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Abstract13

Payment channel networks (PCNs) are a promising technology that alleviates blockchain scalability14

by shifting the transaction load from the blockchain to the PCN. Nevertheless, the network topology15

has to be carefully designed to maximise the transaction throughput in PCNs. Additionally, users in16

PCNs also have to make optimal decisions on which transactions to forward and which to reject to17

prolong the lifetime of their channels. In this work, we consider an input sequence of transactions18

over p parties. Each transaction consists of a transaction size, source, and target, and can be either19

accepted or rejected (entailing a cost). The goal is to design a PCN topology among the p cooperating20

parties, along with the channel capacities, and then output a decision for each transaction in the21

sequence to minimise the cost of creating and augmenting channels, as well as the cost of rejecting22

transactions. Our main contribution is an O(p) approximation algorithm for the problem with p23

parties. We further show that with some assumptions on the distribution of transactions, we can24

reduce the approximation ratio to O(√p). We complement our theoretical analysis with an empirical25

study of our assumptions and approach in the context of the Lightning Network.26
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1 Introduction39

Blockchain scalability is one of the key bottlenecks in the mainstream adoption of cryptocur-40

rencies [8, 11, 23]. For instance, Bitcoin can only process an average of 7 transactions per41
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4:2 Topology Optimization and Transaction Selection in PCNs

second which is paltry compared to Visa’s 47, 000 [25]. This makes it impractical as of yet42

for the widespread usage of cryptocurrencies in everyday situations.43

Some promising solutions to blockchain scalability are layer 2 solutions like payment44

channel networks (PCNs) [12, 13, 24, 25], which allow users to bypass the blockchain and45

transact directly with each other. To do so, two users have to first open a payment channel46

between themselves in an initial funding transaction on the blockchain, thereby locking some47

funds only to be used in the channel. Thereafter, the two users transact with each other48

simply by updating the distribution of funds on each end of the channel to reflect the payment49

amount. As compared to the tedious process of waiting for consensus on the blockchain,50

these payments can be finalised almost instantaneously since they only involve exchanging51

signatures between the two parties. As such, with only a constant number of blockchain52

transactions, any two users can make an unbounded number of off-chain transactions in53

the payment channel, consequently increasing the overall transaction throughput of the54

blockchain.55

A PCN is a network of payment channels and users, where two users that are not directly56

connected to each other with a payment channel can still transact with each other in a57

multi-hop fashion over a path of payment channels. To incentivize intermediary nodes on58

payment paths to forward payments, PCNs allow these intermediary nodes to charge a small59

transaction forwarding fee that is typically linear in the transaction amount. Two of the most60

notable examples of PCNs are Bitcoin’s Lightning Network [25] and Ethereum’s Raiden [2].61

Apart from joining a PCN in order to transact efficiently with other users, a secondary62

consideration for users in PCNs is to whom they should establish channels and at which63

capacities, as well as which transactions then to select for forwarding. Aside from the64

opportunity cost of rejecting to forward transactions and thus missing out on the revenue65

from transaction fees, users in PCNs also incur a cost whenever channels are created (the66

on-chain transaction fee) as well as when additional capacity is injected into the channel.67

As such, although it is tempting to accept to forward all transactions and thus profit from68

the transaction fees, doing so would quickly deplete the nodes’ capacity on their incident69

channels. A crucial optimisation problem that intermediary nodes in transaction paths would70

therefore have to consider is deciding which transactions to accept and which to reject, given71

a minimal injection of capacity into their channel.72

In this work, we study the problem of both optimal topology design and transaction73

selection over a PCN. The input to the problem is a sequence of transactions and a set74

of p coordinating parties. Each transaction in the sequence is of a certain amount, and is75

associated with a source and target from the set of parties. The problem then proceeds in76

two stages: in the first stage, the goal is for the p parties to decide jointly on a PCN topology77

over themselves. Each created channel in this stage incurs both a fixed channel creation cost78

as well as a capacity cost that depends on the amount of funds injected into the channel.79

The second stage involves processing the transactions in the transaction sequence, either80

accepting or rejecting them (and in so doing incurring a rejection fee) along the created81

paths in the network. The goal is to create a network and inject enough capacity into each82

channel such as to maximise the number of transactions accepted while incurring the least83

amount of cost (see the cost model in Section 2 for more details).84

1.1 Related work85

To the best of our knowledge, our work is the first to consider the problem of designing an86

optimal PCN topology for optimising the problem of transaction selection in PCNs. Our87

work is closely related to the work of [27] which considers a similar problem over a single88
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payment channel and shows that the problem of deciding which transactions to accept or89

reject over a single channel is already NP-hard. The main open question of [27] is how90

to extend their proposed algorithm from a single channel to an entire network. Our work91

addresses this problem by proposing a solution for network design as well as algorithms for92

optimally accepting or rejecting transactions along paths in a network. Our work is also93

related to the works of [4, 7] which consider a similar problem of transaction selection but in94

the online setting and also limited to a single channel. Additionally, the works of [15, 16]95

also study minimal-cost PCN topologies, but do not consider the complementary problem of96

transaction selection.97

Another related line of research is network creation games on cryptocurrency networks [5,98

6, 14]. These works study how a node should connect to an existing cryptocurrency network99

in a stable and optimal way, optimising the utility of the single node in a unilateral fashion.100

In contrast, our work proposes a method of creating a network among any number of nodes101

such as to jointly minimise the cost (over all nodes) of network creation and processing102

transactions.103

A crucial assumption in our model is coordination between the interested parties in104

creating the network during the network creation stage. We stress that this is not an105

impractical assumption and several works have made similar assumptions [5, 6, 7] where106

optimal behaviour is analysed in the setting where some or all involved parties cooperate107

and create certain network topologies together.108

Further upfield but also related are works analysing the consensus number of a cryp-109

tocurrency [19, 21]. The transactions studied in our work, and in general the sequential110

nature of layer 2 transactions on PCNs, have consensus number 1, implying that expensive111

consensus protocols are unnecessary in such settings. Additionally, our work is also related112

to the classic works on theory of contention management in transactional memory [3, 17, 18].113

More generally, our work is related to optimising flows and throughput in typical capaci-114

tated communication networks [9, 26]. However, we stress a crucial difference between our115

problem and problem over traditional communication networks: in traditional communication116

networks, the capacity is usually independent in the two directions of the channel [20]. In our117

case, the amount of transactions u sends to v in a channel (u, v) directly affects v’s capability118

to send transactions, as each transaction u sends to v increases v’s capacity on (u, v).119

1.2 Main challenges and our contributions120

We generalise the model of processing transactions over a single channel proposed in [27] to121

an entire network. The first challenge in shifting from optimising processing transactions122

from a single channel to a network is deciding on the optimal network topology among the123

cooperating parties. Here, we show in Theorem 2 in Section 3.2 that the star graph of size p124

is a 2-approximation of the problem of creating an optimal PCN over p parties.125

Once the optimal topology is decided, the next challenge would be to decide on which126

transactions to accept to forward, given that transactions have to be accepted along the127

entire payment path. In this setting, we leverage the star topology to generalise the existing128

single channel algorithm in [27] to get an algorithm for transaction selection optimisation in129

the star. Our main algorithm in this setting is described in Section 4 and we prove that it is130

an O(p) approximation of the weighted transaction selection problem in general graphs.131

We describe another algorithm in Section 5 that has an improved approximation ratio132

of O(√p) (see Theorem 10) for the transaction selection problem in general graphs. To133

achieve this approximation ratio, we adopt an additional realistic and reasonable assumption134

on the distribution of transactions in the transaction sequence. Namely, we assume that135
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4:4 Topology Optimization and Transaction Selection in PCNs

transactions are clustered, following a stochastic block model.136

Finally, we augment our theoretical analysis with a case study of the Lightning Network137

in Section 6. Using simulations, we find that the network statistics correspond to and thus138

justify our transaction distribution assumptions.139

2 Model140

Payment channels. A unique aspect of our problem is that we optimise the selection of141

weighted transactions over payment channels. Payment channels can be formally modeled as142

edges that satisfy the following three properties:143

1. The capacity or weight of a channel (u, v) is the sum of the initial capacities bu and bv144

injected into the channel by users (or nodes) u and v. The capacities bu and bv correspond145

to the initial amount of funds that users u and v choose to inject into the channel during146

channel creation.147

2. Given a capacitated channel (u, v) with weight w, the weight or capacity can be arbitrarily148

split between both ends of the channel depending on the number and weight of transactions149

processed by u and v. That is, bu and bv can be arbitrary as long as bu + bv = w and150

bu, bv ≥ 0. For instance, given a payment channel (u, v) with an initial capacity split151

of bu and bv, if u sends a payment of amount x to v, the capacity on u’s end of the152

channel drops to bu − x and the capacity of v’s end increases to bv + x after processing153

the transaction. See Figure 1 for more examples of how the capacities on each end of a154

payment channel can vary in the course of processing transactions.155

3. The total capacity of a payment channel is invariant throughout the lifetime of the channel.156

That is, it is impossible for nodes to add to or remove any part of the capacity in the157

channel. In particular, if a node is incident to more than one channel in the network, the158

node cannot transfer part of its capacity in one channel to “top up” the capacity in the159

other one.160
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Figure 1 The diagram on the top shows the outcome of processing a transaction of size 2 going
from A to D along the path (A, B, C, D) in the graph. The diagram on the bottom shows the
outcome of processing a transaction of size 5 from A to D. The transaction has to be rejected as
the size of the transaction is larger than the sum of the capacities of C in the channel (C, D) and
either A or E in the channel (A, F ) or (E, D) respectively.

Payment channel network. We model a PCN as a weighted, undirected graph G = (V, E)161

where the vertices or nodes of G are users in the PCN and the edges of G are payment162
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channels between nodes. We denote the capacity of a channel (u, v) ∈ E as wu,v, and the163

capacity of nodes u and v on the channel (u, v) as bu,v and bv,u respectively.164

Transaction sequence. Let V denote a set of nodes (parties). We denote a finite ordered165

sequence of transactions over V by Xn = ((s1, t1, x1), . . . , (sn, tn, xn)), where si, ti ∈ V166

represents the sender and target of the ith transaction respectively and xi ∈ R+ represents167

the weight or size of the ith transaction.168

Processing transactions in PCNs. Let G = (V, E) be a connected PCN with some capacity169

over all of its channels. Let Xn be a sequence of transactions over V . Consider the ith element170

of the sequence (si, ti, xi) and suppose the transaction travels over some path πi = (si, . . . , ti)171

from the ith sender to the ith target. Let us call the first node along each channel in the172

path πi the forwarding node. Each forwarding node in the path πi can choose to do the173

following to the transaction:174

Accept transaction. For a forwarding node u in a channel (u, v) ∈ πi, node u can175

accept to forward the transaction if their capacity in (u, v) is at least the size of the176

transaction.177

Reject transaction. Node u can also reject the transaction. This could happen if u’s178

capacity is insufficient, or if accepting the transaction would incur a larger cost in the179

future. For a transaction of weight x, the cost of rejecting the transaction is f · x + m180

where f, m ∈ R+. Apart from incurring some cost, rejecting a transaction does not alter181

the capacity distribution on both ends of the channel (see the diagram on the bottom182

of Figure 1 for an example of rejecting a transaction).183

We note that node v does not need to take any action nor incur any cost when transactions184

are going in the direction of u to v along a channel (u, v). Finally, we stress that decisions185

on each channel in a transaction path need to be the same.186

Problem definition. Suppose we have p coordinating parties that want to come together187

to create a PCN that allows the processing of transactions between themselves. The input188

to the problem is a transaction sequence over the p coordinating parties. The problem then189

proceeds in 2 stages. The first stage of the problem is the network creation stage, where190

the p parties have to firstly decide on a PCN topology over themselves. Once the PCN has191

been created, the second stage of the problem is transaction selection, where the network192

topology created in stage 1 determines the path the transactions travel over. In this stage of193

the problem, the parties need to decide whether to accept or reject each transaction in the194

sequence.195

Hardness. We know from [27] that the transaction selection problem over a single channel196

is NP-hard. Our problem includes p > 2 parties and we also need to find the optimal network197

topology over these p parties (for two parties, it is only a channel). This means that our198

problem is at least as hard as the problem on a single channel, and hence NP-hard as well.199

Objective and costs. We consider three types of costs faced by the p parties:200

1. Channel creation costs. We assume creating each channel incurs a fixed auxiliary cost201

of k > 0.202

2. Capacity costs. For each channel (u, v) created between parties u and v, the capacity203

cost of (u, v) is the sum of the capacities bu,v, bv,u injected by u, v into the channel.204

3. Rejection costs. These are costs incurred during transaction selection when a party205

rejects a transaction.206
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4:6 Topology Optimization and Transaction Selection in PCNs

The total cost incurred by the parties is the sum (over all channels in the PCN and transaction207

decisions) of channel creation, capacity, and rejection costs. The objective of the p parties208

is to create a PCN over themselves and output the decisions for each transaction in the209

sequence such that the total cost is minimised.210

3 Accepting all transactions211

We begin our investigation of transaction selection over general graphs by first considering212

the problem a restricted setting where all transactions in the input transaction sequence213

need to be accepted. In this setting, the total cost consists only of channel creation and214

capacity costs. We also assume here that we know the optimal PCN topology among the p215

parties, which we denote by G = (V, E).216

3.1 Linear program for a set of channels217

We present a linear program (LP) that, for a given set of channels, computes the optimal218

capacity that the parties need to lock into the channels of the network in order to accept all219

transactions in the sequence. Indeed, if the channel creation cost k is small or if we want to220

know a lower bound for our problem, we can assume the optimal graph G is complete. For a221

node v ∈ G, let Ne(v) denote its neighbours. Let Sv denote the total balance of node v in222

the graph, which is simply the sum of its balances on all its incident channels. For a channel223

(u, v) ∈ E, we denote the balance of node v (resp. u) after processing the ith transaction in224

the sequence by bi
v,u (resp. bi

u,v), and we also denote the total balance of v after processing225

the transaction by Si
v. Let AC(S, G) denote the optimal capacity cost for the graph G where226

every transaction in Xt is accepted. That is, the total capacity injected into the channels of227

the graph G.228

Before describing the LP, we define a difference function δv(s, t) between a source s and229

target t in a transaction path:230

δv(s, t) =


1 v = t and v ̸= s

−1 v = s and v ̸= t

0 otherwise
231

This function will be used in the LP to maintain the invariant that processing a transaction232

can only affect the total balances of the source and target nodes in the transaction path, but233

the total balance of every other node in the graph must not change.234

Given G and a transaction sequence S := ((π1, x1), . . . , (πn, xn)) over G, we construct235

the following LP.236

minimise
∑

(v,u)∈E

wv,u237

∀v, u, i : wv,u = bi
v,u + bi

u,v238

∀v, i : Si
v =

∑
u∈Ne(v)

bv,u239

∀v, i, (si, ti, xi) : Si
v − δv(si, ti)xi = Si−1

v240
241

For the sequence of transactions S and graph G, we denote the solution of the LP with242

the respective parameters by LP (S, G). The following lemma (with proof in Appendix A.1)243
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proves that the solution of the LP is a lower bound on the capacity cost of the problem in244

the setting where all transactions are to be accepted.245

▶ Lemma 1. Given the sequence of transactions S, we have LP (S, Kp) ≤ AC(S, G).246

3.2 Star as a 2-approximation247

Although the capacity cost for the setting where all transactions are accepted is lowest in the248

complete graph Kp, the complete graph has Θ(p2) edges. Thus, depending on the auxiliary249

channel creation cost k, the cost of creating Kp as well as injecting sufficient capacity into250

all channels of Kp might be large.251

As a useful heuristic, we observe from the proof of Lemma 1 that the capacity cost is252

related to the diameter of the graph: the smaller the diameter, the lower the cost. Thus, a253

useful class of graphs to look at for the network creation stage of the problem are graphs254

that have both a small diameter and a small number of channels. An example of a graph255

that simultaneously satisfies both of these requirements is a star. In a star, one central node256

is connected by a channel to all other nodes. Thus, the star has a small diameter of 2, and257

p− 1 channels, which is minimal for a connected graph over p nodes. We denote the star on258

p nodes as K1,p−1.259

We first observe that for the star, it is easy to compute a lower bound on the amount of260

capacity required in the setting where all transactions are accepted. This is due to the fact261

that between any two nodes u, v in a star, there is only one unique path channeling u and v,262

rendering transactions unsplittable. The capacity on the channel between any node v and the263

centre of the star c, wv,c, has to therefore be larger than maxj,k≤n |
∑

si,ti,xi|k≤i≤j δv(si, ti)·264

xi|, as this quantity captures the largest difference in the balance between both users of the265

channel.266

We now show in Theorem 2 that we can upper bound the optimal capacity cost on the267

star. The proof of Theorem 2 is in Appendix A.2.268

▶ Theorem 2. For every graph G over p nodes, and any graph G′ with diameter d, the269

following inequality holds270

AC(S, G′) ≤ d ·AC(S, G) .271

▶ Corollary 3. For every graph G over p nodes, and graph K1,p−1, the following inequality272

holds273

AC(S, K1,p−1) ≤ 2 ·AC(S, G) .274

With these insights, we restrict the network created among the p parties during the275

network creation stage of the weighted transaction problem to a star in Section 4, and a star276

of stars (of diameter 4, see Figure 3 for an example) in Section 5.277

4 A general setting approximation algorithm278

We now present an approximation algorithm for the general setting where transactions can be279

either accepted or rejected. We first reiterate that from Theorem 2 we can restrict ourselves280

to the star graph at the network creation stage of the problem, and in doing so incur twice281

as much capacity cost as the optimal capacity cost. Given that the channel creation cost for282

the star topology is fixed at k(p− 1), the focus of our algorithm in this section is to come up283

with capacities that should be injected on both ends of each channel as well as a sequence of284

transaction decisions so as to minimise the capacity and rejection costs.285
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4:8 Topology Optimization and Transaction Selection in PCNs

4.1 LP for a star286

We describe a LP that minimises the capacity cost as well as rejection cost over transactions287

going between any two leaf nodes in the star. This LP is a relaxation of the general problem,288

where we allow some transactions to be accepted fractionally. That is, for a transaction of289

size xi, the LP does not have to accept the full transaction amount, but can accept some290

portion yi such that 0 ≤ yi ≤ xi. Let us call transactions for which yi = xi in the LP solution291

fully accepted transactions.292

Let c denote the central node of the star. For a leaf node v and i ∈ N, we use Cv,i and293

C ′
v,i to denote the capacity at the channel (v, c) after processing the i-th transaction on the294

side of v and c respectively. Let Cv denote the total capacity of the channel (v, c). We can295

now formulate the LP as follows:296

minimise
∑

u

Cu +
∑

i

f(xi − yi) + m(xi − yi)
xi

(1)297

∀i :0 ≤ yi ≤ xi298

∀(v, u, xi) :Cv, Cu ≥ xi299

Cv,i = Cv,i−1 − yi300

C ′
v,i = C ′

v,i−1 + yi301

C ′
u,i = C ′

u,i−1 − yi302

Cu,i = Cu,i−1 + yi303
304

▶ Lemma 4. The total cost of the star LP solution is a lower bound on the total cost of the305

optimal solution.306

Proof. The proof follows from the observation that the optimal integer solution is also a307

feasible solution for the LP. ◀308

▶ Remark 5. The solution of the LP assumes that the capacity cost and the transaction309

rejection cost are equally large, i.e., we cannot aggressively optimise for one objective while310

neglecting the other. An implication of this which motivates the design of our algorithms311

in the following sections is that our algorithms should infrequently reject fully accepted312

transactions, as these are transactions that do not incur any rejection cost and also change313

the distribution of the capacity along channels in a more optimal way.314

4.2 An O(p) approximation algorithm315

Algorithm for a single channel. We summarize an algorithm from [27] that solves the problem316

for a single channel, which we will call the channel algorithm. The channel algorithm first317

approximates the capacity to be injected into the channel. Next, the channel algorithm solves318

a LP (similar to Equation (1)). Given the solution of the LP, we denote by Cu and Cv the319

minimal capacity needed on each end of a channel (u, v) to mimic the (fractional) transport320

of transactions as dictated by the LP. In addition to Cu and Cv, the channel algorithm321

allocates additional capacities on each end of the channel, which we call reserves, and denote322

them by Ru and Rv. These reserves are mainly used to ensure that all transactions that323

are fully accepted by the LP are also accepted by the channel algorithm (a consequence324

of Remark 5).325
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Extending the channel algorithm to a star. We describe our algorithm that extends the326

channel algorithm over 2 nodes to a star K1,p−1 with central node c in Algorithm 1. The327

key idea behind our algorithm is to first use the LP as described in Equation (1) to fix328

initial capacities on each end of the channel for every channel in the network (for instance329

the capacity Cv for v in (v, c) in Figure 2). We also provide each leaf with p− 2 additional330

reserves (to process transactions for each other leaf). For each leaf pair u and v, let M denote331

the smallest change in the capacity as specified by the output of the LP after all interactions332

between u and v. The additional reserve Rv
u of u for processing transactions of v would then333

be of size
√

3
2 M (similarly for v). We leave details of Algorithm 1 to Appendix B.1.334

Cv

Ru
v

Rw
v

y1 x1 − y1
v u

. . .
accept

v w
. . .

x1

x2

y2 x2 − y2

Cv

Ru
v

Rw
v

Cv

Ru
v

Rw
v

Cv

Ru
v

Rw
v

reject

Figure 2 Movement of capacities and reserves from the perspective of node v in a star with centre
node c and 2 other leaf nodes u and w. Cv represents the capacity as specified by the output of the
LP. Ru

v and Rw
v denote the reserves stored by v to process transactions from u and w respectively.

The rightmost column represents the capacities and reserves of v after processing the transaction.

The next theorem shows that Algorithm 1 is an O(p) approximation of the optimal cost335

on a star. The proof of Theorem 6 is in Appendix A.3336

▶ Theorem 6. Given the transaction sequence Xt, let C be the optimal capacity cost and R337

the optimal rejection cost on a star. Then Algorithm 1 run for every pair of nodes incurs a338

rejection cost of at most (
√

3 + 1)R and capacity cost of at most (1 + (p− 1) ·
√

3)C.339

In the next section, we show that if we impose some reasonable assumptions on the340

distribution of the input transaction sequence in our model, we can design an algorithm with341

a significantly lower approximation ratio of O(√p).342

5 An improved algorithm using the stochastic block model343

Stochastic block model. In reality, users typically interact with each other in a structured344

manner, resulting in spatial and temporal locality. For example, if two nodes that previously345

transacted with each other are more likely to transact again in the near future. Our model for346

how nodes interact and send transactions to each other is the stochastic block model [22], in347

particular, the planted partition model [10]. The stochastic block model is a generative model348

to create random graphs where nodes are partitioned into clusters (blocks). See Appendix C.1349

for more details on the stochastic block model.350

Clustering. We now define the way nodes are partitioned into clusters given an input351

sequence of transactions. Given an input transaction sequence over a network, we say that the352

nodes are (m, k, t)-clustered if there exists a partition of nodes to m clusters C1, C2, . . . , Cm353

where each cluster has size at most k and the clusters satisfy the following clustering354

conditions:355
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Algorithm 1 Modified channel algorithm
Input: nodes u and v, transaction sequence Xt, solution of LP indexed by i:Cu, C ′

u, Cv, C ′
v.

Output: decisions to accept or reject for transactions between u and v

1: M ← min(Cu,0 + C ′
u,0, Cv,0 + C ′

v,0)
2: Ru =

√
3

2 M , Rv =
√

3
2 M

3: H ← CreateHeap()
4: for i ∈ [t] do
5: if xi is transaction from u to v then
6: if Ru − (xi − yi) ≥

√
3−1
2 M then

7: xi ← Accept
8: Ru, Rv = Ru − (xi − yi), Rv + (xi − yi)
9: else if yi

xi
<

√
3√

3+1 then
10: xi ← Reject
11: Ru, Rv = Ru + yi, Rv − yi

12: else
13: xi ← Accept
14: Ru, Rv = Ru − (xi − yi), Rv + (xi − yi)
15: AddToHeap(H, xi)
16: if Ru < 0 then
17: while Ru <

√
3−1
2 M do

18: xj ← PopHeap(H)
19: xj ← Reject
20: Ru, Rv = Ru + xj , Rv − xj

21: if Ru ≥
√

3−1
2 M then

22: EmptyHeap(H)

1. The volume (sum of sizes of transactions) of transactions inside the cluster is t-times the356

volume of transactions that go outside the cluster. That is,357 ∑
(sj ,tj ,xj)|sj ,tj∈Ci

xj ≥ t ·
∑

(sj ,tj ,xj)|sj∈Ci and tj ̸∈Ci

or sj ̸∈Ci and tj∈Ci

xj358

2. For every S ⊂ Ci such that |S| ≤ Ci

2 , the volume of transactions between S and Ci \ S is359

at least |S|
4|Ci| the volume in the cluster Ci. That is,360

|S|
4|Ci|

∑
xj inside Ci

xj ≤
∑

xj between Ci\S and S

xj361

3. For every S ⊂ Ci, the ratio of volumes of transactions from S and Ci \ S is at least 1
3 .362

That is,363 ∑
xj :Ci\S→S xj∑
xj :S→Ci\S xj

≥ 1
3 .364

These conditions need to be satisfied for every cluster Ci and any contiguous subsequence of365

transactions involving Ci (i.e., source or target in Ci) with volume at least Ci · xmax, where366

xmax is the weight of the biggest transaction in the input transaction sequence. In the rest367

of this section, we assume that given an input sequence of transactions, the nodes can be368
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(√p,
√

p, 24√p)-clustered. Looking ahead, this allows us to design an algorithm that gives us369

an O(√p) approximation of the optimal cost. In the general case, for an (m, k, t)-clustering,370

for any t ≥ 24√p, we have an O(m + k) approximation (by a similar analysis).371

Double star. We define a double star as a graph of diameter d = 4 with one central node,372

some middle nodes, and some leaf nodes. The central and middle nodes create a star and373

the leaf nodes are connected to only one middle node, forming a cluster (see Figure 3 for an374

example with 6 clusters). In each cluster, the leaf nodes are connected to the middle node375

in a star topology. In our setting, given our aforementioned assumption on (√p,
√

p, 24√p)-376

clustering, parties create a double star network topology during the network creation stage,377

where each cluster represents a group of nodes of size √p that interact frequently with each378

other.379

c

Figure 3 Double star graph with 6 clusters in the dashed boxes. The node labelled c is the centre
node, and the middle nodes are the square nodes.

5.1 An O(√p) approximation algorithm380

Main ideas. We describe our algorithm that gives an O(√p) approximation of the optimal381

cost of the problem in Algorithm 2. On a high level, Algorithm 2 consists of two main ideas.382

The first idea is to again formulate and solve an LP on a double star to get the amount of383

capacities nodes should inject on their ends of their incident links. This LP is similar to the384

LP for a star described in Equation (1) and we detail it in Appendix C.2. From Theorem 2,385

we know that the capacity cost of the double star is at worst a 4-approximation of the optimal386

capacity cost.387

The second idea is to split the processing of transactions into processing transactions388

between clusters and processing transactions within clusters. Here, we use the specific double389

star topology to ensure that we can apply Algorithm 1 (for processing transactions on a390

single star) to process transactions between clusters as well as within each cluster. Finally,391

we use our clustering assumptions to allocate enough reserve capacity for each cluster to392

ensure that we can always shift the reserve capacities within a cluster from nodes with high393

to low reserves. This ensures that each node always has sufficient reserve capacity to align394

the decisions on their transactions (whether to accept or reject) as closely as possible to the395

ideal decisions as output from the linear program.396

Processing transactions between clusters. After running the linear program for the double397

star, let us rewrite each transaction in the sequence as (s, t, xi, yi), where s is the source node,398

t is the target node, xi is the weight of the transaction, and yi denotes the fractional amount399

of the transaction accepted by the solution of the linear program. For processing transactions400

between clusters, we look at the star created by the centre and middle nodes of the double401

star and treat these transactions as going only between these middle nodes. In Algorithm 2,402

DISC 2025



4:12 Topology Optimization and Transaction Selection in PCNs

Algorithm 2 Approximation algorithm for clustered nodes.
Input: Sequence of transactions Xt with LP solution, clustering C = {C1, C2, . . . }
Output: Decisions to accept or reject transactions

1: Xi ← BetweenClusters(Xt, C)
2: Si ← Solve(Xi)
3: for C ∈ C do
4: XC ← BalanceInCluster(Xt, Si, C)
5: SC ← Solve(XC)
6: return Si ∪ Sb ∪ (

⋃
C∈C XC)

this is handled by the function BetweenClusters which selects only transactions that go403

between clusters and treats clusters as a single node. As this becomes processing transactions404

on a star, this allows us to use Algorithm 1 to process transactions between different clusters.405

In Algorithm 2, this is handled by the function Solve(X) in line 2 in Algorithm 2 which406

outputs the decisions using Algorithm 1 for every pair of nodes. Recall that Algorithm 1407

also gives us an upper bound on the reserve capacity requirement for each cluster (middle408

node): for each middle node, we require reserves of size O(√pM), where M is the maximum409

of the capacity of the channel between the middle node and the centre of the double star c410

and the capacities of the channels between the middle node and the leaf nodes in its cluster.411

We call these reserves cluster reserves.412

Processing transactions within clusters. Before processing transactions that go between413

nodes in a cluster, it is imperative that the cluster reserves are first shifted around within414

the cluster to ensure each leaf node in the cluster has enough reserves to process their415

between-cluster transactions (line 2 in Algorithm 2). This is handled by the function416

BalanceInCluster (described in Algorithm 5 in Appendix C.3), which modifies the417

solution of the double star LP such that cluster reserves are transferred from well-funded418

to depleted nodes. Finally, after balancing the reserve capacities, Algorithm 2 treats each419

cluster as an independent star graph and uses Algorithm 1 to process transactions within each420

cluster (function Solve in line 5). Using Algorithm 1 imposes a reserve capacity requirement421

of O(√pM ′) times the capacity for every leaf node, where M ′ is the capacity of the channel422

between the leaf node and the middle node.423

Properties of balancing reserve capacities. We now prove several important properties of424

transporting reserve capacities within clusters as specified by BalanceInClusters, ensuring425

the correctness of BalanceInClusters. First, Lemma 7 states that we can modify the426

solution of the linear program (i.e., the fractional amount of transactions accepted by the427

linear program) to move the reserves capacities from the source s to target t, see Figure 4.428

From the statement of Lemma 7, we note that the only transactions that do not allow moving429

reserves are transactions that are fully accepted (yi = xi) or rejected (yi = 0). Then, we430

quantify how much capacity we can move from one set of nodes to another in Lemma 8.431

Lastly, we show in Lemma 9 that we can always transport some reserves between any two432

sets of nodes. We defer the proofs of these lemmas to Appendices A.4–A.6.433

▶ Lemma 7. If there is a transaction (s, t, xi, yi), we can change it to434

(s, t, xi, yi + α) to simulate moving α reserves from s to t, and435

(s, t, xi, yi − α) to simulate moving α reserves from t to s.436
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Cv

Ru
v yi xi − yi

Cv

Ru
v

yi + α xi − (yi + α)

Cv

Ru
v

Cv

Ru
v

α Cv

Ru
v

RC`
v

RC`
v

RC`
v

RC`
v RC`

v

Figure 4 Movement of capacities, reserves and cluster reserves when accepting a transaction
xi from v to u where v, u ∈ Ci for some cluster Ci. The case on the top represents the typical
movement of capacities and reserves when accepting xi. The case on the bottom represents the
treatment of the reserves (and cluster reserves) when the change in cluster reserves (RCℓ

v ) is involved.
The highlighted reserves are on v’s side of the channel between v and the middle node. Similar
changes are made on u’s side of the channel between u and the middle node

▶ Lemma 8. Let S be a set of nodes that is connected to Ci \ S for some cluster Ci by437

volume of at least 6|S| ·M . Then at least |S|M volume can be moved from S to Ci \ S.438

▶ Lemma 9. Let X ′
t be a subsequence of transactions where transactions incident to Ci have439

volume at least tr ≥ M , then Algorithm 5 can transport at least tr from any set of nodes440

S ⊂ Ci to any other set T ⊂ Ci. The LP solution is modified by volume at most O(√p · tr).441

We now have the requisite ingredients to state and prove (in Appendix A.7) the main442

theorem of this section.443

▶ Theorem 10. Algorithm 2 is O(√p) approximation of the problem where given a transaction444

sequence, the nodes are (√p,
√

p, 24√p)-clustered.445

We also get the following corollary as a direct consequence of the proof of Theorem 10.446

▶ Corollary 11. Given (m, k, t)-clustered transaction sequence where t ≥ 24√p, Algorithm 2447

is O(max(m, k))-approximation of the problem.448

Finally, we end this section with two observations. The first observation effectively states449

that our algorithm just needs to focus on the total volume of partially accepted transactions450

and can ignore the volume of fully accepted and rejected transactions. The second observation451

allows us to further reduce the approximation ratio if we assume clustering of a larger depth.452

Practical relaxations. We observe that the proof of Theorem 10 requires a condition453

on the partially accepted transactions (these are transactions which satisfy 0 < yi < xi).454

However, we stress that the volume of fully accepted or rejected transactions can be arbitrary.455

Moreover, in every cluster, the middle node can interact with other clusters arbitrarily and456

this also does not affect the proof of Theorem 10.457

Hierarchical clustering. We can use a similar idea to further reduce the approximation458

ratio if we assume that within each cluster the clusters themselves are also clustered. Namely,459

we first treat the top-level clusters as nodes and solve the problem as outlined by Algorithm 1.460

Then, we have some transactions pre-accepted or pre-rejected and we now shift the focus to461

the next level clusters. If these next-level clusters consist of other clusters, we treat them462

again as nodes. We do this recursively until we reach the lowest-level clusters and then463

use Algorithm 2 to solve the problem within the lowest-level clusters. Note that we require464
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the strength of the clustering to be bigger in order to achieve a similar approximation ratio in465

this setting. Nevertheless, assuming the nodes satisfy sufficiently strong clustering conditions,466

we can achieve an approximation ratio of O(p 1
3 ) for two nested clusterings, and, in general,467

O(p
1

k+1 ) for k nested clusterings (if the nodes in clusters are well distributed). We stress468

that although hierarchical clustering allows us to achieve a stronger approximation factor,469

it also comes with additional structural assumptions. However, we believe there are strong470

use cases of hierarchical clustering, for instance using a payment channel network to handle471

payments among users in a large company. The clusters would naturally follow the clustering472

of users into divisions and sub-divisions, with the head of each division being the centre of473

the star in their corresponding cluster.474

6 Case study: the Lightning Network475

To justify our transactions distribution assumption in Section 5, we perform an empirical case476

study of the largest and most commonly used PCN: Bitcoin’s Lightning Network. Specifically,477

the research question we want to investigate is the following:478

Are transactions in the Lightning Network clustered according to the clustering conditions479

stated in Section 5?480

To address this question, we obtained the latest snapshot (dated September 2023) of the481

Lightning Network from the Lightning Network gossip repository [1]. We further restrict our482

examination to the largest connected component which contains 20, 348 users and 310, 657483

channels. Figure 5 shows the distribution of degrees in the largest connected component,484

where a large number of nodes (∼ 10%) are of degree ≤ 2.485

Estimating the source and target of transactions. The main challenge in extracting486

transactions data from the Lightning Network is that the Lightning Network, by design,487

only provides information about the costs of transactions across channels, but does not488

provide information about transactions between users. Nevertheless, it is reasonable to489

assume that transactions between users are related to the channel capacities that connect490

them. Furthermore, we are mainly concerned with finding out if the clustering conditions491

hold for transactions between ordinary users with low degrees rather than between, e.g.,492

large payment hubs with high degrees. We hence propose the following methodology: we493

first remove high degree nodes (i.e., nodes with degree ≥ 3) in the network and connect494

their neighbours to each other. Let us denote this resulting reduced network by G. In G,495

we assume nodes that are directly connected to each other transact with each other. Our496

methodology of generating the reduced network G is detailed in Algorithm 4.497

Estimating the volume of transactions. Recall that a crucial clustering condition is498

that the volume of transactions that stay within a cluster is larger than the volume of the499

transactions that go between clusters. However, the privacy principles behind the design of500

the Lightning Network renders such transaction volume information hidden. Thus, a second501

challenge in our setting is extracting estimates of the size of transactions between users. In502

order to estimate transaction volume, we assume that the volume of transactions between503

two connected users in G is inversely proportional to the cost of a transaction. Namely, that504

the volume of transactions between users i and j is 1/(ci,j + 1) where ci,j is the minimum505

cost of sending a transactions of 100 milli-satoshi from i to j.506

Note that the volume of transactions is estimated under the simplifying assumptions that507

all transactions have the same fixed volume, and therefore the cost for a transaction between508

a pair of users is fixed and specified using costH on input.509
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Algorithm 4 Algorithm for estimating the communication network of regular users.

Input: Graph H = (V, E), costH : E → R≥0
Output: Graph G of users and vol assigning volume to its edges.

1: Find the largest strongly connected component C ⊆ H

2: users← {v ∈ C | 1 ≤ deg(v) ≤ 2}
3: hubs← V \ users

4: Eusers ← {{u, v} | u, v ∈ users and N [u] ∩N [v] ∩ hubs ̸= ∅} ∪ E(G[users])
5: G← (users, Eusers)
6: costG(u, v)← costH(u, v) for all {u, v} ∈ Eusers.
7: costG(u, v)←∞ for all u, v ∈ users and {u, v} /∈ Eusers.
8: for all v ∈ hubs do
9: for s1, s2 ∈ users ∩N(v) do

10: costG(s1, s2) = min(costG(s1, s2), costH(s1, v) + costH(v, s2))
11: vol(u, v)← 1/(costG(u, v) + 1) for all u, v ∈ S.
12: return G and vol

We start with the largest strongly connected component of H as it is the largest set of510

users such that any user can send a transaction to any other. Also, to simplify the experiment,511

we assume that the volume of transactions from a user u to another user v is the same as512

the volume of transactions in the reverse order (from v to u).513

This approach of computing costs for each pair of users runs in time linear with the514

number of edges of G. Note that the number of updates of a cost is at most the number of515

edges adjacent to the set users, which is bounded by O(|users|) as the degree of each vertex516

is bounded.517

Results. Figure 6 and Table 1 shows that we obtain 18 clusters with average within-cluster518

transaction volume of 826.1, and between-cluster transaction volume of 4.27. This gives519

us a ratio of 193.2 of within-cluster and between-cluster transactions, which confirms our520

experimental hypothesis.521

Figure 5 Degree distribution of the
nodes in the largest connected compo-
nent of the Lightning Network.

Figure 6 Clustering of the nodes in
the reduced network G. Each color rep-
resents a different cluster.
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Table 1 Details of individual clusters.

Cluster Cluster Size Inside Volume Between Volume Ratio

1 473 47.85 2.73 17.53
2 309 4.32 0.33 13.09
3 136 2.97 0.66 4.5
4 126 33.32 0.29 114.9
5 123 2.18 1.67 1.31
6 118 3.52 0.29 12.14
7 96 715.15 0.33 2167.1
8 76 0.79 0.99 0.8
9 67 0.18 0.12 1.5
10 64 0.12 0.07 1.7
11 59 4.20 0.00 ∞
12 57 0.37 0.13 2.8
13 54 0.65 0.00 ∞
14 54 3.09 0.71 4.35
15 31 1.06 0.04 26.5
16 30 0.22 0.11 2.0
17 25 6.07 0.04 151.8
18 19 0.04 0.04 1.0

7 Conclusion522

In this work, we generalise a model from processing transactions over a single payment523

channel to an entire PCN. To this end, we first define a network creation stage of the problem524

which examines how to create a network with minimal capacity cost, and we show that the525

star is a 2-approximation of the optimal capacity cost. We then propose two algorithms to526

address weighted transaction processing over a network. The first algorithm assumes a star527

topology over the p parties, but apart from that works without any further assumptions on528

the transaction sequence, and gives an approximation ratio of O(p). The second algorithm529

assumes a double star topology and a clustering of the transaction sequence, and gives an530

approximation ratio of O(√p). Finally, we also perform an empirical case study estimating531

transaction information from the topology of the Lightning Network, and our estimates532

suggest that our clustering assumptions regarding the input transaction sequence are close533

to reality.534

We believe our work is an important first step in the direction of designing optimal networks535

and algorithms for transaction processing in PCN. We highlight two interesting directions536

for future work. First, it would be interesting to extend our model and algorithms to the537

online setting, which will also complement the analysis of [4, 7]. Secondly, developing better538

estimates regarding transaction information in real world PCNs would also be paramount to539

developing better optimisation algorithms and heuristics.540
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A Omitted proofs607

A.1 Proof of Lemma 1608

▶ Lemma 1. Given the sequence of transactions S, we have LP (S, Kp) ≤ AC(S, G).609

Proof. We first observe that adding channels to a graph can only decrease the capacity cost610

(adding channels can only make the shortest paths shorter). This means that the capacity611

cost is the lowest for the complete graph, no matter what is the optimal graph topology612

(as computed by minimising the total cost of both capacity and channel creation). The LP613

computes the optimal capacity for the complete graph Kp, which is a superset of every graph,614

including the optimal graph. ◀615

A.2 Proof of Theorem 2616

▶ Theorem 2. For every graph G over p nodes, and any graph G′ with diameter d, the617

following inequality holds618

AC(S, G′) ≤ d ·AC(S, G) .619

Proof. Since for the complete graph Kn, we have AC(S, Kn) ≤ AC(S, G), we simply need to620

show that AC(S, G′) ≤ d·AC(S, G). We modify the solution of the LP for the complete graph621

by adding at most d-times the capacity and prove that this graph processes all transactions.622

We start with graph G′ with zero capacities. For all pairs of nodes v and u, let the623

capacity between them be wv,u. We find the shortest path between them in G′, since the624

diameter is at most d, the length of the path is at most d. Then, we increase the capacity of625

every channel on the path by wv,u. We denote this capacity to a special bucket that will be626

used to process transactions that the LP sends along u, v. At the start at edge k, l, where k627

is closer to v and l is to u, we increase the balance at the k’s side by C0
v,u (and l’s balance is628

C0
u,v), the balance at the edge v, u at the start as given by the LP.629

After we increase the capacities of G′ for every pair of nodes, we process the transactions.630

Any time the transaction of size s was forwarded along some edge u, v, we can transfer s on631

the shortest path between u and v from the bucket on the edge denoted u, v. If the bucket632

for some edge becomes negative, the solution of LP is infeasible.633

By this, we can process all transactions. Since the diameter is at most d, we know that634

the increase in capacity is at most d-times. ◀635

10.1145/3318041.3355461
https://lightning.network/lightning-network-paper.pdf
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A.3 Proof of Theorem 6636

▶ Theorem 6. Given the transaction sequence Xt, let C be the optimal capacity cost and R637

the optimal rejection cost on a star. Then Algorithm 1 run for every pair of nodes incurs a638

rejection cost of at most (
√

3 + 1)R and capacity cost of at most (1 + (p− 1) ·
√

3)C.639

Proof. Every node has p − 1 connections while the size of the channel is viewed as the640

minimum of the two sizes as denoted by the LP. The reserves are
√

3 times that value.641

Moreover, every channel in a star has funds amount as dictated by the LP. Altogether it642

gives 1 + (p− 1) ·
√

3 times of C.643

The algorithm ensures that the in every channel on the right side, there is at least the644

amount prescribed by the LP. This means that all fully accepted (xi = yi) transactions are645

accepted. Moreover, from [27], we know that the rejection cost between two nodes is at most646 √
3 + 1 times the rejection cost of the optimal rejection cost R. Thus, Algorithm 1 incurs a647

rejection cost of at most (
√

3 + 1)R and capacity cost of at most (1 + (p− 1) ·
√

3)C. ◀648

A.4 Proof of Lemma 7649

▶ Lemma 7. If there is a transaction (s, t, xi, yi), we can change it to650

(s, t, xi, yi + α) to simulate moving α reserves from s to t, and651

(s, t, xi, yi − α) to simulate moving α reserves from t to s.652

Proof. Every node has p − 1 connections while the size of the channel is viewed as the653

minimum of the two sizes as denoted by the LP. The reserves are
√

3 times that value.654

Moreover, every channel in a star has funds amount as dictated by the LP. Altogether it655

gives 1 + (p− 1) ·
√

3 times of C.656

The algorithm ensures that the in every channel on the right side, there is at least the657

amount prescribed by the LP. This means that all fully accepted (xi = yi) transactions are658

accepted. Moreover, from [27], we know that the rejection cost between two nodes is at most659 √
3 + 1 times the rejection cost of the optimal rejection cost R. Thus, Algorithm 1 incurs a660

rejection cost of at most (
√

3 + 1)R and capacity cost of at most (1 + (p− 1) ·
√

3)C. ◀661

A.5 Proof of Lemma 8662

▶ Lemma 8. Let S be a set of nodes that is connected to Ci \ S for some cluster Ci by663

volume of at least 6|S| ·M . Then at least |S|M volume can be moved from S to Ci \ S.664

Proof. From the condition 3 of the clustering conditions, we know that at least 2|S|M volume665

moves from the cluster and 2|S|M volume to the cluster. For the sake of contradiction,666

suppose that we can move at most m < |S|M from S to Ci \ S.667

From Lemma 7, we know that we cannot move only on fully accepted transactions from668

S and rejected transactions from Ci \ S. Let m′ be the incoming volume to S that can be669

moved. Then in the subsequence in the solution of LP , S receives m′ volume and gives up670

2|S|M − (m−m′) volume. That means on average it lost at least 2|S|M − (m−m′)−m′ =671

2|S|M −m > |S|M . From the Dirichlet principle, at least one node lost more than M . This672

is impossible since M is the highest capacity in Ci and the solution of the LP ensures that673

for any subsequence the difference is at most M . ◀674
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A.6 Proof of Lemma 9675

▶ Lemma 9. Let X ′
t be a subsequence of transactions where transactions incident to Ci have676

volume at least tr ≥ M , then Algorithm 5 can transport at least tr from any set of nodes677

S ⊂ Ci to any other set T ⊂ Ci. The LP solution is modified by volume at most O(√p · tr).678

Proof. Since there was tr transported, inside the cluster there was at least 24 · tr · |Ci|679

transported, and next to S, there was at least 6tr|S| transported. From Lemma 8, that680

means that at least tr|S| goes away from S to other nodes.681

Let S0 = S and Si be the nodes that we can transport nonzero amount from Si−1.682

Similarly, let T0 = T and Ti be the nodes that we can transport nonzero amount to Ti−1.683

Since the clustering conditions, we have that the size of Si and Ti is increasing if their size is684

at most half of the cluster. That means they intersect at some point.685

We look at the minimum mn that can be transported and we change the transactions686

such that in v the reserves are decreased by mn and in u they are increased by mn. After687

the change, we know that the clustering conditions still hold, now we just need to decrease688

the inequalities by mn. Therefore, we can find the path again. ◀689

A.7 Proof of Theorem 10690

▶ Theorem 10. Algorithm 2 is O(√p) approximation of the problem where given a transaction691

sequence, the nodes are (√p,
√

p, 24√p)-clustered.692

Proof. We are using a double star, which means it is at least a 4 approximation of the693

optimal topology from Theorem 2.694

The algorithm uses Algorithm 1 for every pair of clusters (between middle nodes) to695

accept and reject transactions between them. This incurs cost for additional capacity equal696

O(√p) times the cost of the capacity cost of the LP for the capacity between clusters. The697

rejection cost is at most (
√

3 + 1) times higher than the rejection cost between clusters. All698

of this follows from Theorem 6.699

Next, from Lemma 9, we know that we can transport reserves such that everything700

between clusters is accepted or rejected from the previous algorithm. It changes the values701

of the LP by at most O(√p) times the volume of rejected transactions between clusters.702

Finally, again from Theorem 6, we can solve the problem inside the clusters. This incurs703

capacity cost O(√p) times the capacity cost of the solution inside the clusters. Moreover,704

the cost for rejection is (
√

3 + 1) times the rejection cost in the modified solution of LP (X ′
t).705

The modified rejection cost of solution of LP is the rejection cost of the original solution plus706

at most O(√p) times the rejection cost of transactions between clusters (from Lemma 9).707

Altogether, we get that the algorithm is O(√p) approximation algorithm. ◀708

B Omitted details of star topology solution709

B.1 Modified channel algorithm details710

We now describe the decision making process in Algorithm 1 for transactions going from u to711

v (the other direction is symmetric). Algorithm 1 accepts a transaction as long as the reserve712

Ru is above a threshold (i.e., Ru ≥
√

3−1
2 M , line 6). Accepting a transaction decreases the713

capacities Cu and Rv
u of u by yi and xi−yi respectively (refer to the “accept” case in Figure 2).714

If accepting the transaction would make Ru decrease by too much and the LP demands to715

accept the transaction weakly (i.e., yi

xi
<

√
3√

3+1 , line 9), the algorithm rejects the transaction.716
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Rejecting a transaction from say u to v decreases both Cu and Rv
u of by yi (refer to the717

“reject” case in Figure 2). If the reserve on u’s side after accepting the transaction would be718

too small (i.e., Ru <
√

3−1
2 M , line 17), the algorithm looks at all subsequent transactions719

between u and v in the transaction sequence. It accepts all transactions that increases Ru720

while rejecting weakly accepted transactions from u to v (rejecting them also increases Ru).721

From strongly accepted transactions (i.e., yi

xi
≥

√
3√

3+1 ) from u to v, the algorithm tries to722

accept all of them while simulating the movement of capacities between the reserves until723

either Ru >
√

3−1
2 M or Ru < 0. If Ru >

√
3−1
2 M , then all transactions can be accepted. If724

Ru < 0, the algorithm rejects strongly accepted transactions until Ru >
√

3−1
2 M . The proof725

in [27] shows that doing so maintains the approximation ratio at
√

3 + 1 for the rejection726

cost.727

Algorithm details. The simulating of the reserves is implemented by a heap. The heap is728

empty while Ru ≥
√

3−1
2 M , and when Ru <

√
3−1
2 M it starts to fill up. When Ru < 0, then729

the decision is changed for transactions from the top of the heap until Ru ≥
√

3−1
2 M again.730

Observe that for Algorithm 1 the funds on both sides can shift and the reserves are not731

affected. This allows us to compose the algorithm from pairwise reserves with shared funds732

denoted by the linear program.733

The algorithm describes decisions for the star, so a transaction goes from u to c (star734

center) and then from c to v. That means it needs to traverse two channels. The algorithm735

sees it as only pairwise interaction. Since the decisions for the two channels are always the736

same for both channels (a transaction is either accepted or rejected for both), we can have737

the reserves stored twice, once between u and c, the second time between v and c. The738

value Ru is then the reserves at u in channel u, c and at c in the channel c, v. Both of these739

reserves move in sync.740

C Omitted details of clustering algorithm741

C.1 Stochastic Block Model details742

The planted partition model creates a random graph where nodes are partitioned into clusters.743

Inside a cluster, two nodes are connected with probability q1, otherwise, they are connected744

with probability q2. The planted partition model creates an unweighted and undirected745

graph. Our graph created by the packets is directed, weighted, and temporal. These changes746

call for modification of the planted partition model.747

The biggest change to the model is brought by the temporality. Some edges follow after748

others, we require that all of the conditions hold for some continuous subsequence of edges749

incident to some cluster of bigger size.750

To make the graph weighted, we view q1 and q2 as ratios between volumes of the packets751

between the clusters and inside the cluster. This view is expressed by the condition 1 of the752

clustering conditions.753

To make the graph directed, we allow for arbitrary orientation of the edges with the754

condition that at least 1
3 of the volume needs to be directed in both directions. It is expressed755

by condition 2 of the clustering conditions. Note that 1
3 of the volume can be oriented in any756

direction, no matter the other packets.757

Finally, the condition 2 of the clustering conditions ensures that some volume is incident758

to every node.759

Note that all of the conditions would be satisfied with high probability in the stochastic760

block model. Moreover, there are other conditions that would be satisfied (for instance any761
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two clusters would send packets between each other at the same rate) that we do not require.762

From the above the graph generated by the planted partition model with √p partitions of763

size √p and q2 = 1
p and q1 = 1− q2 satisfies all clustering conditions with high probability.764

C.2 Linear program for double star765

Let the set of leaf nodes be L and the set of middle nodes be M , and c denote the central766

node of the star. For a leaf node u, let M(u) be the middle node corresponding to u’s cluster.767

For a leaf node v and natural number i, we use Cv,i and C ′
v,i to denote the capacity at the768

channel (v, M(v)) after processing the i-th transaction on the side of v and M(v) respectively.769

Moreover let Cv denote the total capacity of the channel (v, M(v)), i.e., Cv = Cv,i + C ′
v,i.770

For a middle node v and i, we use Mv,i and M ′
v,i to denote the capacity at the channel (v, c)771

after processing the i-th transaction on the side of v and c respectively. Moreover, let Mv772

denote the total capacity of the channel (v, c).773

minimise
∑
u∈L

Cu +
∑

u∈M

Mu+ (2)774

∑
i

f(xi − yi) + m(xi − yi)
xi

(3)775

∀i :0 ≤ yi ≤ xi776

∀(v, u, xi) :Cv, Cu ≥ xi777

Cv,i = Cv,i−1 − yi778

C ′
v,i = C ′

v,i−1 + yi779

C ′
u,i = C ′

u,i−1 − yi780

Cu,i = Cu,i−1 + yi781

∀(v, u, xi) between clusters: MM(u), MM(v) ≥ xi782

MM(v),i = MM(v),i−1 − yi783

M ′
M(v),i = M ′

M(v),i−1 + yi784

M ′
M(u),i = M ′

M(u),i−1 − yi785

MM(u),i = MM(u),i−1 + yi786
787

C.3 Algorithm to transport cluster reserves788

Here we detail Algorithm 5, which transfers cluster reserves from well-funded to depleted789

nodes within a cluster, so that the cluster nodes have sufficient reserves to handle transactions790

that go between the clusters.791
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Algorithm 5 Transporting reserves between nodes.
Input: Subsequence of transactions Xt inside one cluster, two nodes v, u, amount A.
Output: Modified Xt such that A in reserves is transported from v to u.

1: procedure Transport(Xt, v, u, A)
2: M ← PathBetween(v, u)
3: mn←MinimumOnPath(M)
4: mn← min(mn, A)
5: for (dir, x, y, xi, yi) ∈M do
6: if dir from v to u then
7: yi ← yi −mn

8: else
9: yi ← yi + mn

10: if A−mn > 0 then
11: Transport(Xt, v, u, A−mn)
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