,2,µ). pp includes (F,µ,m, ℓ,ppb), where
ppb = Genb(1λ,2, logm) and mℓ= 2µ.

• C← Com(pp, f̃ ). Given f̃ and its coefficient fff , P does:

1. Partition f̃ into ℓ sets of size-m polynomials { f̃ j} j∈[ℓ],
where the coefficients of f̃ j are ( f( j−1)·m+1, . . . , f j·m).

2. RunC j←Comb(ppb, f̃ j) for j ∈ [ℓ].Output (C1, . . . ,Cℓ).

• b ← VerPoly(pp,C, f̃ ). V parses f̃ and runs b j ←
VerPolyb(ppb,C j, f̃ j). Output 1 iff b j = 1 for j ∈ [ℓ].

• b← Eval(pp,C,xxx,y; f̃ ). Given xxx and y = f̃ (xxx),

1. P and V : compute public vectors vvv =⊗k∈[logm](1,xk)
and www =⊗k∈[logℓ](1,xk+logm).

2. P → V : uuu = f̃1(x1, . . . ,xlogm), . . . , f̃ℓ(x1, . . . ,xlogm).

3. P and V : run the batch evaluation protocol Evalb to
prove that f̃ j(x1, . . . ,xk) = u j for j ∈ [ℓ].

4. V : accepts iff Evalb outputs 1 and ⟨uuu,www⟩= y.

In fact, the batch evaluation protocol is a simpler version of
the linear combination scheme in Halo-infinite [12].

Definition 3.1 (Batch PCS). Suppose a PCS for a size-O(N)
polynomial with tP (N) opening time, tV (N) verifier time, and
π(N) proof size. It is a batch PCS if, given ℓ sets of {com-
mitment, evaluation point, evaluation}, i.e., {C j,xxx jjj,y j} j∈[ℓ],
there exists an AoK for the following relation REval:

({C j,xxx jjj,y j};{ f j}j∈[ℓ]): f j(xxx jjj) = y j ∧VerPoly(pp,C j, f j)=1.

Moreover, the opening time is O(ℓ)+ tP (N), the verifier time
is O(ℓ)+ tV (N), and the proof size is O(ℓ)+π(N).

Protocol 1 yields the concrete construction of PIP. Theo-
rem 3.1 shows its advantages.

Theorem 3.1 (PIP: Shred-to-shine MLPCS). Protocol 1 is
an MLPCS for size-O(N) polynomials that satisfies:
- Committing is parallelizable-friendly, which can be divided

into ℓ independent committings of size-m polynomials;
- The opening time is O(N)+ tP (m);
- The verifier time is O(ℓ)+ tV (m);
- The proof size is O(ℓ)+π(m).

PIP especially shines in the following cases:
- If the original committing time tC(N) is O(N logN), then

the committing complexity is reduced to O(N logm).
- If tP (N) = O(N logN), the opening complexity would be

O(N) by setting m = O(N/ logN) and ℓ= O(logN).
- If both tV (N) and π(N) are O(logc N) for some constant

c≥ 1, then by setting m=O(N/ logc N) and ℓ=O(logc N),
neither the verifier complexity nor the proof size increases.

- If the original PCS needs a size-O(N) SRS for trusted
setups, the SRS size of PIP would be reduced to O(m).

Appendix B gives the detailed proofs, where we first prove
Equation (1), and then the security properties of PIP.
Extending to the Univariate Case. Protocol 1 is designed
for multilinear polynomials and can be adapted for univariate
ones. Note that (1,x, . . . ,xN−1) for any x can be expressed as
a tensor product ⊗logN

i=1 (1,x2i−1
). For size-N univariate f (X),

we can form an equivalent multilinear f̃ (X1, . . . ,Xµ) by setting
X1 = X ,X2 = X2, . . . , Xi = X2i−1

,Xµ = XN/2.
Adding Zero Knowledge. Protocol 1 is not zero-knowledge
because uuu in Step 2 of Eval leaks information about f̃ .

We present a general zero-knowledge transformation for
univariate polynomials f̂ . W.l.o.g., let its size be N = mℓ.
Write f̂ (X) = ∑

ℓ
i=1 Xm(i−1) f̂i(X). The prover chooses ran-

dom r1, . . . ,rℓ−1, and defines masked polynomials f̂ ′i∈[ℓ−1],

where r0 = rℓ = 0 and f̂ ′i (X) = f̂i(X) + ri Xm − ri−1. The
prover commits to each f̂ ′i and sends masked vector uuu′ =
( f̂ ′1(α), . . . , f̂ ′ℓ(α)) instead. Correctness holds for every α,
as ∑

ℓ
i=1 Xm(i−1) f̂i(X) = ∑

ℓ
i=1 Xm(i−1) f̂ ′i (X) and hence f̂ (α) =

⟨uuu′,(1,αm, . . . ,αm(ℓ−1))⟩. Degree in each f̂ ′i increases by 1,
and this can be proven directly by LDTs [7] or PCS-based
LDTs [18] with minimal overhead.

Section 4 presents a zero-knowledge method specifically
for code-based MLPCSs. Generalizing it to all MLPCSs is
left for future work.

3.1 Comparisons with Other PCSs
Notable PCS breakthroughs pursue algorithmic improve-
ments, including the group-based Hyrax [51] and the code-
based Brakedown [32], Orion [56], and Ligero++ [10]; yet
PIP stands out in simplicity, generality, and efficiency.
Comparison with Hyrax. Hyrax arranges the N coefficients
of f̃ into an m×m matrix U (m = O(

√
N) and evaluates it as

bbbUaaa⊤ for public aaa,bbb. The prover commits each row of U via
group-based vector commitments, enabling the verifier to ho-
momorphically derive a commitment to ccc = bbbU . The prover
then proves ⟨ccc,aaa⟩ via an inner product argument (IPA) [15].

In PIP, www and vvv play the roles of bbb and aaa. PIP cleverly
exploits the tensor-product structure of vector vvv, making it
feasible to firstly handle the computation of Uwww⊤ rather than
the conventional way of vvvU . This avoids the need for com-
mitment homomorphism, making it cover code-based PCSs.

Instantiating PIP with the ordinary-group-based PCS [13,
15] recovers Hyrax [51], highlighting PIP’s expressiveness.
Comparison with Brakedown. Brakedown shares a similar
matrix arrangement and handles ccc = bbbU before ⟨ccc,aaa⟩ like
Hyrax. The prover encodes each row of U using linear codes,
and proves each row is (close to) a valid codeword via a direct
LDT. Direct LDT guarantees that querying several columns
of U suffices to check the validity of ⟨ccc,aaa⟩. It makes the proof
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size include ccc and several columns of U , which is O(
√

N).
The O(

√
N) verifier cost is similar. Direct LDT is crucial to

achieve succinctness, but optimally only square-root.
PIP removes the need for row encoding and direct LDTs.

Instantiated with FRI-based PCSs, PIP can lead to PCSs with
poly-log proof size and verifier complexity.

Comparison with Orion and Ligero++. Orion and Ligero++
build recursive proofs upon Brakedown. Specifically, Orion
employs an FRI-based recursive SNARK [59] to prove the
size-O(

√
N) verification circuit of Brakedown. The recursive

SNARK has a proof size poly-log in the circuit size, leading
to an O(log2 N) proof size. However, using the SNARK
requires encoding the columns of the matrix U , leading to
double-dimension codewords. Opening Merkle trees for such
codewords leads to several-MB concrete proof size [19].

PIP adopts “recursive PCSs” rather than the recursive
SNARKs, eliminating the need for large SNARK verification
circuits that specify randomly queried columns [19] of the
encoded matrices. Again, PIP removes the need for row en-
coding and direct LDTs, which avoids the complex handling
of double-dimension codeword Merkle trees. This yields a
much smaller proof, reducing the size to hundred KBs.

Ligero++, a SNARK for general circuits, can be modified
into a PCS because polynomial evaluation is a kind of linear
constraint. Ligero++ arranges the witness into a matrix U ,
encodes each row of U , and then transforms the linear con-
straint validity into the inner product relations of a public
vector and several columns of U . The inner product rela-
tions are proved by an FRI-based IPA Virgo [59]. Similar
to Brakedown, Ligero++ also needs double-dimension code-
word Merkle trees, leading to large concrete proof size as
well. Also, Ligero++ uses IPAs as recursive proofs, while
we use recursive PCSs, unlocking possibilities of using more
efficient FRI-based sub-PCSs instead of the sub-IPA Virgo.
The prover time gap can be larger than 10× [60].

Overall, PIP is simple and general for not needing extra
assumptions or tools such as IPAs, commitment homomor-
phism, or specialized encodings. It relies solely on a batch
PCS, a standard component in almost all existing PCSs [12].
Further, PIP leads to more efficient PCSs due to recursive
PCSs. These advantages lie in our exploitation of the tensor-
product properties of vvv, which enables us to first handle Uvvv
as sub-polynomial evaluations.

3.2 PIPKZG: mKZG with Shorter SRS

Using mKZG as PCb in Protocol 1, we obtain PIPKZG.
Let f̃ be a size-mℓ multilinear polynomial partitioned into
ℓ sub-polynomials f̃ (1), . . . , f̃ (ℓ), each of size m. Thanks
to mKZG’s homomorphism, P can send only the commit-
ments Com( f̃ (1)), . . . ,Com( f̃ (ℓ)), and avoids sending the sub-
polynomial evaluations f̃ (1)(xxx), . . . , f̃ (ℓ)(xxx). V constructs a
virtual commitment to f̃ by ∏i∈[ℓ]Com( f̃ (i))wi .

Appendix C presents the formal scheme and proof. Our
implementation of PIPKZG (Appendix G.2) shows that it has
a 16-30× shorter SRS, 10× faster opening time, and 1.3×
faster verifier time than mKZG, with 2× larger but concretely
3 KB proof size for size-224 polynomials. Combining PIPKZG
with the HyperPlonk PIOP [19] yields a SNARK with 16-
30× shorter SRS than combining mKZG, while other metrics
remain competitive (with <10% gaps).

4 PIPFRI: Prover-Efficient FRI-based PCS

This section builds PIPFRI by combining PIP and PolyFRIM.
We choose it due to the linear openings and smaller proof size
than Basefold. The instantiation leverages batch and zero-
knowledge PolyFRIM, both representing new contributions.
We first present them, and then build PIPFRI.

4.1 Batch and Zero-Knowledge PolyFRIM

Batch PolyFRIM. Given ℓ multilinear polynomials f̃ (1),
. . . , f̃ (ℓ), our goal is to efficiently prove f̃ j(xxx) = y j for j ∈ [ℓ].
We observe that in the i-th “FRI-like” round, the ℓ folded
polynomials f̂ (1)i , . . . , f̂ (ℓ)i are produced with the same folding
parameter xi. By the linearity of RS code, we transform sepa-
rated openings of { f̃ ( j)(xxx)} j∈[ℓ] into opening ∑

ℓ
j=1 γ j f̃ ( j)(xxx)

once for a random challenge γ. If f̃ ( j)(xxx) ̸= y j for some j,
the probability of ∑

ℓ
j=1 γ j f̃ ( j)(xxx) = ∑

ℓ
j=1 γ j−1y j is bounded

by ℓ/|F|. Also, PolyFRIM requires proving the low-degree
properties of twist univariate polynomials f̂ (1), . . . , f̂ (ℓ). This
is achieved by the batch FRI [8]: If ∑

ℓ
j=1 γ j f̂ ( j) is low-degree,

then with high probability each f̂ ( j) is low-degree.
A direct batch PolyFRIM leads to the O((λ+ ℓ) logN +

log2 N) proof size and verification. The term O(ℓ logN) stems
from the prover opening ℓ Merkle trees for size-O(N) code-
words of f̂ (1), . . . , f̂ (ℓ) and the verifier checking these trees in
the first round. This worsens the proof size and verification.

We resolve this with an optimized Merkle tree commit-
ment, denoted by MT.Com([ f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 ]), that groups
together entries opened simultaneously into a single Merkle
tree leaf. Let the committed codewords be f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 .
By the design of PolyFRIM and FRI, if the i-th entry of f̂ ( j)|L0

is queried for some j ∈ [ℓ], the i-th entries in f̂ ( j)|L0 for all
j ∈ [ℓ] will be queried. Conversely, if a particular entry in
some f̂ ( j)|L0 is not queried, then it is not queried in the others
either. This allows the prover to pack the same-location en-
tries from all codewords into a single Merkle tree leaf. With
this approach, a single Merkle tree suffices, and both the proof
size and verifier time are reduced to O(λ logN + ℓ+ log2 N).

Zero-knowledge PolyFRIM. For a size-N multilinear poly-
nomial f̃ , two places in PolyFRIM leak knowledge: 1) in the
first round, queries to f̂ leak information; 2) from the second
round, queries to f̂ ’s folded polynomials leak information.
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For 1), we mask f̃ as f̃ ′ without affecting completeness.
We adopt the techniques in DeepFold [34] to add random
(r1, . . . ,rN) to f̃ with coefficient ( f1, . . . , fN). With this
padding, f̃ (xxx) = f̃ ′(xxx,0) for xxx = (x1, . . . ,xµ). As PolyFRIM
processes this public vector one variable by one in each round,
we can add an extra round to handle the variable 0. For 2),
we introduce a size-2N random masking polynomial s̃. The
prover commits to f̃ ′ and s̃, claims that y= f̃ (xxx) and ys = s̃(xxx),
and runs PolyFRIM with f̂ ′+α · ŝ for a verifier-chosen ran-
dom α. At the end, the verifier checks if the evaluation is
y+α · ys. It is zero-knowledge as: 1) in the first round, every
opened evaluation on f̂ ′ is randomized. 2) from the second
round, ŝ ensures no knowledge leakage.

We use batch zk-PolyFRIM as a sub-protocol to build
PIPFRI. Due to page limitations, we omit the formal scheme.

4.2 Construction of ZK-PIPFRI

This section presents zk-PIPFRI. Equipped with batch zk-
PolyFRIM, we can build a PCS following Protocol 1. How-
ever, such a direct combination fails to achieve zero knowl-
edge because the sub-polynomial evaluations uuu in Protocol 1
are related to the f̃ ’s coefficient, which leaks knowledge.

To resolve this, we note that, unlike the batch scheme,
PIPFRI does not require proving all these sub-polynomial
evaluations but only the target evaluation. We rely on the
linearity of RS codes to construct a virtual target polynomial
and a virtual evaluation while not sending uuu. Specifically,
given the target polynomial f̃ and the split sub-polynomials
f̃1, . . . , f̃ℓ as in Protocol 1, we modify each f̃ j into f̃ ( j) by
adding random m elements, leading to f̃ (1), . . . , f̃ (ℓ).

Let xxx′′′ = (x1, . . . ,xk) and www =⊗k∈[logℓ](1,xk+logm). By the
properties of Protocol 1 and zk-PolyFRIM, we have f̃ (xxx) =
∑
ℓ
j=1 w j · f̃ ( j)(xxx′′′,0). As www is public, given the query access

to f̃ (1), . . . , f̃ (ℓ), the prover and verifier can construct a virtual
polynomial f̃ ′ = ∑

ℓ
j=1 w j · f̃ ( j), and invoke the zk-PolyFRIM

to prove the validity of the evaluation f̃ ′(xxx′′′,0) = f̃ (xxx).
Protocol 2 presents the formal algorithms for zk-PIPFRI.

In Step 3, prover P computes and commits the “FRI-like”
folded polynomials f̂1, . . . , f̂σ+1 following zk-PolyFRIM, tak-
ing the input multilinear polynomial as ∑

ℓ
j=1 w j f̃ ( j)+αs̃ and

its univariate twist polynomial. In Step 4, the verifier checks
the consistency of these folded polynomials. In Step 5, the
verifier checks the low-degree properties of folded polyno-
mials and input polynomials f̂ (1), . . . , f̂ (ℓ). This is done via a
combination of the rolling batch FRI for folded polynomials
and the batch FRI for input polynomials.

Theorem 4.1. Protocol 2 is a zk-PCS with O(N logm)F+
O(m)Hℓ + O(m)H committing complexity, O(N)Frlc +
O(m)F/H opening complexity, and O(λ logm+λℓ+ log2 m)
verifier complexity and proof size, or O(λ logm + λℓ)F+
O(log2 m)H+O(λ)Hℓ in detail.

Complexity. We analyze the complexities below.

Protocol 2 (zk-PIPFRI).
• pp← Gen(1λ,2,µ): pp includes F, ℓ = O(logN), m =

2µ/ℓ, and a size-O(m) multiplicative coset L0.
• C← Com(pp, f̃ ): Given f̃ as input, the prover P does:

1. Split f̃ ’s coefficients into ℓ size-m vectors, as in Pro-
tocol 1. Add m random entries to each. Denote these
size-2m univariate twist polynomials by f̂ (1), . . . , f̂ (ℓ).

2. Pick a random size-2m polynomial s̃. Compute C←
MT.Com([ f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 , ŝ|L0 ]) obtained via the
optimized Merkle tree commitment in Section 4.1.

• b← VerPoly(pp,C, f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 , ŝ|L0 , f̃ ): Decode
f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 to obtain f̂1, . . . , f̂ℓ. Output 1 iff C =

MT.Com([ f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 , ŝ|L0 ])∧ f̃ = ∑ j∈[ℓ] w j f̃ ( j).

• b← Eval(pp,C,xxx,y,ys;( f̂ (1), . . . , f̂ (ℓ), ŝ)): Let σ = logm.

1. P → V : claimed evaluations y = f̃ (xxx) and ys = s̃(xxx).

2. V → P : a random challenge α∈ F for zero knowledge.

3. P → V : {Ci}i∈[σ], f̂σ+1. P sets f̂0 ← ∑ j∈[ℓ] w j ·
f̂ ( j) + αŝ. Compute f̂i(X) ← ĝi−1(X) + xi · ĥi−1(X)
for i ∈ [σ+ 1], where xσ+1 = 0. ĝi−1(X) and ĥi−1(X)
are obtained by uniquely decomposing f̂i−1(X) as
ĝi−1(X2)+X · ĥi−1(X2). For i ∈ [σ], P computes Ci←
MT.Com( f̂i|Li), where Li={x2 : x ∈ Li−1}. When i =
σ+1, f̂σ+1 is a constant that must equal y+αys.

4. Consistency check: Repeat below for q = O(λ) times:

a. V → P : a random challenge β ∈ F.
b. P : invokes MT.Open to open { f̂i(±β2i

)}i∈[0, σ].
c. V : verifies Merkle tree consistency via MT.Verify.

Check if 2 f̂i(β
2i
) = f̂i−1(β

2i−1
)+ f̂i−1(−β2i−1

) +

xi/β2i−1 · ( f̂i−1(β
2i−1

)− f̂i−1(−β2i−1
)), ∀i ∈ [σ+1].

5. Validity check: P and V invoke rolling batch FRI
to prove ∀i ∈ [σ+ 1], f̂i−1|Li−1 ∈ RS[Li−1,2N/|Li−1|],
where f̂0 is proved via the batch FRI of f̂ (1), . . . , f̂ (ℓ)

and ŝ. The FRI needs q′ = O(λ) queries over {Li−1},
which can be reused from the consistency check.

6. Iff all checks pass and f̂σ+1 = y+αys, V outputs 1.

Commit. The commitment generation includes O(ℓ) FFTs
for O(m)-length vectors, taking O(ℓm logm) = O(N logm)F.
These FFTs are independent and parallelizable. In addition,
the prover constructs a Merkle tree with O(m) leaves, each
containing ℓ entries, which takes O(m)Hℓ+O(m)H.

Open. In the i-th round, P computes f̂i|Li and Merkle tree
commitments from f̂i−1|Li−1 in O(|Li−1|) time. The total time
complexity is O(∑i∈[0,µ] m/2i) = O(m)F/H. P also runs a
rolling batch FRI over f̂1, . . . , f̂ℓ, taking O(∑i∈[0,µ] m/2i) =
O(m) field and hash operations. Besides these, the combina-
tion of f̂0 from f̂ (1), . . . , f̂ (ℓ) takes a one-time and time-O(N)
random linear combination over field, i.e., O(N)Frlc.
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Proof size and verify. In the i-th round, V opens two trees
with O(λ) queries, so the total proof size of logm rounds is
O(λ logm)F and O(log2 m)H. In the first round, V opens
O(λ) leaves on an optimized Merkle tree with O(m) leaves
(each with ℓ elements), adding O(λℓ)F and O(λ)Hℓ. The
total proof size hence follows. The verifier complexity is
similar since it processes the received messages linearly.
Security Analysis. Appendix D provides proof for complete-
ness, binding, knowledge soundness, and zero knowledge.

5 DEPIPFRI: Distributed FRI-based PCS

We introduce DEPIPFRI, an ideal distributed FRI-based PCS
with generality, accountability, and efficiency. Section 5.1
formalizes and improves a distributed FRI with reduced com-
munication and computation. Section 5.2 builds DEPIPFRI
using the distributed FRI. Section 5.3 achieves accountability.

5.1 Improved Distributed FRI
We formalize and improve the distributed FRI implicit in [54].
Let P0 be the master prover, with ℓ sub-provers P j assigned
f ( j). Given a coset L and code rate ρ, distributed FRI proves
f ( j)|L ∈ RS[L,ρ] for all j ∈ [ℓ]. The key idea is to consider a
batch FRI for ∑ j∈[ℓ] α

j−1 · f ( j)(X). Distributed FRI requires
distributed commitment and opening for these ℓ polynomials.
Below, i, j, or k, and h denote indices of rounds, sub-prover,
and elements in the codewords of each round.
Distributed commitment generates the Merkle tree commit-
ment C to f (1)|L, . . . , f (ℓ)|L. Suppose an integer d = |L|/ℓ.
Each sub-prover P j sends its assigned segment of d elements
f ( j)|L[(k− 1)d + 1], . . . , f ( j)|L[kd] to Pk. Pk then builds a
Merkle tree commitment H(k) for them.

In DeVirgo, each H(k) is a direct Merkle root to dℓ leaves

{ f ( j)|L[(k−1)d +1], . . . , f ( j)|L[kd]} j∈[ℓ].

Thus, Pk holds the k-th part of codewords f (1)|L, . . . , f (ℓ)|L.
We use the optimized Merkle tree method in Section 4.1 to

reduce the tree size. Fixing a k, for any h ∈ [(k−1)d+1,kd],
the ℓ entries { f ( j)|L[h]} j∈[ℓ] would either be queried together,
or none would be queried at all. We then combine the ℓ entries
{ f ( j)|L[h]} j∈[ℓ] into a single leaf. Pk then builds a Merkle tree
root H(k) with d instead of dℓ leaves. Next, Pk sends H(k) to
P0, who builds the final Merkle tree root from H(1), . . . ,H(ℓ),
which reduces to dℓ= m leaves as opposed to dℓ2 = mℓ.
Distributed openings require provers to compute the i-
th round polynomial fi(X) = gi−1(X) + αihi−1(X) for i ∈
[1, logm]. Setting f0(X) = ∑ j∈[ℓ] α

j−1 · f ( j)(X), these poly-
nomials satisfy fi−1(X) = gi−1(X2)+X ·hi−1(X2), where the
odd-even decomposition is unique, and αi is the i-th round
challenge. In the first round, f0(X) can be computed by the
distributed commitment above. DeVirgo does not describe

the remaining rounds but assumes the same method can be
applied. However, applying the first-round distributed com-
mitment in later rounds is less efficient, as detailed below.
A less efficient approach. Like the commitment, sub-provers
compute sub-codewords locally, exchange entries, and gener-
ate commitments. Let αi be the shared challenge, f ( j)

i (X) =

g( j)
i−1(X)+αi · h

( j)
i−1(X) be the sub-polynomial held by P j in

round i, and the target polynomial be fi(X) = gi−1(X)+αi ·
hi−1(X). By the property of unique decomposition, we have

gi−1(X) = ∑
j∈[ℓ]

g( j)
i−1(X), hi−1(X) = ∑

j∈[ℓ]
h( j)

i−1(X),

and fi(X) = ∑ j∈[ℓ] f ( j)
i (X). Hence, P j can compute f ( j)

i (X)

locally by folding f ( j)(X). Then, similar to the distributed
commitment, assuming the i-th round coset to be Li and di =

|Li|/ℓ, P j sends f ( j)
i |Li [(k− 1)di + 1], . . . , f ( j)

i |Li [kdi] to Pk,
who computes fi|Li [h] = ∑ j∈[ℓ] f ( j)

i |Li [h] for h ∈ [(k−1)di +

1,kdi] and builds a commitment H( j)
i . Then, sub-provers can

compute and commit the i-th round polynomial fi(X).
We analyze the complexity below. In the i-th round (i > 1),

P j needs to compute |Li| entries to build f ( j)
i |Li locally, and

compute di = |Li|/ℓ entries on fi|Li , taking O(|Li|+ |Li|/ℓ)
time. P j also receives (ℓ−1) · |Li|/ℓ entries from other sub-
provers, costing a total communication overhead of O(|Li|).
Our distributed opening. Our key insight is that in the i-
th round, P j at least needs |Li|/ℓ entries to build the dis-
tributed Merkle tree commitment, i.e., fi|Li [( j− 1)di + 1],
. . . , fi|Li [ jdi]. In the less efficient approach, P j computes
these di entries via di · ℓ entries, i.e., { f ( j)

i |Li [( j− 1)di + 1],
. . . , f ( j)

i |Li [ jdi]} for all j ∈ [ℓ]. This is hence not optimal.
We build an optimal distributed method. By the properties

of FRI, for any a ∈ [|Li|], there exists a function F such that

fi|Li [a] = F( fi−1|Li−1 [a], fi−1|Li−1 [a+ |Li−1|/2],αi).

Hence, as long as the whole fi−1|Li−1 is held by all provers, P j
only needs to receive di ·2 entries to compute fi|Li [( j−1)di +
1], . . . , fi|Li [ jdi], which may be sent from different provers.

We next show that for all i, the whole fi−1|Li−1 is in-
deed held by all provers. It suffices to show the case
when i = 1, other cases are recursive and similar. Recall
that in the distributed commitment, P j has { f (k)0 |L0 [( j −
1)d0 +1], . . . , f (k)0 |L0 [ jd0]}k∈[ℓ]. and can compute f0|L0 [h] =

∑k∈[ℓ] α
k · f (k)0 |L0 [h] for all h∈ [(k−1)d0+1,kd0]. Hence, the

whole f0|L0 is averagely held by all provers.
For complexity, in round i, P j computes only 2di = 2 ·

|Li|/ℓ entries in O(|Li|/ℓ) time instead of O(|Li|+ |Li|/ℓ).
P j receives at most 2 · |Li|/ℓ entries from other sub-provers,
costing an overhead of O(|Li|/ℓ) instead of the O(|Li|).

Figure 1 illustrates an example in the first round of dis-
tributed evaluation. To compute and distributedly commit
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Figure 1: Comparison of two approaches in the first round of
distributed evaluation for ℓ= 2 and |L0|= 4

f1|L1 , the less-efficient method requires computing 2 en-
tries for folding and receives |L1|/ℓ · (ℓ−1) entries per sub-
prover, while our approach requires only 1 and receives
at most |L1|/ℓ · 2 entries per sub-prover. Here, “at most”
means that a sub-prover may already have the needed en-
tries (e.g., P1 holds f (1)|L0 [1] and f (2)|L0 [1], and can compute
f |L0 [1] = α f (1)|L0 [1]+α2 f (2)|L0 [1]). For ℓ≥ 4, our method
further reduces the communication overhead.

Based on the distributed commitment and our improved dis-
tributed opening, Protocol 5 in Appendix E formally presents
distributed FRI. It mainly includes four procedures: 1) Step 1,
the distributed commitment; 2) Step 3, the distributed open-
ing for first log(m/ℓ) rounds; 3) Step 4, the opening for last
logℓ rounds; 4) Step 5, the verification. We argue that af-
ter log(m/ℓ) rounds, the codewords held by provers are of
dimension ℓ. Then, sub-provers can send their codewords
directly to the master prover, who runs the following protocol
non-distributedly. The time complexity is O(ℓ).

Theorem 5.1. Protocol 5 is a distributed FRI. In the
committing phase, the sub-prover complexity is O(m logm),
the amortized communication complexity is O(m), and the
master prover complexity is O(ℓ). In the opening phase,
the sub-prover complexity is O(m/ℓ), the amortized com-
munication complexity is O(m/ℓ), and the master prover
complexity is O(ℓ logm). The proof size and verifier com-
plexity are O(λ logm+λℓ+ log2 m), or O(λ logm+λℓ)F+
O(log2 m)H+O(λ)Hℓ in detail.

The detailed proofs are presented in Appendix E.

5.2 Construction of DEPIPFRI

Equipped with our distributed FRI, this section presents
DEPIPFRI. For generality, we use the shred-to-shine method
in PIPFRI. Recall that given a size-N multilinear polynomial
f̃ , PIPFRI splits it into ℓ size-m multilinear ones f̃ (1), . . . , f̃ (ℓ).
The FFT of f̂ is then transformed into FFTs of f̂ (1), . . . , f̂ (ℓ).

This can be executed by provers locally, thereby avoiding a
single linear-size FFT that is hard to distribute.

Distributed committing. The inputs of DEPIPFRI are the
same as those of the distributed FRI. Hence, DEPIPFRI’s
committing algorithm can directly use Step 1 of Protocol 5.
We assume each of ℓ sub-provers holds one polynomial here.
Extending one prover to hold more polynomials is natural.

Distributed opening includes two FRI-like procedures.
Step 3 of PIPFRI follows the FRI method with folding pa-
rameters set as evaluation point variables rather than random
challenges. Sub-provers mimic distributed committing and
opening of the distributed FRI (Steps 3 and 4) to generate,
commit, and open f̂1, . . . , f̂σ, where σ= logm. Thereafter, the
prover and verifier execute a batch FRI over f̂ (1), . . . , f̂ (ℓ) and
a rolling batch FRI over f̂1, . . . , f̂σ. We now explain how to
adapt the distributed FRI over f̂ (1), . . . , f̂ (ℓ) into a distributed
rolling batch FRI over both f̂ (1), . . . , f̂ (ℓ) and f̂1, . . . , f̂σ.

After generating f̂1|L1 , . . . , f̂σ|Lσ
of the distributed “FRI,”

sub-prover P j holds the j-th part of f̂i|Li of length di = |Li|/ℓ,
where i ∈ [σ]. By the distributed FRI over f̂ (1), . . . , f̂ (ℓ), in
round i, P j also obtains the j-th part of fi|Li , the i-th folded
codeword of the batch FRI for f̂ (1), . . . , f̂ (ℓ). To run rolling
batch FRI, the sub-provers compute f ′i+1|Li+1 such that

f ′i+1(X) = gi(X)+αi ·hi(X)+α
2
i · f̂i+1(X)

= fi+1(X)+α
2
i · f̂i+1(X),

(2)

where fi(X) is uniquely decomposed as gi(X2)+X ·hi(X2)
and fi+1(X) = gi(X) + αi · hi(X). By the property of dis-
tributed FRI, P j can compute the j-th part of fi+1|Li+1 , and
hence j-th part of f ′i+1|Li+1 as well. This additional computa-
tion requires only O(|Li|/ℓ) work per round over distributed
FRI, leaving the overall complexity unchanged.

With the distributed rolling batch FRI, we build DEPIPFRI
in Protocol 6, Appendix F. For simplicity, we give a non-zk
version; extending it to zero knowledge is natural.

Theorem 5.2. Protocol 6 is a distributed MLPCS. The com-
plexities are the same as Protocol 5 in Theorem 5.1.

Security and Complexity. DEPIPFRI is equivalent to PIPFRI
from the verifier’s view, assuming each sub-prover is hon-
est. Security properties hence follow from Theorem 4.1.
DEPIPFRI runs the distributed FRI twice, with one instance
modified into a distributed rolling batch FRI without affecting
complexities. Hence, the proof size and verifier complex-
ity are O(λ logm+λℓ+ log2 m), the same as PIPFRI. With
ℓ≤ log2 N, they are smaller than O(log2 N), the same as ex-
isting FRI-based MLPCSs such as PolyFRIM and DeepFold.
It is feasible since ℓ, the prover number, is usually small com-
pared to N, potentially as large as 230 in distributed proofs.
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5.3 Achieving Accountability
Section 5.2 assumes honest sub-provers; we now add account-
ability so an honest master prover can flag sub-provers who
submit wrong proofs despite holding the true witness.

We first explain the challenges. In the verification phase,
the verifier checks: 1) the consistency of Merkle tree paths
and queried entries; 2) the consistency of multiple triples of
queried entries, e.g., if fi(β

2) = F( fi−1(−β), fi−1(β),αi). A
clever malicious sub-prover would not violate 1), as her sub
Merkle tree is generated and opened independently. Violating
this would be directly detected. For 2), even if the master
prover detects inconsistency, as fi(β

2), fi−1(−β) and fi−1(β)
come from different sub-provers, say, P j1 ,P j2 and P j3 , the
master prover cannot pinpoint the exact malicious sub-prover.
Even dropping all P j1 ,P j2 and P j3 does not work, as the mal-
ice may occur in the earlier rounds, e.g., fi−1(β) is computed
honestly but the earlier fi−2(β

1/2) or fi−2(−β1/2) is wrong.
To address the challenges, we let sub-provers additionally

generate sub-proofs for their sub-polynomials. By sound-
ness and the construction of PIPFRI, these sub-proofs help
construct authentic reference proof. By comparing these sub-
proofs with the distributed proofs, the master prover can pre-
cisely identify the malicious sub-prover.

The concrete modifications are described as follows.

1. For i ∈ [ℓ], Pi invokes PIPFRI to additionally generate and
send to P0 the sub-commitments for f (i)(X). Pi also sends
to P0 the evaluation f (i)(xxx′′′). P0 sets the claimed evaluation
as f (xxx) = ∑i∈[ℓ] wi· f (i)(xxx′′′). The completeness holds by
Equation (1) and Protocol 1.

2. Assume in the j-th round, P0 firstly detects inconsis-
tent entry triples, say, f j−1(β

2 j−1
), f j−1(−β2 j−1

), f j(β
2 j
)

for some query β. We note that by the construction of
DEPIPFRI, it holds that f j(X) = ∑i∈[ℓ] αi· f

(i)
j (X), where

f (i)j (X) means the j-th round folded polynomial of f (i)(X).

3. Given the queries β from the verifier, P0 acts as a verifier to
ask and check all sub-proofs for { f (i)(xxx′′′)}i∈[ℓ]. As the sub-
proofs are generated independently, if some sub-proof fails,
P0 detects a certain malicious sub-prover. If all sub-proofs
pass, by the soundness of PIPFRI, with a high probability P0

has the true tuples { f (i)j−1(β
2 j−1

)}i∈[ℓ], { f (i)j−1(−β2 j−1
)}i∈[ℓ],

and { f (i)j (β2 j
)}i∈[ℓ].

4. W.l.o.g., assume f j−1(β
2 j−1

) is incorrect. Then, P0 can
compute the true f ′j−1(β

2 j−1
) = ∑i∈[ℓ] αi· f

(i)
j−1(β

2 j−1
) and

detects inconsistency. P0 then traces the joint proof be-
fore f j−1(β

2 j−1
) and finds all inconsistencies between sub-

proofs and joint proofs, revealing all malicious sub-provers.

Adding accountability to DEPIPFRI requires each sub-prover
to generate a sub-proof for its size-m sub-polynomial at
cost O(m logm), the same as in the original protocol. The
master prover then verifies ℓ sub-proofs, raising its cost

from O(ℓ logm) to O(ℓ log2 m); which remains far below a
sub-prover’s workload as m≫ ℓ. Communication grows by
O(ℓ log2 m), still much smaller than the original O(mℓ). We
thus achieve accountability with no asymptotic overhead, of-
fering a blueprint for other FRI-based distributed PCSs.

6 Implementation and Evaluation

We implemented PIPFRI and DEPIPFRI in Rust using the
arkworks ecosystem.3 We ran non-distributed experiments
on an AMD Ryzen 3900X processor with 12 cores and 32 GB
RAM, and ran distributed experiments on an Intel Xeon Plat-
inum 8255C processor with 24 cores. For distributed exper-
iments, each sub-prover is a core, and we use 2-16 cores.
Reported figures are averages over 10 executions. Unless
explicitly stated, all experiments assume no parallelization.

6.1 Evaluation of PCSs
Choices of Comparisons. We compare with several state-
of-the-art code-based MLPCSs including Virgo, Orion [25],
PolyFRIM [26], and DeepFold [21]. We did not benchmark
several schemes below for the following reasons.
• HyperPlonk [19] and Basefold [58] perform worse than
DeepFold, and we use DeepFold in our benchmarks.

• Brakedown [32] and Block et al. [11] are field-agnostic
MLPCSs with linear prover complexity. They are reportedly
or estimably worse than the non-field-agnostic Orion on RS-
friendly fields. Our benchmarks run on RS-friendly fields.

• Blaze [14] runs over binary fields. We run over prime ones.
Apart from code-based PCSs, we also compare group-

based mKZG [23] and Hyrax [4]. The former has O(logN)
proof size and verification but needs trusted setups. The latter
is transparent, with O(

√
N) proof size and verification.

Parameters. Our field is Fp with p = 264 − 232 + 1, also
known as the Goldilocks field, as used in plonky2 [46].4 The
number of sub-polynomials is set as the nearest power-of-two
integer of log2(4×µ); in our experiments, this value is 64 or
128. For most schemes, we set the RS code rate as ρ = 1/8,
the same as PolyFRIM and DeepFold. We also implement a
PIPFRI variant with ρ = 1/2, trading proof size and verifica-
tion time for prover time. Our security level is λ = 100 bits.
In FRI-based schemes, the query repetition number (q′ in Pro-
tocol 2) is −λ/ log2 ρ, providing a conjectured security [8].
This conjecture underlies both academic [34, 56, 59, 60] and
industrial works [46, 48, 54], ensures list polynomial bind-
ing, i.e., the committed vector binds to several polynomi-
als, and DEEP-FRI [9] can reduce them into one with slight

3We will open-source our implementations soon.
4All our benchmarks, except Orion in C++, use arkworks in Rust. All the

code-based benchmarks use Fp, except Orion uses Fq2 where q = 261−1.
Basic operations over Fq2 like FFTs can be 70% slower than Fp. However,
the advantages of PIPFRI-1/2 still remain after counting these gaps.
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overhead (cf., DeepFold vs. Basefold). For the direct LDT
used in Orion, we (re-)set the queried column number as
−λ/ log2(1−d/3) [28, 32], where d is the GS code distance.
Performance of PIPFRI. Figure 2 compares non-zk MLPCSs
for polynomial sizes from 218 to 227. The prover time can
be obtained by adding the committing and opening times.
Any absent data is due to out-of-memory issues, except for
Orion. (We failed to run Orion when the polynomial size
exceeded 223.) All schemes run normally for µ = 22. PIPFRI
and Hyrax are the only PCSs supporting µ = 27. For such
multilinear polynomials, PIPFRI-1/8 features a 115s prover
time, a 2.8ms verifier time, and a 358KB proof size.

Compared with mKZG, PIPFRI-1/8 is 10-15× faster in
prover and 5× faster in verifier despite the worse complexity.
Its proof size can be 100× larger. However, mKZG needs a
trusted setup. Compared with Hyrax, PIPFRI-1/8 is 10× faster
in prover time. PIPFRI-1/8’s verifier has 30-300× faster due to
its lower complexity. For small µ, Merkle tree openings cause
PIPFRI-1/8 to yield larger proofs, but for µ≥ 27, its proof size
becomes smaller due to lower complexity.

Compared with Virgo and PolyFRIM, PIPFRI-1/8 is 20×
faster in prover, 1.1-1.6× faster in verifier, and 1.4-1.8×
smaller in proof size. Compared with DeepFold, PIPFRI-1/8
is 5× faster in committing and 40× faster in opening, with
a 14× faster prover time. Its proof size and verifier time are
competitive, ranging from 5% better to 7% worse. Compared
with Orion with linear prover complexity, PIPFRI-1/8 has only
5% slower prover time, but is 30× better proof size and veri-
fier time. By setting the code rate to 1/2, PIPFRI-1/2 has even
a 3.5× faster prover time, with 15× proof-size and verifica-
tion advantages. As far as we know, this is the first FRI-based
PCS achieving competitive or faster prover than Orion.

Figure 2(e) compares memory costs, which are crucial for
the scalability of SNARKs, especially in large-scale tasks. For
example, in zkLLM [49], a zero-knowledge proof for large
language models, there can be 13 billion parameters, i.e.,
requiring MLPCSs with µ≈ 34. In memory use, PIPFRI-1/8
matches Orion, which is 4× less than mKZG, and at least
10× less than Virgo, PolyFRIM, and DeepFold. PIPFRI-1/2
needs 3× less memory than PIPFRI-1/8 due to shorter RS
codewords, and is 30% smaller than Hyrax. PIPFRI-1/2 is
the most memory-efficient in Figure 2 and is the sole PCS
supporting polynomials with µ = 29 given a 32 GB RAM.
This makes PIPFRI promising for large-scale computations.
Appendix G.1 gives the concrete data of Figure 2.
Further comparisons with WHIR. Recent work WHIR [6]
proposes a new LDT for RS codes with faster verifier com-
plexity, fewer queries, and hence smaller proof size than FRI.
WHIR is an MLPCS constructed by the LDT and the mul-
tilinear sum-check in Basefold and DeepFold. As shown in
Table 7, PIPFRI has a 5× faster prover time than WHIR, but
with 1.8× slower verifier time and 2× larger proof size. How-
ever, this comparison has two factors in WHIR’s favor.

First, WHIR is a drop-in replacement of FRI. The advan-

Table 7: Comparisons of WHIR and PIPFRI

Scheme Size P (s) V (ms) π (KB) Size P V π

WHIR
220 3.8 0.9 85

222 17.7 1.0 99
PIPFRI 0.8 1.5 156 3.3 1.8 196

Table 8: Performance of code-based zk-PCSs

Scheme Size P (s) V (ms) π (KB) Size P V π

FRI-PCS

218

4.8 2.3 242

220

22.1 2.9 306
Virgo 23.2 1.8 212 102.3 2.1 265

DeepFold 5.1 1.3 137 22.5 1.6 169
PIPFRI 0.4 1.3 132 1.8 1.6 175

tages of WHIR’s proof size and verifier time are due to the
better complexities of WHIR’s LDT over FRI [6]. Similar to
PIPFRI combining FRI and our general framework PIP, we
can build an MLPCS combining WHIR’s LDT and PIP. This
would at least reduce the gaps in proof size and verifier time.

Second, the FRI benchmark in WHIR has a 2× faster
prover and 1.2× faster verifier than our FRI benchmark. This
is probably due to the different implementations of Merkle
trees. Using WHIR’s FRI can make PIPFRI even faster.

Overall, these factors combine to indicate that PIPFRI can
achieve better time performance in practice.

Performance of zk-PCSs. As presented in Table 8, zk-PIPFRI
is 10-50× faster than FRI-PCS and Virgo in prover time,
with 1.3-1.8× faster verifier time and 1.5-1.8× smaller proof
size. Compared with zk-DeepFold, zk-PIPFRI is 10× faster
in prover time, with competitive proof size and verifier time.

Notably, (zk-)PIPFRI outperforms (zk-)FRI-PCS in all as-
pects. This seems “impossible” as all FRI-based PCSs use
FRI with at least the same total instance size as sub-protocols.
We achieve this by the shred-to-shine framework PIP to make
more but smaller FRI instances and combine them efficiently.

6.2 Evaluation of SNARKs
Figure 3 shows the performance of SNARKs using PCSs and
PIOPs in Spartan [47] or HyperPlonk [19], which are state-of-
the-art linear-prover PIOPs for R1CS and Plonkish. We use
open-sourced benchmarks of the HyperPlonk PIOP [34] and
Spartan [27]. Spartan offers two PIOPs; we use the one with
linear verification, as the sublinear one depends on a specific
group-based PCS, Hyrax. Hence, schemes in Figure 3 use the
Spartan PIOP feature linear verifier time.

PIPFRI + HyperPlonk offers a 100s prover time for a circuit
with 223 constraints. It is 2× faster than DeepFold with a
3% worse proof size and verifier time. Compared to Orion,
PIPFRI + HyperPlonk has a 2% worse prover time but is 10-
20× better in proof size and verifier time. When combined
with Spartan, PIPFRI results in a SNARK with a 10s prover
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Figure 2: Performance comparison of PIPFRI, mKZG, Hyrax, and several other code-based MLPCSs
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Figure 3: SNARKs from code-based MLPCSs and PIOPs in
Spartan or HyperPlonk
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Figure 4: (a) Prover times of PIPFRI and DEPIPFRI; (b) Prover
times of DEPIPFRI and DemKZG, with different sub-provers

for a size-223 circuit, which is 10× better than DeepFold,
with close proof size and verifier time. Compared with Orion,
PIPFRI + Spartan shows a 20× reduction in proof size, with
close prover time and a slightly better verifier time. These
experiments show that PIPFRI enhances existing SNARKs.

6.3 Evaluation of Distributed Protocols

Figure 4 (a) shows the prover (commit + open) time of
DEPIPFRI with 2-16 provers. DEPIPFRI achieves full linear
speedup. For a size-222 polynomial, its prove time is 0.66s
with 8 provers, 7.6× faster than PIPFRI. The proof size and
verifier time are basically the same as PIPFRI.

Figure 4 (b) and Table 9 compare DEPIPFRI and other dis-
tributed PCSs, including DemKZG [40] (with 4 or 16 provers)
and DeVirgo.5 We omit to compare with the transparent De-
Dory [40], which is less efficient than DemKZG in all aspects.

5We failed to obtain open-sourced implementations of DeVirgo, and
estimate its performance by Virgo, assuming its full linear speedup. We also
estimate the communication via our implemented distributed Merkle trees.

Table 9: Performance of distributed PCSs for size-222 poly-
nomials with 16 provers

Scheme P (s) V (ms) π (KB) Per comm. (KB)

DemKZG 14.3 17 2.3 1.7
DeVirgo 7.7 2.2 213 110,000

DEPIPFRI 0.39 2.1 198 15,000

Table 10: Performance of distributed SNARKs for size-222

circuits with 16 provers, built by different distributed PCSs

PCS Circuit P (s) V (ms) π (KB) Per comm. (KB)

DemKZG Arbitrary 18.2 17.4 10.7 16
DeVirgo Parallel - - - 125,000

DEPIPFRI Arbitrary 4.3 2.5 206.4 46,000

As shown, equipped with the same provers, the prover time of
DEPIPFRI is 40× faster than demKZG, and 20× faster than
DeVirgo. Notably, DEPIPFRI also reduces the amortized com-
munication overhead of DeVirgo by 7× while maintaining
competitive proof size and verifier time.

HyperPianist [40] is the state-of-the-art distributed SNARK
with efficient prover constructed by the distributed PIOP vari-
ant of HyperPlonk [19] and the distributed demKZG PCS.
Table 10 shows the performance of distributed SNARKs built
from different distributed PCSs. DEPIPFRI leads to a dis-
tributed SNARK with a 4× faster prover and 7× faster veri-
fier than the original HyperPianist with demKZG. DEPIPFRI
further leads to a general SNARK with 3× smaller commu-
nication than the non-general scheme from DeVirgo. For
non-general schemes, our SNARK has an even smaller com-
munication as the general scheme requires three distributed
PCSs [40] while the non-general scheme only requires one.

6.4 Applications to Machine Learning
PIPFRI has efficient prover times and low memory costs, mak-
ing it well-suited for large-scale computations. Kaizen [2], a
zero-knowledge proof of training, uses code-based PCS Virgo
as sub-protocols, where the PCS committing time reportedly
exceeds 50%. Using PIPFRI reduces prover time by 36%-
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42%, as shown in Table 12 in Appendix G.3. For instance,
for 4 batches of LeNet (N = 4), PIPFRI cuts the PCS time
from 27.8 seconds with Virgo to just 5.7 seconds, reducing
the PCS’s share of the total time from 54.2% to only 19.5%.

7 Conclusion and Future Work

We propose a prover-efficient MLPCS PIPFRI, which benefits
state-of-the-art prover-efficient (zk-)SNARKs from the “PIOP
+ MLPCS” paradigm. We also build a code-based distributed
MLPCS with accountability and generality, which yields the
first code-based distributed SNARK for arbitrary circuits. Ex-
periments show their efficiency, especially in prover times
and communication. Further works may explore applying our
framework to other PCSs.
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A Supplementary Preliminaries

A.1 Argument of Knowledge
An interactive argument for an NP relation R includes a pub-
lic parameter generation algorithm G and a pair of interactive
machines ⟨P ,V ⟩. pp← G(1λ) generates the public parame-
ter. P and V represent a PPT prover and verifier, respectively.
P tries to convince V of the existence of w s.t. (x,w) ∈ R for
a statement x through interaction. An argument of knowledge
further allows w to be efficiently extractable by an extractor.

Definition A.1 (Argument of knowledge). (G ,⟨P ,V ⟩) is an
interactive argument of knowledge (AoK) for R if it satisfies:
• Completeness. For every pp and all (x,w) ∈ R ,

Pr[⟨P (w),V ⟩(pp,x) = 1] = 1.

• Knowledge Soundness. For any PPT P ∗, there exists an
expected polynomial time extractor EP ∗ with access to P ∗’s
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randomness s.t. ∀pp← G(1λ) and x, the following proba-
bility is negl(λ):

Pr[⟨P ∗(),V ⟩(pp,x) = 1,(x,w) /∈ R |w← EP ∗(pp,x)].

EP ∗ means E has access to the randomness of P ∗.
A public-coin interactive AoK can be transformed into non-
interactive via the standard Fiat–Shamir transformation. An
AoK is succinct with proof size sublinear to |w|, or O(|x|) for
NP problems.

A.2 Polynomial Commitment Scheme
We recall the security properties of PCSs [32].
• Completeness. For any f with pp← Gen(1λ,d,µ), C←
Com(pp, f ), and f (xxx) = y, Pr[Eval(pp,C,xxx,y; f ) = 1] = 1.

• Polynomial Binding. For all pp← Gen(1λ,d,µ), any PPT
adversary A , the following probability is negl(λ):

Pr

 pp← Gen(1λ,d,µ),(C, f0, f1)← A(pp)
b0← VerPoly(pp,C, f0),b1← VerPoly(pp,C, f1) :

b0 = b1 = 1∧ f0 ̸= f1

 .
• Knowledge Soundness. Eval is an AoK for the following

NP relation REval(pp) given pp← Gen(1λ,d,µ):

{(C,xxx,y; f ): f ∈F[dµ]∧ f (xxx)= y∧VerPoly(pp,C, f )= 1}.

We say a PCS is zero knowledge [59] if it satisfies:

• Honest-Verifier Zero Knowledge. For all PPT adversaries
A , randomness rA , pp←Gen (1λ,d,µ), and size-dµ polyno-
mial f , there exists a simulator S = (S1,S2) s.t. the experi-
ments in Figure 5 are computationally indistinguishable, i.e.,
|Pr[RealA , f (pp) = 1]− Pr[IdealA ,SA (pp) = 1]| ≤ negl(λ).
If the difference is 0, we call it perfect zero knowledge.

RealA , f (pp):
1: C← Com( f ,pp)
2: xxx← A(C,pp)
3: y← f (xxx)
4: 1← ⟨P ( f ),A⟩(pp,C,xxx,y)

5: b← A and output b

IdealA ,SA (pp):
1: C← S1(1λ,pp,rA)
2: xxx← A(C,pp)
3: y← f (xxx)
4: 1← ⟨S2,A⟩(pp,C,xxx,y),

given oracle access to y
5: b← A and output b

Figure 5: Experiments for zero knowledge in PCSs

We call the committing complexity of a PCS the time com-
plexity of the Com algorithm. The opening complexity is
the time complexity of the prover in the Eval protocol. The
verifier complexity is the time complexity of the verifier in
the Eval protocol. The proof size is the proof size of the Eval
protocol. In a typical SNARK, the prover of SNARK gener-
ates the PCS commitments and acts as the prover in the Eval
protocol. Hence, we use the prover complexity to denote the
larger one in committing complexity and opening complexity.

Protocol 3 (The Rolling Batch FRI [60]). Inputs: Secret
codewords f0|L0 , . . . , fσ|Lσ

such that for i ∈ [0,σ], fi|Li ∈
RS[Li,ρ]. Public multiplicative cosets {Li}i∈[0,σ] such that
Li+1 = {x2|x ∈ Li} for i ∈ [0,σ]. Without loss of generality,
assume the degree of fσ is 1.
Prover P and verifier V run the following algorithms to
prove fi|Li ∈ RS[Li,ρ] for all i ∈ [0,σ]:
1. P → V : {Ci}i∈[0,σ] such that Ci←MT.Commit( fi|Li).

2. For i ∈ [0,σ], P and V do:
(a) P : sets f ′0 = f0. Decompose f ′i (X) uniquely into

ℓi(X2)+X · ri(X2).
(b) V → P : a random challenge αi ∈ F.
(c) P → V : MT.Commit(pi+1|Li+1) when i ̸= σ or a

constant f ′
σ+1 when i = σ. To compute this, P com-

putes pi+1(X) = ℓi(X) + αi · ri(X) from f ′i (X), and
generates the commitment to pi+1. P also com-
putes f ′i+1(X) = ℓi(X) + αi · ri(X) + α2

i · fi+1(X) =

pi+1(X)+α2
i · fi+1(X).

3. P and V repeat following procedures q = O(λ) times:
(a) V → P : a random challenge β ∈ F.

(b) P opens { fi(±β2i
)}i∈[0,σ] and {pi(±β2i

)}i∈[σ] via
MT.Open. V checks them by MT.Verify. For each
i ∈ [σ], V also checks whether the three evaluation
pairs (±β2i−1

, f ′i−1(±β2i−1
)),(αi, pi(β

2i
)) are on a

common line. Note: f ′i (±β2i
) can be computed by

pi(±β2i
) and fi(±β2i

).

A.3 The Rolling Batch FRI
Fast Reed–Solomon interactive oracle proof of proximity
(FRI) [7] is a low-degree test for RS codes. Given a multi-
plicative coset L of size O(N) and a size-N vector f |L, FRI [7]
proves that f |L is δ-close to RS[L,N/|L|]. Here δ ∈ (0,1) is
the proximity parameter. FRI has O(logN) rounds, and in the
i-th round, an honest prover sends a Merkle tree commitment
to a size-|L|/2i−1 codeword, and the verifier sends a random
challenge. In the end, the verifier picks q random locations
on L and queries at most q entries determined by the picked
locations to each committed codeword.

The rolling batch FRI is an FRI variant specified for
codewords f0|L0 , . . . , fσ|Lσ

where for i ∈ [0,σ], it holds that
fi|Li ∈ RS[Li,ρ] and Li+1 = {x2|x ∈ Li}. We recall the rolling
batch FRI in Protocol 3.

B Proof of Theorem 3.1

Proof. We first prove the correctness of Equation (1).
Define dv = logm, dw = logℓ and d = dv + dw. Define

a function bk(i) ∈ {0,1} to be the k-th entry of the binary
representation of i, where i ∈ [N]. Similarly, define a function
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ck(a)∈ {0,1} to be the k-th entry of the binary representation
of a, where a ∈ [m]. Define a function dk( j) ∈ {0,1} to be
the k-th entry of the binary representation of j, where j ∈ [ℓ].

We next describe entries of vvv and www explicitly. By definition,
we have the a-th entry of vvv and the j-th entry of www are

va =
dv

∏
k=1

xck(a)
k , w j =

dw

∏
k=1

xdk( j)
k+dv

.

For each j ∈ [ℓ], we re-describe the evaluation of f̃ j(vvv) as

f̃ j(vvv) =
m

∑
a=1

f( j−1)·m+a ·
dv

∏
k=1

xck(a)
k .

By definition, the evaluation of f̃ (xxx) can be represented as

y = f̃ (xxx) =
N

∑
i=1

fi ·
d

∏
k=1

xbk(i)
k .

Representing i as i = ( j−1) ·m+a, we further have

y =
ℓ

∑
j=1

m

∑
a=1

f( j−1)·m+a ·
d

∏
k=1

xbk(i)
k . (3)

According to the binary functions, we have when 1≤ k ≤ dv,
it holds that bk(i) = ck(a). When dv +1≤ k≤ d, it holds that
bk(i) = dk−dv( j). Hence, we have

d

∏
k=1

xbk(i)
k = (

dv

∏
k=1

xck(a)
k ) · (

dw

∏
k=1

xdk( j)
k+dv

) = va ·w j. (4)

Combining Equation (3) and Equation (4), we have

y =
ℓ

∑
j=1

m

∑
a=1

f( j−1)·m+a · va ·w j. (5)

Exchanging the sum sign, Equation (5) is represented as

y =
l

∑
j=1

w j

(
m

∑
a=1

f( j−1)·m+a · va

)
=

l

∑
j=1

w j · f̃ j(vvv).

This exactly proves the validity of Equation (1).
Completeness and Binding. Completeness directly follows
from that of PCℓ. For the binding property, if there exist
f̃ ̸= f̃ ′ such that VerPoly(pp,C, f̃ ) = VerPoly(pp,C, f̃ ′) =
1, then there must exist some j ∈ [ℓ] and f̃ j ̸= f̃ ′j, s.t.
VerPoly(ppℓ,C j, f̃ j) = VerPoly(ppℓ,C j, f̃ ′j) = 1. This means
the PCS PCℓ is not binding, which is a contradiction. Polyno-
mial binding hence follows.

Knowledge Soundness. Suppose Eℓ is the extractor of Evalℓ
and the expected running time is poly(m). E runs Eℓ sequen-
tially and obtains f̃ j such that f̃ j(x1, . . . ,xk) = u j for all j ∈ [ℓ].
E then concatenates the coefficients of { f̃ j} j∈[ℓ] and outputs

Protocol 4 (PIPKZG: sublinear-SRS PCS from pairing).
• (pp,srs)← Gen(1λ,2,µ). pp= (m, ℓ) satisfying mℓ= N,

and srs= Genb(1λ,2, logm).
• C← Com(pp, f̃ ,srs). Given f̃ , the prover P does:

1. Arrange f̃ ’s coefficient vector fff as an m× ℓ matrix
U, where for every j ∈ [ℓ], the j-th column is U [ j] =
( f( j−1)·m+1, f( j−1)·m+2, . . . , f j·m).

2. Treat U [ j] as the coefficient vector of a size-m multilin-
ear polynomial f̃ j.

3. Output C ← (C1, . . . ,Cℓ), where C j ← Comb(srs, f̃ j)
for j ∈ [1, ℓ].

• b← Eval(pp,srs,C,x,y; f̃ ). Given the evaluation point xxx
and evaluation y = f̃ (xxx), P and the verifier V do:

1. P → V : C = (C1, . . . ,Cℓ).

2. V : computes public vectors vvv =⊗k∈[logm](1,xk), www =

⊗k∈[logℓ](1,xk+logm), and C′ = ∏ j∈[ℓ]C
w j
j , which is an

mKZG commitment to f̃ ′ = ∑ j∈[ℓ] w j · f̃ j by the additive
homomorphism.

3. P and V : invoke Evalb(C′, f̃ ′,srs;y,(x1, . . . ,xlogm)) to
prove the validity of the virtual polynomial evaluation
f̃ ′(x1, . . . ,xlogm).

4. V : accepts iff Evalb = 1.

the multilinear polynomial f̃ such that f̃ff = ( f̃ff 1, . . . , f̃ff ℓ). Fur-
ther, the running time is ℓ ·poly(m) = poly(N). Knowledge
soundness hence follows.

Complexity. Commitments C1, . . . ,Cℓ, each for a size-O(m)
polynomial in f̃1, . . . , f̃ℓ, can be independently generated in
parallel. The total commitment complexity is ℓ× tC(m), or
O(N logm) if tC(m) = O(m logm). The opening complexity,
verifier complexity, and proof size hold by setting the concrete
values of m and ℓ in Definition 3.1. Specifically, if the proof
size is logc N for a size-N polynomial, the total proof size is
O(logc(N/ logc N)+ logc N) = O(logc N). The verifier com-
plexity is similar. As the prover handles size-m polynomials,
the size of SRS, if required, is m.

C Construction of PIPKZG

We construct PIPKZG in Protocol 4 by instantiating Proto-
col 1 with mKZG (Genb,Comb,Evalb). Let f̃ be a size-mℓ
multilinear polynomial partitioned into ℓ sub-polynomials
f̃ (1), . . . , f̃ (ℓ), each of size m. Thanks to mKZG’s homo-
morphism, P can send only the commitments Com( f̃ (1)),
. . . ,Com( f̃ (ℓ)), and avoids sending the sub-polynomial eval-
uations f̃ (1)(xxx), . . . , f̃ (ℓ)(xxx). V constructs a virtual commit-
ment to f̃ by ∏i∈[ℓ]Com( f̃ (i))wi .

We next give a proof for Theorem C.1.
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Theorem C.1. Protocol 4 is an MLPCS secure in the alge-
braic group model (AGM). The SRS size is O(m), the commit-
ting complexity is O(N), the opening complexity is O(m)G+
O(N)Frlc, the verifier complexity is O(logm)P+O(ℓ)G, and
the proof size is O(ℓ+ logm).

Proof of Theorem C.1. Security. Completeness holds di-
rectly by Theorem 3.1. We mainly argue the knowledge
soundness by proving an efficient E such that for any al-
gebraic adversary A and any choice of mℓ = poly(λ), the
probability of A winning is negl(λ) over the randomness of
A , V , and Gen [12]. Here, an algebraic adversary A refers to
the existence of a PPT algorithm that, whenever A outputs an
element A ∈G, it also outputs a vector aaa on field F such that
A = ⟨aaa,srs⟩. Specifically, the game is as follows [12, 30]:
1. Given mℓ and srs, A outputs C.
2. A outputs xxx and y.
3. A takes the part of P in Eval with inputs C, xxx, and y.
4. E , given A’s prior message, outputs f̃ after Step 1 in Eval.
5. A wins if V outputs 1 in Eval and f̃ (xxx) ̸= y.

An adversary that outputs a commitment C under the
AGM is required to additionally output scalar coefficients
a1, . . . ,an−1, which “explain” C as a linear combination of the
group elements in the SRS. In Protocol 4, this means that the
adversary would output f̃ ′1, . . . , f̃ ′ℓ when it outputs C1, . . . ,Cℓ.
Then, the prover and verifier invoke mKZG for a size-m poly-
nomial f̃ ′. mKZG satisfies evaluation binding [20, 55], i.e.,
for any point xxx and corresponding commitment C, no efficient
adversary can produce valid proofs that open C to different
lists of values at xxx. By the evaluation binding of mKZG to
f̃ ′ = ∑ j∈[ℓ] w j · f̃ ′j and its commitment, with a high probability
that f̃ ′ is the correct polynomial with the claimed evaluation y.
The knowledge soundness hence follows.
Complexity. The SRS size, committing complexity, and proof
size are held directly by Theorem 3.1 and the complexities of
the original mKZG. For the opening complexity, the prover
first computes the target size-m polynomial f̃ ′ and then in-
vokes the opening algorithm of mKZG for this polynomial.
The first part takes at most O(N)Frlc, and the second part costs
O(m)G. For the verifier complexity, the verifier first com-
putes the commitment to the target polynomial, which costs
O(ℓ)G. The verifier then invokes the verification algorithm
of mKZG for a size-m polynomial, which costs O(logm)P .
The complexities hence follow.

D Security Analysis for zk-PIPFRI

We prove completeness, polynomial binding, knowledge
soundness, and zero knowledge for PIPFRI.

Proof. Completeness follows from that of the rolling batch
FRI, the linearity of RS code, and the equivalence between the
multilinear polynomial evaluation and the FRI-like scheme
in Step 3, Protocol 2. Specifically, we distill the equivalence

between the multilinear polynomial evaluation and the FRI-
like scheme from PolyFRIM [60] as Lemma 1 below.

Lemma 1 ( [60]). For any size-m = 2σ+1 multilinear poly-
nomial f̃0 and any evaluation point xxx = (x1, . . . ,xσ,xσ+1),
following Step 3 of Protocol 2 to fold f̃0 to obtain the constant
f̂σ+1, it holds that f̂σ+1 = f̃0(x1, . . . ,xσ,xσ+1).

Based on Lemma 1, after setting xσ+1 = 0, we have for
any xxx, f̃0(xxx) = ∑ j∈[ℓ] w j · f̃ ( j)(xxx)+αs̃(xxx). The completeness
follows since, by the construction of Protocol 1, we have

∑
j∈[ℓ]

w j · f̃ ( j)(xxx) = ⟨www,uuu⟩= f̃ (x1, . . . ,xµ) = y.

Completeness hence follows.

Polynomial Binding. Given the committed vectors f̂ (1)|L0 ,

. . . , f̂ (ℓ)|L0 , the verifier checks their consistency with the
Merkle tree commitment. Due to the collision resistance
of hash functions underlying Merkle trees, these committed
vectors are unique. The verifier then uses efficient RS decod-
ing algorithms to obtain polynomials f̂ (1), . . . , f̂ (ℓ). Setting
the proximity parameter δ = (1−ρ)/2, which is no more than
the unique decoding radius of the RS code, these polynomials
are unique due to the properties of the RS code. Hence, the
target polynomial f̃ computed from these polynomials is also
unique. The polynomial binding hence follows.

We prove polynomial binding in the unique decoding radius
for simplicity, i.e., the proximity parameter δ = (1−ρ)/2. It
can be extended to the list decoding radius using the tech-
niques in DEEP-FRI [9] without much efficiency loss. In-
tuitively, in the list decoding radius, there could be a list of
valid polynomials close enough to the committed codeword.
Using the techniques in DEEP-FRI can reduce the list size to
one. We kindly refer to [9, 34] for details.

Knowledge Soundness. PIPFRI is an argument of knowl-
edge in the random oracle model realizing the extractability
of Merkle trees, i.e., an extractor can efficiently obtain the
committed Merkle leaves [59]. We kindly refer to [59, 60]
for the extractability proof. Further, the committed RS
codewords can be efficiently decoded by algorithms such
as Berlekamp–Welch. After extracting the committed code-
words f̂ (1)|L0 , . . . , f̂ (ℓ)|L0 , the extractor outputs ℓ unique poly-
nomials by efficient decoding. It next parses the coefficients
of these polynomials, drops the right half of each, and builds
the target polynomial ∑

ℓ
j=1 w j · f̃ ( j).

Now, we assume a multilinear polynomial f̃ is extracted.
We next prove: if f̃ (xxx) ̸= y, the verifier accepts with negl(λ).

• Case 1. Some f̂i for i ∈ [0,µ+ 1] is of size >2µ+1−i. We
argue that the soundness error of this case is |L0|/|F|+((1+
ρ)/2)q′+negl(λ). This follows from the soundness of rolling
batch FRI according to PolyFRIM. Intuitively, the only dif-
ference between rolling batch FRI and our LDT is that in the
first round, the input codeword of rolling batch FRI is single,
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while the inputs of our LDT are multiple codewords. Still,
according to the generalized correlated agreement over span
spaces [8]: if ∑i∈[ℓ] α

i ·uuuiii is close to a codeword vvv∈RS[ρ,L0]

for vectors uuu111, . . . ,uuuℓℓℓ ∈ F|L0| and random challenge α, with a
high probability that each vector uuuiii is close to some codeword
belonging to RS[ρ,L0]. Here, the word “close” means the
Hamming distance. Further, the repeated entries between
each vector and its corresponding codeword are the same.

• Case 2. The degree of { f̂i} are at most 2µ+1−i for all i ∈
[0,µ+1] and the evaluation proofs are all valid. As f̃ (xxx) ̸= y,
f̃ (xxx)+α · s̃(xxx,0) = y+α · ys holds with probability bounded
by 1/|F| due to the randomness of α. Otherwise, there must
be some i such that f̂i(X) ̸= ĝi−1(X)+ xi · ĥi−1(X), but for
query β, the equation holds. According to the Schwartz–
Zippel lemma, the soundness error is bounded by 2m/|L0|
as the degree of f̂i is at most 2m. If picking q independent
queries, this error is (2m/|L0|)q.

Using the union bound argument, the soundness error is
negl(λ)+ |L0|/|F|+(2µ+1/|L0|)q +((1+ρ)/2)q′ . By appro-
priate choices of parameters, this error can be negligible. If
the code rate is large, our protocol may lead to a large proof
size due to the large q. We can then modify the consistency
check in Protocol 2 such that the verifier does not pick β from
L0 but from F. To complete the consistency check, the prover
and verifier run a batch FRI-PCS instead to prove the validity
of { f̂i(±β2i

)}i∈[0,σ]. This FRI-PCS can be batched with the
rolling batch FRI, introducing a slight additional overhead.
The soundness error of this case reduces to 2m/|F|.

Like the proof for polynomial binding, we only prove the
soundness error in the unique decoding radius. Using the
techniques in DEEP-FRI [9], the proof can be extended into
the listing decoding radius with a slight additional overhead.
We kindly refer to [9, 34, 37] for details.

We next formally prove the soundness of Case 1. Below,
we adapt some notations from PolyFRIM. Define functions
{backi}i∈[0,σ+1] and sets {erri}i∈[0,σ+1]. Define back0(A0) =
A0 for A0 ⊆ L0, and backi(Ai) = backi−1(Ai−1) for Ai =
{x2|x ∈ Ai−1} and i ≥ 1. Define err0 = /0. For i ∈ [σ+ 1],
let the set E be {x ∈ Li−1 : ℓi(x2) + αri(x2) + α2

i f̂i(x2) ̸=
f̂ ′i (x

2)}, where f̂ ′i (X) = ℓi(X2) +X · ri(X2). Define erri =

erri−1 ∪ backi−1(E). For i ∈ [σ+ 1], suppose that ĥ(i)|Li ∈
RS[Li,ρ] and set Ai = {x ∈ Li| f̂ ′i (x) = ĥ(i)(x)}. Define
εi(·) : Li→{0,1} such that εi(Ai) = |backi(Ai)∩ erri|/|L0|+
(1− |Ai|/|Li|). By definition, |backi(Ai)| = 2i|Ai|, Ai ⊆ Li,
and erri ⊆ Li. Intuitively, εi(Ai) means the probability that
the verifier finds inconsistency in the i-th round. Further,
εσ+1(Aσ+1) means the probability that the verifier finds incon-
sistency and rejects with a single query in Step 5 of Protocol 2.
Suppose:

Pr[εσ+1(Aσ+1)≥ (1−ρ)/2]≥ 1−|L0|/|F|. (6)

That is, with probability at least 1−|L0|/|F|, the verifier can
catch about δ = (1−ρ)/2 inconsistency if it picks only one

query. For q′ queries, the probability that a malicious prover
cheats successfully will be (1−δ)q′ = ((1+ρ)/2)q′ .

According to PolyFRIM [60, Theorem 3.1], to prove Equa-
tion (6), it suffices to prove

Pr[ε1(A1)≥ δ]≥ 1−|L0|/|F|, (7)

with the following cases: (a) For all i ∈ [1,σ],
∆( f̂ ′i |Li ,RS[Li,ρ])≤ δ; (b) For all i≥ 2, ∆( f̂i|Li ,RS[Li,ρ])≤
δ; (c) At least one of ∆( f̂ ′0|L0 ,RS[L0,ρ]) > δ and
∆( f̂1|L1 ,RS[L1,ρ])> δ holds.

In the cases above, (a) and (b) are good ones, and we
only need to focus on (c). Here, f̂ ′0(X) = ∑

ℓ
i=1 α

i−1
0 f̂ (i)(X)

and f̂ ′1(X) = f̂ ′0(X) + αℓ
0 f̂1(X). By Lemma 2, for ran-

dom α0, with a probability of 1− |L0|/|F|, it holds that
∆( f̂ ′1|L1 ,RS[L1,ρ])≥ δ. The soundness of Case 1 hence fol-
lows.

Lemma 2 (The generalized correlated agreement [8]). For
δ < (1−ρ)/2, { f̂i}i∈[n−1], multiplicative coset L, and code
rate ρ, if

Pr
α←$F

[∆(
n−1

∑
i=0

α
i · f̂i|L,RS[L,ρ])≤ δ]≥ |L|/|F|,

where ∆(aaa,bbb) is the relative Hamming distance between aaa
and bbb, there exists L′ ⊂ L and p̂i with the same degree bounds
as f̂i s.t. |L′|/|L| ≥ 1−δ and f̂i|L′ = p̂i|L′ for i ∈ [0,n−1].

Zero Knowledge. Figure 6 gives the simulator. We first
note that Protocol 2 runs over univariate f̂ ′ instead of f̃ ′. To
argue zero knowledge, evaluations on f̂ ′(1), . . . , f̂ ′(ℓ) are ran-
domized due to the m random entries to the coefficient of
each polynomial. Adding these random entries amounts to
adding a size-m random polynomial to f̂ (i) with the lower m
terms being zero. Hence, evaluations of f̂ ′(1), . . . , f̂ ′(ℓ) on B
(B = O(λ)≪ 2µ) are indistinguishable from the real world.
After the first round, evaluations on f̂ ′(i) are masked by ŝ′;
therefore, they are independently and randomly distributed.
Note that the simulator need not know α ahead. Hence, even
www = (w1, . . . ,wℓ) is public, it does not affect zero knowledge.
Also, S runs efficiently as f̃ ′1 can be efficiently obtained by
solving a linear system with |B|+1 constraints and 2µ vari-
ables.

E Protocol and Proof of Distributed FRI

Protocol 5 presents the formal distributed FRI.

Proof. Complexity. We analyze the complexities below.

Prover. Sub-prover P j runs FFT to compute f ( j)|L0 in
O(m logm) time. In round i, P j receives at most 2|Li|/ℓ
entries to compute |Li|/ℓ entries and to build or open a
sub-Merkle tree with |Li|/ℓ leaves, costing O(∑i 2|Li|/ℓ) =
O(m/ℓ). The total sub-prover complexity is O(m/ℓ), other
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•C← S1
(
1λ,pp

)
1. Randomly pick a size-N multilinear polynomial f̃ ′, split

it as ℓ size-m polynomials, and add m random entries to
the right end of each polynomial’s coefficient. Denote
these size-2m univariate polynomials as f̂ ′(1), . . . , f̂ ′(ℓ).

2. Randomly select a size-2m polynomial s̃′.

3. Run C←MT.Com([ f̂ ′(1)|L0 , . . . , f̂ ′(ℓ)|L0 , ŝ
′|L0 ]).

• ⟨S2,A⟩(pp,C,xxx)

1. Send (y, s̃′(xxx,0)) to A given oracle access to y = f̃ (xxx).

2. Receive α from A .

3. Given the query set of both consistency and validity
checks B = {β j} j∈[Q], S2 generates a size-m polynomial
f̃ ′1 s.t. Let f̂ ′1 be the corresponding univariate polynomial
of f̃ ′1. Let f̂ ′0←∑

ℓ
i=1 wi f̂ ′(i) for www =⊗ℓ∈[logℓ](1,xℓ+logm).

- For β j ∈ B, set

f̂ ′1(β
2
j) =

f̂ ′0(β j)+αŝ′(β j)+ f̂ ′0(−β j)+αŝ′(−β j)

2

+x1·
f̂ ′0(β j)+αŝ′(β j)− f̂ ′0(−β j)−αŝ′(−β j)

2β j
.

- f̃ ′1(x2,x3, . . . ,xlogm,0) = y.
S2 opens f̂ ′(1), . . . , f̂ ′(ℓ) to open f̂ ′0 honestly, sets f̂ ′1 as the
second-round polynomial, and acts honestly thereafter.

Figure 6: Simulator S = (S1,S2) of zk-PIPFRI

than the O(m logm) in the distributed commitment. For the
master prover P0, receiving ℓ roots to build a Merkle tree in
each of σ rounds costs O(ℓ) time. In the last logℓ rounds, P0
acts as a non-distributed prover, the time cost is O(ℓ). Overall,
the prover complexity of P0 is O(ℓσ) = O(ℓ logm).

Proof size and verifier complexity. From the verifier’s view,
the distributed FRI is the same as a non-distributed batch
FRI with ℓ size-O(m) codewords f (1)|L0 , . . . , f (ℓ)|L0 as in-
puts. In the first round, the verifier receives ℓ ·λ entries and
checks their verification path of a Merkle tree with O(m)
leaves committed via our optimized Merkle tree method,
which costs O(λℓ)F+ O(λ)Hℓ for proof size and verifier
complexity. In each of the following rounds, the verifier
receives λ entries and checks their verification path, which
costs O(λ)F+O(logm)H, and O(λ logm)F+O(log2 m)H
for logm rounds. Hence, the total proof size and verifier
complexity follow.

Communication complexity. In round 1, sub-prover P j sends
ℓ size-O(m/ℓ) codewords to Pk, so the total communication
is O(mℓ). In round i, P j receives at most 2|Li|/ℓ entries,
costing an amortized O(∑i |Li|/ℓ) = O(m/ℓ) communication
for all rounds, and O(m) for all provers. P0 receives ℓ roots

Protocol 5 (Distributed FRI). Suppose master prover P0
and ℓ sub-provers P1, . . . ,Pℓ. Secret inputs are ℓ size-m
polynomials f (1), . . . , f (ℓ). Public inputs include a size-
O(m) multiplicative coset L0. For i ∈ [0, logm], define Li =
{x2|x ∈ Li−1} and di = |Li|/ℓ. To prove f ( j)|L0 ∈ RS[L0,ρ]
for all j ∈ [ℓ], P and V run:

1. (Commit) P0→V : MT.Commit([ f (1)|L0 , . . . , f (ℓ)|L0 ]).
(a) P j: computes f ( j)|L0 and sends the blocks f ( j)|L0 [(k−

1)d0 +1], . . . , f ( j)|L0 [kd0] to Pk, ∀k ∈ [ℓ]\{ j}.
(b) P j → P0: a Merkle sub-tree root H

( j)
0 . The tree

has d0 leaves, and the n-th leaf is f (1)|L0 [( j−1)d0 +

n]|| f (2)|L0 [( j−1)d0 +n]|| · · · || f (ℓ)|L0 [( j−1)d0 +n].
(c) P j: computes f |L0 [h] = ∑ j∈[ℓ] α

j · f ( j)|L0 [h] for all h∈
[( j−1)d0 +1, jd0]. This is used in the opening phase.

(d) P0: forms the final commitment C from H
(1)
0 , . . . ,H

(ℓ)
0

by treating each H
( j)
0 as a sub-root. P0 sends C to V .

2. (Challenge Assignment) V → P0: random α ∈ F for
batch FRI. P0 assigns α to each P j.

3. (Open) For i ∈ [σ], σ = log(m/ℓ):
(a) V → P0: random αi ∈ F. P0 assigns αi to each P j.
(b) P0→ V : a Merkle tree commitment Ci to fi|Li .

i. P j: computes the j-th part of fi|Li , i.e., { fi|Li [h]}
for h ∈ [( j− 1)di + 1, jdi]. To compute this, P j
needs two entries on fi−1|Li−1 with fixed locations.
As all provers hold fi−1|Li−1 , P j can always ob-
tain these entries. P j then computes fi|Li [h] by
F( fi−1|Li−1 [h], fi−1|Li−1 [h+ |Li−1|/2],αi).

ii. P j → P0: a Merkle tree root H( j)
i to { fi|Li [h]} for

h ∈ [( j− 1)di + 1, jdi]. When i = log(m/ℓ), P j
sends fi|Li [ jdi] to P0.

iii. P0: computes Ci from H
(1)
i , . . . ,H

(ℓ)
i .

4. (Local Open) For i ∈ [σ+ 1, logm+ 1], P0 and V run
the following procedures non-distributedly:

(a) V → P0: random challenge αi ∈ F.
(b) P0 → V : P0 locally folds fi−1|Li−1 to compute fi|Li

and commits via a Merkle tree.

5. (Verification) Repeat the following for q = O(λ) times:
(a) V → P0: random query β ∈ L0. This means that V

needs to query fi(±β2i
) for all i ∈ [0, logm].

(b) P j→ P0: For i ∈ [log(m/ℓ)], if fi(±β2i
) corresponds

to root H( j)
i , P j sends values and tree path to P0.

(c) P0→ V : For last logℓ rounds, P0 opens Ci herself.
(d) V : verifies Merkle trees by MT.Verify. Check

if 2 fi(β
2i
) = fi−1(β

2i−1
)+ fi−1(−β2i−1

) + αi/β2i−1 ·
( fi−1(β

2i−1
)− fi−1(−β2i−1

)). Accept iff all pass.
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Protocol 6 (DEPIPFRI). Suppose master prover P0 and sub-
provers P1, . . . ,Pℓ. DEPIPFRI has the following algorithms:
• pp←Gen(1λ,2,µ): pp includes F, power-of-two integers
ℓ= O(logN), m = N/ℓ, and a multiplicative coset L0. Let
σ = logm. For i ∈ [σ], define Li = {x2|x ∈ Li−1}.

• C ← Com(pp, f̃ , f̃ (1), . . . , f̃ (ℓ)): Given the multilinear
polynomial f̃ , split it into ℓ size-m multilinear polyno-
mials f̃ (1), . . . , f̃ (ℓ) by Protocol 1. Assume P j is assigned
with f̃ ( j), P1, . . . ,Pℓ invoke Step 1 of the distributed FRI
to generate the commitment C to f̃ (1), . . . , f̃ (ℓ).

• b ← VerPoly(pp,C, [ f̂ (1)|L0 , . . . f̂ (ℓ)|L0 , f̃ ). This algo-
rithm is the same as that of PIPFRI, and we omit it here.

• b← Eval(pp,C,xxx,y;( f̂ (1), . . . , f̂ (ℓ))).

1. P0 and sub-provers invoke Steps 3 and 4 of the dis-
tributed FRI to generate f̂1, . . . , f̂σ and their commit-
ments, as well as the constant polynomial f̂σ+1. The
f̂1, . . . , f̂σ are generated in the same way as Step 3, Eval
in PIPFRI, except with the following changes: (1) Mod-
ify α j to w j for j ∈ [ℓ], where www =⊗k∈[logℓ](1,xk+logm);
(2) Modify αi to xi for i ∈ [σ].
At the end, P j has the j-th part of f̂i|Li .

2. P0 and sub-provers prove the low-degree properties of
f̂ (1), . . . , f̂ (ℓ) as well as f̂1, . . . , f̂σ. To prove the former,
the provers invoke Steps 3 and 4 of the distributed FRI.
To prove the latter, the provers modify the above steps
to run a distributed rolling batch FRI for additionally
proving the low-degree properties of f̂1, . . . , f̂σ. The
modifications are as follows.
In the i-th round, P j holds the j-th part of f̂i−1|Li−1 and
f ′i−1|Li−1 . The latter is from the i−1-th folding of rolling
batch FRI. When i = 1, f ′0|L0 = ∑ j∈[ℓ] α

j · f̂ ( j)|L0 .
P j follows the distributed FRI to compute the j-th part
of fi|Li by folding f ′i−1|Li−1 locally. P j then computes
the j-th part of f ′i |Li according to Equation (2).

3. V queries q = O(λ) entries to check the consistency
among f̂0, f̂1, . . . , f̂σ, where f̂0(X) = ∑ j∈[ℓ] w j · f̂ ( j)(X).
V also queries q′ = O(λ) entries to check the low-
degree properties of f̂ (1), . . . , f̂ (ℓ) and f̂1, . . . , f̂σ. From
the verifier’s view, these queries and the verification
algorithms are the same as PIPFRI.
To open these queries, the Merkle tree opening algo-
rithms follow from Step 5 of the distributed FRI.

in each round, amounting to O(ℓ logm). Hence, the total
communication complexity is O(mℓ).

Security. As with several other distributed PCSs [40, 41, 54],
we assume each sub-prover is honest here. We discuss the
accountability of DEPIPFRI in Section 5.3.

As stated in the complexity analysis of proof size, from
the verifier’s view, the transcripts he receives are the same

as those of a batch FRI [8]. Hence, the security properties
directly follow from the batch FRI.

F Construction of DEPIPFRI

We present the formal algorithms of DEPIPFRI in Protocol 6.
In the Com algorithm, each prover initially possesses a

sub-polynomial derived from the target polynomial f̃ . The
provers then invoke the distributed commitment of distributed
FRI with the twisted univariate polynomial representations of
their respective sub-polynomials as inputs.

In Step 1 of the Eval protocol, the provers invoke a variant
of the distributed evaluation of distributed FRI to generate
folded polynomials f̂1, . . . , f̂σ, f̂σ+1 and their commitments
for the first σ polynomials. The folding parameters of these
folded polynomials are determined by the evaluation point as
established in standard PCSs like PIPFRI and PolyFRIM [60].

Subsequently, in Step 2, the provers invoke a generalized
distributed rolling batch FRI protocol to prove the low-degree
properties of the input polynomials and folded polynomials.

Finally, in Step 3 of the Eval protocol, the verifier checks
the validity of the folded polynomials via a variant of dis-
tributed FRI. The verifier also checks the low-degree proper-
ties of the input polynomials and folded polynomials.

G Supplementary Experiments

G.1 Detailed Performance Metrics of PIPFRI

Table 11 presents the detailed figures of the eight MLPCSs at
polynomial sizes of 222 and 227 in Figure 2. When the polyno-
mial size is 222, all MLPCSs work well. For the concrete per-
formance, PIPFRI-1/8 has 50× faster committing time, 30×
faster opening time, and 10× smaller memory costs than
DeepFold. Its verifier time and proof size remain competi-
tive. Also, PIPFRI-1/8 has nearly the same prover time with
Orion, but with 30× better verifier time and proof size. Lastly,
PIPFRI-1/2 outperforms all listed MLPCSs in committing time,
opening time, and memory costs.

When the polynomial size is 227, only Hyrax, PIPFRI-1/8,
and PIPFRI-1/2 can work, and “–” means missing of data.
For concrete performance, PIPFRI-1/8 has the smallest proof
size and the fastest verifier time, with the latter 25× faster
than Hyrax. PIPFRI-1/2 has the fastest committing or opening
time and the lowest memory costs. Its prover (committing +
opening) time is 80× faster than Hyrax.

G.2 Evaluation of PIPKZG and SNARKs

Methodology. We adapt the open-source implementations of
mKZG from HyperPlonk [19]. Based on it, we implement
PIPKZG. We set ℓ to be 16 and m = N/ℓ for size-N polyno-
mials. We also compare the open-source implementations
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Table 11: Detailed performance metrics at polynomial sizes 222 or 227 for eight MLPCS schemes in Figure 2

Scheme Size Commit Open Verify Proof size Memory Size Commit Open Verify Proof size Memory

mKZG [45]

222

15.5 s 16.6 s 12 ms 1.4 KB 2.9 GB

227

– – – – –
Hyrax [51] 46.5 s 0.3 s 119.8 ms 64 KB 0.3 GB 1626.2 s 8.3 s 756 ms 384 KB 8.2 GB
Virgo [59] 124.4 s 123.3 s 2.2 ms 274 KB 31.1 GB – – – – –
Orion [56] 1.9 s 1.1 s 60.1 ms 7214 KB 0.8 GB – – – – –
PolyFRIM [60] 113.8 s 64.3 s 3.1 ms 359 KB 13.2 GB – – – – –
DeepFold [34] 115.7 s 33.8 s 1.8 ms 194 KB 9.9 GB – – – – –
PIPFRI-1/8 2.3 s 0.9 s 1.8 ms 196 KB 0.8 GB 99.9 s 15.4 s 2.9 ms 358 KB 20.5 GB
PIPFRI-1/2 0.6 s 0.2 s 3.7 ms 371 KB 0.2 GB 23.4 s 3.7 s 6.2 ms 747 KB 6.7 GB
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Figure 7: Performance of mKZG, Dory, and PIPKZG
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Figure 8: Performance of SNARKs constructed by mKZG or PIPKZG and PIOPs in Spartan or HyperPlonk

of Dory from HyperPianist [22]. All PCSs use the BN254
elliptic curve and the arkworks ecosystem in Rust.

Performance. Figure 7 shows the performance of mKZG,
Dory, and PIPKZG for multilinear polynomials of sizes from
216 to 224. We only succeeded in running Dory then the poly-
nomial size exceeds 220. PIPKZG shows a tradeoff compared
with mKZG. The SRS size of PIPKZG is 10× shorter, the
prover time is 1.7× faster, and the verifier time can be 2×
faster. Specifically, committing times are nearly the same,
while the opening time of PIPKZG is 10× faster. The proof
size of PIPKZG is 1.5-1.8× larger than mKZG. Despite this,
for size-224 polynomial, the concrete proof size is only 2.2
KB. Besides, in SNARKs such as Spartan and HyperPlonk
from multilinear PIOPs, this proof size gap would be reduced
after counting the PIOP proof size, as shown below in Fig-
ure 8. Compared with the transparent Dory, PIPKZG requires
trusted setups and also has a larger SRS. However, for ef-
ficiency, PIPKZG has a 2× faster prover, 4× faster verifier,
and a 10× smaller proof size. This is because the prover and
verifier of PIPKZG runs over the more efficient type-one group

instead of the target group as in Dory.

Figure 8 shows the performance of SNARKs using mKZG
or PIPKZG and PIOPs in Spartan [47] or HyperPlonk [19].
The SNARK from “PIPKZG + HyperPlonk” holds a competi-
tive prover time, verifier time, and proof size compared with
“mKZG + HyperPlonk”. This is because the HyperPlonk
PIOP requires 3 PCS committing algorithms but only 1 open-
ing algorithm, and the PCS committing times of mKZG and
PIPKZG are nearly the same. However, as the SRS is only
determined by the underlying PCS, the SRS size of “PIPKZG
+ HyperPlonk” is 10× shorter than “mKZG + HyperPlonk”.
When combined with the Spartan PIOP, “PIPKZG + Spartan”
features a 1.5× faster prover time than “mKZG + Spartan”,
with a 1.1× larger proof size and a competitive verifier time
due to the effect of linear-verifier PIOP.
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Table 12: Prover times of Kaizen by Virgo or PIPFRI

Batch Size N = 2 N = 4

Kaizen [2] for LeNet Virgo PIPFRI Virgo PIPFRI
PCS (s) 15.6 3.4 27.8 5.7

Others (s) 17.8 23.5
Total (s) 33.4 21.2 51.3 29.2

G.3 Overcoming Prover Time Bottlenecks in
Machine Learning with PIPFRI

Table 12 presents the estimated prover times for PCSs
of Kaizen and other components from its open-source li-
brary [24]. We do not compare with Kaizen using Orion,
as experiments show Orion is worse than using Virgo.
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