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Abstract

We present the first Interactive Oracle Proofs of Proximity (IOPPs) for linear-time encodable codes
that achieve \-bit security with linear prover time and oprimal O()\) query complexity. This implies (via
standard techniques) the first IOP for NP with O(n) prover time and O()\) query complexity, and hence
also the first SNARK for NP in the random oracle model with linear prover time and O(\? log n) proof
size.

The technical core of our result is a novel IOPP for tensor codes. Our tensor IOPP leverages error
correction in a novel way to reduce checking proximity of a purported codeword to the tensor code to
checking the proximity of ©(\)-many of its columns to the column code. Our key insight is that it in fact
suffices to just prove that a constant fraction of these new proximity claims hold (as opposed to all of
them). We devise a new lossy batching protocol that provides the foregoing guarantee with just O(\)
query complexity. By combining this tensor IOPP with prior “codeswitching” reductions, we obtain
IOPPs for a large class of linear-time encodable codes.

We complement our IOPP construction with a lower bound that shows that, when proving proximity to
constant-rate codes, one cannot construct IOPPs with query complexity better than O()). This establishes
the optimality of our IOPP’s query complexity.
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1 Introduction

Succinct Non-interactive ARguments of Knowledge (SNARKS) are short cryptographic proofs that can
be verified quickly. They are a key tool in many applications, including the design of concretely efficient
decentralized and distributed systems. Successful deployment of SNARKSs in these applications necessitates
constructions which are efficient in all metrics: prover time, verifier time, and proof size.

SNARKS from IOPs. A standard and popular approach for constructing SNARKSs has been to apply
(a variant of) the BCS transformation [BCS16] to information-theoretic Interactive Oracle Proofs (I0Ps).
SNARKS constructed in this manner enjoy numerous attractive benefits, including plausible post-quantum
security, transparent setup, and avoidance of public-key cryptography, which has made them an attractive
target for deployment in applications. It is thus an important research direction to improve the efficiency of
these SNARKS on all the aforementioned metrics.

Let us examine the factors that determine the efficiency of IOP-based SNARKSs. Let the maximum size of
oracles sent by the IOP prover be n, the prover time of the IOP be Tp = (n), the verifier time be T3, and
the query complexity be q. When aiming for \-bit security, the prover time of the SNARK is T’» plus O(n)
hashes, the verifier time is 7y, plus O(glogn) hashes,' and the proof size is O(\ - ¢ - log n) bits. Improving
these SNARK efficiency parameters thus boils down to improving IOP prover time and query complexity.

IOPPs. In almost all known IOP constructions, these parameters are determined by the efficiency of a
particular underlying component called an Interactive Oracle Proof of Proximity (IOPP) for a linear code
C. IOPs use IOPPs to prove that the prover’s oracles are close to a codeword in C, (and sometimes that the
underlying message satisfies some additional condition). The prover time of such IOPs is determined by the
encoding time of C and the IOPP’s prover time, while query complexity is determined almost entirely by that
of the IOPP. Thus, to improve IOP efficiency (and hence SNARK efficiency), it is crucial to construct IOPPs
that (a) support linear-time encodable codes; and (b) have efficient prover time and low query complexity. We
provide a high-level recap of IOPP constructions, and identify a key open question.

* IOPPs for polynomial codes. FRI [BBHR18] is an IOPP for Reed-Solomon codes with O(Alogn) query
complexity. Subsequent works [BGKS20; BCIKS23; ACFY24; ACFY25] have improved upon FRI by
reducing query complexity, culminating in the recent work of Minzer and Zheng [MZ25] that constructs an
IOPP for trivariate Reed—Muller codes with O(\ + \? log log ./ log® n) query complexity (which is O(\)
for a range of reasonable security parameters).

* IOPPs for linear-time encodable codes. Unfortunately, both Reed—Solomon and Reed—Muller codes
have quasilinear encoding time, and hence the IOP provers which use these require O(n logn) time. Note
that this is the case even when IOPP prover time is linear, since the prover must at least write down the
codeword. To overcome this, recent work [BCG20; BCL22; GLSTW23; BCFRRZ25; NST24; BMMS25]
has constructed IOPPs for linear-time encodable codes with linear-time provers. However, these IOPPs
have worse query complexity: the state-of-the-art [BMMS25] requires Q(\ log logn + logn) queries.

This gap suggests the following open question:

Are there IOPPs for linear-time encodable codes that achieve
linear prover time and O(\) query complexity?

'With the exception of STIR [ACFY24], the verifier time of most IOPs is bounded by O(glogn), and so the corresponding
SNARK’s verifier time is also upper-bounded by O(qlogn).



1.1 Contributions

In this paper, we answer this question affirmatively by constructing an IOPP for all codeswitchable codes
[RR24; BMMS25] with O(n) prover time and O(\) query complexity, when the security parameter A is in
the range [logn, nt/ 3). This class of codes includes several linear-time encodable codes (e.g., RAA codes
[DIM98; BCFRRZ25] and the Brakedown code [GLSTW23]) that have been used in the SNARK literature.’
When used to construct an IOP, our IOPP yields the first (to the best of our knowledge) IOP for NP with O(n)
prover time and O(\) query complexity.

Furthermore, we show that this query complexity is optimal for IOPPs for codes with constant rate, thus
answering a question raised by Minzer and Zheng [MZ25]. We detail our contributions below.

(1) IOPP for codeswitchable codes. We construct an IOPP for multilinear evaluation [BCFRRZ25]. In
such IOPPs, the prover convinces a verifier with oracle access to a purported codeword w € F™ that it knows
a message m € F* such that for an evaluation point z € F1°6* and claimed evaluation y € F (both known to
the verifier), the following claims hold:

d(w,Ence(m)) < dé¢/2 and "(z)=vy ,

where m (X)) is the multilinear extension of m and ¢ is the relative distance of the code. For brevity, in this
work we refer to IOPPs for multilinear evaluation as IOPPs, and defer to Section 1.2 a discussion of other
notions of IOPPs used in the literature.

Our main contribution is the following IOPP for any codeswitchable code.

Theorem 1.1 (informal, Theorem 7.7). Let A be a security parameter, and let C be a codeswitchable code
over a field F of size (2 with block length n. Then there exists an IOPP for C with O(n) prover time,
O(X + log n) query complexity, O(Xlogn) verifier time, alphabet F, and soundness error negl(\).

Our IOPP, and hence IOPs constructed from it, enjoy the following additional desirable properties. First,
our IOPP does not impose any special conditions on the field F beyond its size. That is, it is field-agnostic,
which is desirable in applications which impose their own restrictions on the field.> Next, our IOPP is
round-by-round tree-extractable [BMMS25], which means that it can be used to construct SNARKSs in the
ROM with rewinding knowledge soundness.*

The IOPP in Theorem 1.1 uses a prior codeswitching reduction [BMMS?25] to reduce the claim about
proximity to the codeswitchable code C to a claim about proximity to linear-time encodable tensor code C’
without adding any asymptotic overheads. To complete the construction, we need an IOPP for C’ with the
same efliciency parameters as in Theorem 1.1. We detail this IOPP next.

(2) IOPP for tensor codes. Our main technical contribution is an IOPP for a linear-time encodable tensor
code C’ that achieves the same efficiency parameters as those mentioned in Theorem 1.1. We defer a detailed
technical discussion of our IOPP to Theorem 7.6, but present below a novel underlying technique that we call
lossy batching.

?In more detail, it has been shown that all tensor codes and systematic LDPC codes are codeswitchable. We expect that other
codes of interest such as Reed—Solomon, Reed—Muller, Basefold’s code [ZCF24] and Expand-Accumulate codes [BFKTWZ24] can
also be shown to be codeswitchable.

3For example, Block et al. [BFKTWZ24] note that the circuit that verifies an ECDSA signature on the secp256k1 curve (popular
in blockchains) is /& 25 x smaller when expressed over the native base field of the curve than over a FFT-friendly field.

4Achieving a stronger notion of straightline knowledge soundness for the SNARK would require showing that our IOPP satisfies a
similar straightline notion of round-by-round extractability [BCFW25]. However, our efforts in this direction did not succeed, and it
seems likely that such a result would require new ideas.



(3) Lossy batching. Many IOPPs [AHIV17; GLSTW23; BCFRRZ25; BMMS25], including ours, contain a
step where the prover demonstrates the proximity of £ input codewords to a code by reducing these claims to a
proximity claim about a single output codeword. Unfortunately, existing batching techniques require O(\)
queries to each of the ¢ input codewords, which is too expensive in our construction where £ = O(\).

We overcome this limitation via the following observation: in our construction, it actually suffices to
show proximity for a large (constant) fraction of the ¢ input codewords, as opposed to showing proximity for
all of them. We leverage this observation by developing an interactive reduction that shows how to prove this
relaxed claim with just O(1) queries to each of the ¢ = ©(\) input codewords. To the best of our knowledge
this observation and reduction are novel and may be of independent interest. We present an overview of this
reduction in Section 2.6.

(4) Query complexity lower bound. Minzer and Zheng [MZ25] conjectured that any linear-length IOP
based on error correcting codes must have O(\) query complexity, and this could go down to O(A/ log n) for
polynomial-length IOPs. Since all known constructions of IOPs are obtained via IOPPs, we confirm this by
proving the following lower bound regarding IOPPs for error correcting codes.

Theorem 1.2 (informal, Theorem 8.3). Let IOPP = (P, V) be a perfectly complete IOPP for a linear code C
with block length n and message length k, that has soundness error at most 2> Then, V must make at least

Q(N/log(n/k)) queries to the claimed codeword [w].

Our lower bound indicates that to obtain IOPs with O(n) prover time and o(\) query complexity, we will
have to depart from the approach of proving proximity to error correcting codes.

1.2 Related work

We provide a brief overview of prior work that improves the prover or query complexity of IOPPs, and
compare the efficiency parameters of their IOPPs with ours in Table 1.

There are three main notions of IOPPs, all of which can be used to construct IOPs for NP. In the first
notion considered in the literature, referred to simply as IOPPs, a prover simply convinces a verifier with
oracle access to some w € F" that it knows m € F¥ such that the proximity claim §(w, Ence(m)) < 6¢/2
holds. Such IOPPs are exclusively considered for polynomial codes, with the polynomial structure of the
code allowing the seminal sumcheck protocol [LFKN92] to be used to reduce checks about membership in an
NP language to checking proximity of a purported encoding of the witness to the polynomial code [ACFY?24;
MZ25].

Since none of the known polynomial codes are linear-time encodable, subsequent work has shown that
IOPPs for non-polynomial codes can also be used to construct IOPs for NP [BMMS25, Lemma 9.4]. However,
because such codes do not intrinsically have any polynomial structure, a polynomial-based claim must be
enforced over [w] in addition to the proximity claim to the code. One instantiation of this are IOPPs for
multilinear evaluation, which are the focus of this work.

A third line of work, [ACFY25], presents IOPPs for constrained Reed—Solomon codes, where the prover
convinces the verifier with oracle access to [w] that it knows m € F* such that both the proximity claim
d(w, Ence(m)) < d¢/2 and the following sumcheck-based claim holds:

> foib),b)=0,

be{0,1}logk

for some weight polynomial f(X) € F[Z, X1, X5, ..., Xiog k). Such claims capture multilinear evaluation,
but can also express a rich class of other constraints including inner product claims.



FRI and BaseFold. Ben-Sasson et al. [BBHR18] initiated the study of concretely-efficient IOPPs by
designing FRI, an IOPP for Reed—Solomon (RS) codes that achieves linear prover time, O(\logn) verifier
time, and O(Alogn) query complexity. BaseFold [ZCF24] generalized FRI to work with a larger class of
codes called foldable codes, and showed how to construct an IOPP for multilinear evaluation on top of the
base protocol.

STIR and WHIR. STIR [ACFY?24]is an IOPP for Reed—Solomon codes that improves upon FRI by reducing
the verifier’s query complexity to O (A loglog n + logn) query complexity, but compromises on IOPP prover
time, which is now O(nlogn). WHIR [ACFY25] improves upon STIR in two ways: it incorporates support
for sumcheck-like constraints on the encoded polynomial, which includes multilinear evaluation queries, and
it reduces the IOPP verifier time by eliminating an additive O(\?) term.

IOPPs for Reed—Muller codes. The recent work of [MZ25] constructs an IOPP for Reed—Muller codes with
O(n) prover time, O (/\ + M) query complexity and O(\logn) verifier time. This IOPP is based on

log2 n
line-versus-point tests in the lov%/—soundness regime and only requires O(loglogn) rounds of interaction. We
note that this IOPP is query-optimal only in the regime where A = O(log? n/ loglogn), as opposed to our
IOPP which is query-optimal as long as A = O(n'~7), for some constant v > 2/3. The latter is (much) more
easily satisfied by standard settings of A and n.

Furthermore, their work focuses on proving that their IOPP is round-by-round sound, as opposed to
knowledge-sound, since for efficiently decodable codes like Reed—Muller and Reed—Solomon, knowledge-
soundness follows almost trivially. However, this is not true for several linear-time encodable codes, which
are not known to decodable in polynomial time (such as RAA and Brakedown). Thus, our work takes care in
showing explicitly that our IOPP is round-by-round tree-extractable (RBRTE, see Section 4.4 for details).

Brakedown. For allt > 1, Brakedown [GLSTW23] construct an IOPP for a linear time encodable code
with a linear-time prover and O(nl/ t) verifier time and query complexity. This IOPP makes use of interleaved
codes, and requires ¢ rounds of interaction.

Blaze and BrakingBase. Blaze [BCFRRZ25] and BrakingBase [NST24] constructed the first [OPPs for a
linear-time encodable code that achieve polylogarithmic verifier complexity. Unlike prior works [BCG20;
BCL22; RR24; RR24], they do so without PCP composition. At a high level, both IOPPs reduce the size of
the claim to n/logn using O(Alogn) queries, and then use codeswitching techniques to switch to using
existing IOPPs for quasi-linear-time encodable codes.

FICS. [BMMS25] construct an IOPP, FICS, for all codeswitchable codes that follows the same template as
[BCFRRZ25; NST24], but improves the query complexity to O(\loglogn + logn) by using codeswitching
techniques to reduce the query complexity of reducing the size of the claim from n to n/ logn.

Tensor IOPPs. In contrast to our work which is in the negligible soundness regime, previous work that has
constructed IOPs for NP in the constant soundness regime has also (implicitly) constructed IOPPs for tensor
codes with constant soundness error. In particular, [BCG20] constructs a linear-time prover ¢-round IOPP for
t-wise tensor codes such that the verifier time and query complexity are Q(nl/ t) (see [BCG20, Lemma 10.1]).
The subsequent work of [BCL22] improved the query complexity to O(logn) (using proof composition), but
the verifier time remains Q(n'/*).

Another line of work by Ron-Zewi and Rothblum [RR24] also (implicitly) constructs constant query IOPPs
for tensor codes, but they achieve neither polylogarithmic verifier time nor linear prover time. However, the
focus of this work was minimizing the length of the oracles sent, and not the foregoing efficiency parameters.
In subsequent work, [RR25] focus on prover time, and present an IOPP for tensor codes with linear prover
time and polylog(n) query complexity.



10PP code prover time  oracle queries verifier time

FRI [BBHR18] RS O(n) O(Xlog n) O(Alogn)
BaseFold [ZCF24] Foldable O(n) O(Alogn) O(Alogn)
Brakedown [GLSTW23] Brakedown O(n) O(M/n) O(\/n)

Blaze [BCFRRZ25] RAA O(n) O(Alogn) O(Alogn)
BrakingBase [NST24] Brakedown O(n) O(Alogn) O(Mlogn)

STIR [ACFY24] RS O(nlogn) O(Aloglogn +logn) O(Alogn + A?)
WHIR [ACFY25] RS O(nlogn) O(MAloglogn +logn) O(Alogn)

FICS [BMMS25] CS O(n) O(Xloglogn +1logn) O(Alognloglogn)
[MZ25] RM O(n) O (A+2jesosn)  O(Alogn)

Our IOPP CS O(n) O(XA+ logn) O(Mlogn)

Table 1: Comparison with prior [IOPPs. CS denotes the class of efficiently codeswitchable codes.

The techniques used in the constant soundness regime differ significantly from ours; they do not make use
of the generator matrix of their codes, and often employ proof composition.



2 Technical overview

We begin by recapping the necessary background on interactive oracle reductions (IORs) in Section 2.1 and
some useful tools in Section 2.2. Next, in Section 2.3, we describe the high-level architecture of our IOPP for
codeswitchable codes. We then describe the two key components of this architecture: the TensorReduce IOR
(Sections 2.4 to 2.6), and how it is used to obtain our IOPP (Section 2.7). We refer the reader to Section 3 for
an overview of our notation and the properties of linear codes that we use in this work.

2.1 Interactive oracle reductions

We construct our IOPP by composing a sequence of interactive oracle reductions (IORs) [BCGGRS19;
BMNW25; BMMS25; BCFW25]. The latter are interactive protocols that allow a prover to reduce the task of
convincing a verifier that an instance is in a language £(R) to convincing the verifier that a related instance is
in L(R') for some other relation R'. In this paper, we will specifically work with IORs for oracle relations,
which we define next.

An oracle relation is a set of triples of the form (x, ¥, w), where x is the explicit instance, ¥ is an
implicit instance specified as a set of oracles, and w is the witness. > For brevity, in the rest of the technical
overview we refer to oracle relations simply as relations.

An interactive oracle reduction from arelation R := {(x, ¥, w)} toanotherrelation R’ := {(x', 3, w’)}
is a k-round interactive protocol between a prover P and a verifier ). Upon input (x, ¥, w) € R, in each
round ¢ € [k], P sends a plain-text message msg; and an oracle Ii; to V, and V replies with public-coin
randomness 7. In the last round, V' queries the oracles ¥ and [ﬁi]z’e[k} at certain points, and chooses to either
accept or reject. If )V accepts, P outputs a new witness w’ and V outputs a new instance (x’,y’), where
the contents of y’ are selected from the input oracle strings ¥ and the oracles [ﬁi]ie[k] sent by P during the
interaction. We say (x’, ¥/, w’) is the output of the IOR. See Section 4.2 for a formal definition of IORs.

Completeness for IORs is defined naturally: if P is an honest prover with a valid witness w, the output
of the IOR’s is in R'. Knowledge soundness for IORs is more involved. In this work, we prove that our
IORs satisfy round-by-round tree-extractability (RBRTE) [BMMS25], a strong notion that enables proving
knowledge-soundness guarantees for the non-interactive reduction obtained by applying (a variant of) the
BCS transformation [BCS16; BMNW25] to the IOR.

For the purposes of the technical overview, we will only discuss soundness of our IORs, since RBRTE is
a delicate notion that requires a lot of detail to show rigorously. Soundness for IORs is defined naturally: if
the input tuple (x, ¥, w) ¢ R then the probability that the output tuple (x’, ¥, w’) € R’, and V does not
reject, is at most € > 0, where ¢ is the soundness error of the IOR.

Remark 2.1 (IOPPs). An interactive oracle proof of proximity (IOPP) for a relation R can be seen as an IOR
from R to the trivial relation Ripye := {(x := accept, ¥ := L, w := 1)}, consisting of only one tuple with
an empty witness.

Composition of [ORs. GivenIORsIOR; from R to Ro and IORs from R to R 3, one can obtain an IOR from
R1 to R3 by composing these IORs as follows: first, use IOR; to reduce the claim “(x1,¥1) € £(R1)” to the
claim “(x2,¥2) € L£(R2)”, and then use IOR, to reduce this latter claim to the final claim “(x3, y¥3) € L(R3)”.
[BMMS25] show that RBRTE IORs are well-behaved under composition.

3In the technical sections we use indexed oracle relations, whose members additionally contain an index 1. For simplicity, in the
technical overview we will deal only with ‘plain’ oracle relations, since for any indexed oracle relation R, a fixed index 1 defines a
plain oracle relation R' = {(x, ¥, w) | (I, x,¥,w) € R}.



2.2 IORs for common relations

State-of-the-art work on IOPPs [ZCF24; ACFY25; BCFRRZ25; NST24; BMMS25] leverages error-correcting
codes and the sumcheck protocol [LFKN92] to obtain efficient constructions. FICS [BMMS25] distills a
framework that formalizes this methodology by casting these IOPPs as a composition of interactive oracle
reductions (IORs) between certain ‘code-based’ oracle relations. Specifically, we use three oracle relations
based on codes introduced in FICS, as well as IORs between these relations.

In the rest of this section, we will use C to denote a linear code with parameters (F,n, k, d¢), i.e. C is a
linear code over F with block length n, message length &, and (constant) relative distance §c. Additionally,
we use a ~ b to denote that §(a, b) < &, where (-, -) denotes the fractional Hamming distance between the
two input vectors.

The SEP relation. The first relation, SEP(C’E’@, asserts that the instance oracles are e-close to codewords of
C, and that the underlying messages satisfy a sumcheck-like constraint.

Definition 2.2 (informal). The sumprod-evaluation proximity (SEP) relation SEP(C:et)

the form
s x = (f(X,Z),0), where f(X1,...,Xiogks Z1s---,21) € FSHX1, ..., Xiogk+e] and o € F,
* ¥ = [wilie[q, Where, for each i € [(], w; € F", and

consists of tuples of

* W = [m;;c[q, Where, for each i € [(], m; € F,
such that for each i € [¢], the word w; is e-close to the encoding of m; (i.e., w; ~. Encc(m;)), and the

multilinear extensions® /1, . .., 1y of the messages my, . . . , my satisfy the following summation claim:
Y f(ba(b),... (b)) =0 .
be{0,1}logk

SEP constraints are expressive; for example, they can be used to encode inner product claims over vectors.
We illustrate this with an example: consider an SEP(#2) claim with x = (f(X,Z1,25),y),5y =
(w1, ws2),w = (m1, my) such that f(X, Z1, Z3) :== Z; - Z5. Such an SEP instance enforces that

> (b)) -mg(b) =y <= (mi,mo) =y .
be{0,1}logk

The MEP relation. The next relation, MEP©9 s similar to SEP(:<:4) except that it enforces a different
constraint, namely that the (multilinear extensions of the) underlying messages satisfy certain evaluation
claims specified in the MEP instance.

Definition 2.3 (informal). The relation M EPC59) consists of tuples of the form

* x = [(2i,¥:)]iejy> where for each i € [(], z; € F°8% and y; € F,

* ¥ = [wi]ic|q, where w; € F" for each i € [4],

* w = [my];epy, where m; € F" for each i € [(],

such that for each i € [¢], the word w; is e-close to the encoding of m; (i.e., w; ~. Encc(m;)), and the
multilinear extension 1; of my; satisfies m;(z;) = y;.

Our goal of constructing an IOPP for multilinear evaluation (Theorem 1.1) corresponds exactly to the
goal of constructing an IOPP for MEP(©#)_ for some ¢ € (0, d¢/2).

The multilinear extension ¢ : F” — F of a vector v € F?" is the unique n-variate multilinear polynomial such that
((i — 1)) = v[¢] for all ¢ € [2"], where (x) is the binary representation of z in the most-significant-bit-first order.



The HEP relation. The /¢ evaluation claims in MEP%) involve distinct evaluation points [2i]ic[q- When
all evaluation claims involve the same point z, we instead use the homogeneous multilinear-evaluation
proximity relation, HEP(©9)  which is otherwise identical to MEP(C:50),

Remark 2.4 (notation for relations). Often we will consider MEP©<0 with ¢ = 1, in which case we will

abuse notation and just write MEP(©#) for convenience. We will also just use MEP when talking about
MEP©59) inline, if (C,e,?) is clear from context. We use analogous notation for HEP and SEP.

Sumcheck IOR. Our most important building block is the Sumcheck IOR from SEP©50 1o HEP(C50),
This IOR just uses the sumcheck protocol to reduce the sumcheck claim to (multiple) evaluation claims at a
uniformly random evaluation point. Sumcheck has O(¢n) prover time, O(¢log k) verifier time, and requires
no queries to the input oracles.

Codeswitch IOR. Codeswitching is a powerful tool that has been used in past constructions of efficient
IOPPs [RR24; RR25; BCFRRZ25; NST24; BMMS25]. Informally, codeswitching allows one to convert
proximity claims with respect to one code C to proximity claims with respect to a (potentially) different
code C’, while also reducing any additional constraints on the input codeword to related constraints on the
output codeword. [BMMS25] focus on the case where these additional constraints are multilinear evaluation
constraints, and hence formalize codeswitching as an IOR from M EP(C2) to MEP(C"#). They also show that
there exist efficient codeswitching IORs for a large class of codes:

Lemma 2.5 ([BMMS25, Lemma 2.5]). Let C be either a tensor code or a low-density parity check code with
parameters (F,n, k, dc), and let C' be an arbitrary code with parameters (F,n’, k, é¢/) and encoding time
Ter. Assume that both codes have constant rate and distance.

Then, fore € (8¢/8,0¢/4) and £ € (6¢1 /8, 8¢1/4), there exists an IOR from MEP(©) 10 MEP€"=") with
the following efficiency properties:

prover time  verifier time  verifier queries

O(n+Te) O(Mlogn) o\

Definition 2.6 (informal). We say a code C is codeswitchable if there exists an IOR from MEP(©#) to
MEP (=) with the same efficiency properties and range of ¢ and &’ as in Lemma 2.5.

2.3 IOPP for codeswitchable codes

We detail the high-level architecture of the IOPP for multilinear-evaluation underlying Theorem 1.1. Our
construction proceeds in two steps.

First, we observe that many linear-time encodable codes of interest like the RAA code [DIM9S;
BCFRRZ25] and the Brakedown code [GLSTW23] are LDPC [NST24; BMMS25] and thus, by Lemma 2.5,
have efficient codeswitching IORs. Hence, we employ such an IOR to reduce an MEP(#) claim to an
MEP(7¢7) claim, where T is a linear-time encodable rensor code. This IOR requires O(n) prover time and
query complexity. Then, we construct an IOPP for MEP claims about 7 that requires O(n) prover time and
O(X + log n) query complexity. Theorem 1.1 is then obtained by composition of these two protocols.

Thus, our main contribution is constructing the foregoing IOPP for tensor codes. We focus on tensor
codes 7 = C; ® Co, where (s is also a tensor code, i.e., Co = B ® B for some code 5. The core building
block of our IOPP, which we call TensorlOPP, is the IOR underlying the following lemma. We call this IOR
TensorReduce’, and it reduces an MEP claim over 7 to an MEP claim over a code C’ with a smaller message
length.’

"We name it TensorReduce’ to distinguish it from its main component TensorReduce, which is introduced in Section 2.5.



Lemma 2.7 (informal). Fix a field F, a message length k, and a security parameter \. Let Ci and
Co be linear-time encodable codes having parameters (F,n1,k; = ON"Y3kY3) 6¢.) and (F,ny, ko =
O(N/3K2/3), 6¢,) respectively, such that both Cy and Co have constant rate and relative distance. Additionally,
let Cy be the two-dimensional tensor of a linear code B (i.e., Co = B ® B).

Let T = C1 ® Cy be a tensor code having parameters (F,n = ning, k = kika, d7 = d¢,dc, ), and let C’
be an arbitrary linear-time encodable code with parameters (F,n' k' = ky, d¢1). For reasonable constants
e € (0,07/2)," € (0,80 /2), there exists an IOR TensorReduce’ from MEP(T%) 1o MEP(C"=") with the
following efficiency parameters:

prover time  verifier time  verifier queries

O(n) O(Alogn) O(\)

Thus, TensorReduce’ reduces message length from k to O(A\/3k?/3). This is a polynomial reduction in
message length if A = O(n!~7) for some v > 0 (see Section 1.2). If C’ is a tensor code itself, TensorReduce’
can be composed with itself. Performing this composition O(1) times therefore yields an IOR where the
message length of the final output is O(nl/ 3). At this point, we can perform a final codeswitch to a code with
an efficient IOPP (e.g., WHIR [ACFY25] for Reed—Solomon codes), and can then invoke this IOPP.®

Overview of following sections. In the rest of this section, we first detail the main ideas underlying
TensorReduce (Sections 2.4 to 2.6), and then, in Section 2.7, discuss how to use TensorReduce to obtain
TensorlOPP. For simplicity of exposition, we provide proof sketches of the soundness of our IORs as opposed
to the stronger notion of RBRTE.

2.4 Warmup: InterleavedReduce IOR

Like TensorlOPP, many prior IOPPs for MEP can be cast as compositions of length-reducing IORs from
MEP©2) to MEP(®"=") where the message length of C’ is shorter than that of C. In particular, prior work has
constructed such IORs for many different input codes C, including Reed—Solomon codes [ACFY25], foldable
codes [ZCF24], interleaved codes [GLSTW23; BFKTWZ24; BCFRRZ25; NST24; BMMS25], and tensor
codes [BCG20; BCL22; RR24; RR25; BMMS25].

Our TensorReduce IOR builds on the ideas underlying the approach for interleaved codes, which we
review below. Interleaved codes can be viewed as a special case of tensor codes where one of the codes is the
identity code.

Definition 2.8 (interleaved codes). Let B be a linear code with parameters (F,nga, k2,5). Given an
interleaving parameter k1 € N, the k;-interleaved code B*" is a linear code with parameters (F*', no, ko, 65)
such that for every C' € B*1 C F¥1*72 every row of C is a codeword of B. Given a message M € FF1xkz2,
Encyi, (M) is obtained by encoding each row of M under /3. Importantly, the distance of BF1 is the same as
that of BB because we define the interleaved code over the larger alphabet F*.

MEP for interleaved codes. Consider an MEP(Bkl’a) claim, where B is a linear code as defined in
Definition 2.8. This claim consists of a tuple (x = (z,y),¥ = W, w = M), where M € F*1**2_ However,
instead of z € F'°8%2 a5 the definition of MEP would suggest, for the purposes of interleaved codes, we let
z € Flogkitlogks “and impose the evaluation constraint M (z) =y, where M is the multilinear extension of
the matrix M € FlekQ.

$Note that with such small message and codeword lengths, one can even invoke quadratic-time encoding procedures for RS
codes without violating the linear-time requirement. This additionally means that our overall IOPP can be field-agnostic even when
invoking WHIR, as the quadratic-time algorithms do not rely on the field structure (i.e., high 2-adicity) required for efficient FFTs.



The Interleaved Reduce IOR. At a high level, InterleavedReduce follows the blueprint of Ligero [AHIV17]
and Brakedown [GLSTW23]: reduce a proximity claim about the interleaved code Bk to a proximity claim
about the base code B, by “folding” the rows of W with respect to random coefficients. If the prover P proves
to the verifier ) that the folding is done correctly, then V is convinced that the output proximity claim about 5
implies the input proximity claim about 31

More precisely, InterleavedReduce is an IOR from MEP®5*1:€) o MEP®=) where e, ¢’ are constants
that we will fix later. An MEP(®"") claim consists of tuples of the form (x = (z,y),y = W,w = M),
where M € FF1xk2 and z € Flogkitlogkz D wants to convince V that:

W ~. Encgr, (M) and M(z)=1y .

Parse z as (z1 || z2), where 21 € Flogk1 and z, € F°8k2 Define /’ as the multilinear extension of m/,
which is the linear combination of the rows of M with respect to [eq((i — 1), 21)];c[r,]- We observe that

M (z) = i/ (22) by properties of multilinear extensions. Thus, if 7 convinces V that the w' is (close to) the
correct folding of W with respect to these coeflicients, then the evaluation claim of the output MEP (B
claim implies the evaluation claim of the input M EP(5"9) ¢laim.

It remains to show how a similar implication holds for the proximity claims, for which we require a
property of linear codes called mutual correlated agreement [Zei24; GKL24; ACFY25]. Roughly, mutual
correlated agreement guarantees that if the random linear combination of some words is close to the code,
then not only are the original words close to the code, but they also satisfy a strong agreement property that

we specify below (see Section 3.3 for details).

Lemma 2.9 (informal, see Theorem 3.11). Let C be a linear code with parameters (F,n, k,d¢c) and m € N,
with M := 2™, Let 8 > (1 — 6¢)'/? be an agreement parameter. For every wy, ..., wy € F", the following

is true with overwhelming probability over r & Fm: if there exists a set S C [n] and a codeword c € C such
that |S| > pn and

S eq((i— 1),7) - wilS] = c[S] .

1€[M]
then there exist c1, . . .,cy € C such that w;[S] = ¢;[S] for all i € [M] and
Z eq((t—1),r)-ci=c .
1€[M]

This lemma thus guarantees that if z; is chosen uniformly at random, and if P proves that w’ is close
to the correct folding of W, then w being close to Encg(m') implies that W is close to Encgr, (M) with
overwhelming probability. In order to use this lemma, we assume for simplicity that the evaluation point z in
the InterleavedReduce IOR is equal to a value r & Flogk sampled uniformly at random by V/, as this can
easily be realized using the sumcheck protocol. We demonstrate the high-level idea of this reduction in Fig. 1,
and provide an informal description of the IOR in Fig. 2.

Input: MEP(B"9) claim: (x = (r,y),y = W,w = M) such that W ~_ Encgr, (M) and
M(r)=y.

1. PandV parse r as (71 || rp) € Flo8h x Flogkz,
2. ‘P computes a linear combination of the rows of M with respect to eq(-, 71):

10



fl 51/—1 ‘):1/

L m| | | L W

eq ((0),r)) - M[1,] WI1,]

+eq ((1),1’1) . M[2,] WI[2, ]
+eq ((k, —1),r)) - Mk, - | Wik, - ]

Figure 1: An illustration of the spot checks in the InterleavedReduce IOR. For clarity, assume the codes are
systematic, with the white and gray indices corresponding to the systematic and non-systematic parts of the
codewords respectively. The turquoise indices correspond to the indices that the verifier queries. The verifier
checks that the weighted sum (corresponding to multilinear evaluation) of every turquoise column of the interleaved
word W is equal to the corresponding turquoise index of the word w’'.

m' Zie[kl] eq(<i - 1>7 1) M[iv ]
P encodes m’ under B: w’ < Encg(m’), and sends [w’] to V.
V samples v := [—\/log(1 — €/2)] indices &1, . .., &, < [n2] and sends them to P.
For each j € [v]:

V queries all elements of the column W -, ;.

V queries w'[€;] and checks that

Nk w

w[g] = eq((i—1),m1)  WI[i,&] . (1)
i€lk1]

(B.e")

8. If all checks pass, output the following MEP claim that asserts w’ ~. Encg(m’) and

m'(ry) = y:
xmep = (r2,9), Ymer =w', wmep =m’ .

Figure 2: InterleavedReduce IOR from MEP(Bkl’E) to MEP(&:<") (informal description).

Completeness of InterleavedReduce is easy to verify, and we describe a high-level proof of soundness.

Proof of soundness. We show that if V accepts with probability at least 1 — 2~ over the sampled indices
in Item 4, then (x,¥,w) € MEP(B") " Define wroq = D icp €d((i — 1),71) - Wi, ] as the linear
combination of the rows of W with respect to eq(-, 71).

1. Using spot checks: Given the checks in Eq. (1), ) only accepts if all indices {{;} e[, sampled in Item 4
are such that w'[;] = weia[§j]. If d(w', wroig) > €/2, then the probability of this event occurring
(and thus V accepting) is at most (1 — £/2)” < 27*. The contrapositive of this statement is that if
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accepts with probability at least 1 — 27, then there exists a set S C [na] such that w'[S] = wyeg[S] and
|S] > (1 —¢/2)ns.

2. Using guarantee of MEP(B=") claim: Since (x', 5, w’) € MEPB=)  there exists a codeword ¢’ € B such
that ¢ ~o w'. By setting ¢’ = £/2, and using that w’[S] = wyo4[S] and |S| > (1 — £/2)ng, we get that
there exists an agreement set A C S such that ¢/[A] = wyog[A] and |A| > (1 — €)na.

3. Using mutual correlated agreement: By Lemma 2.9, existence of the agreement set A, and definition of

Weold, With overwhelming probability there exist codewords ¢y, . . ., ¢, € B such that Wi, A] = ¢;[A]
for all i € [k1] and >, eq((i — 1),71) - ¢; = ¢/. Consider the message matrix M whose rows
MI1,],..., Mk, | are the messages underlying ci, . . ., cj, respectively.

(a) Proving proximity claim: Since m’ = Dicfy) €a((@ —1),71) - Mi, -], and [A] = (1 — €)nga, we get
that Wi, -] ~¢ ¢; for all i € [k1], and thus W ~. Encge, (M), proving the desired proximity claim.

(b) Proving evaluation claim: Since 1/ (r3) = y, we get that M (71, 75) = y, proving the desired
evaluation claim. [

Challenge 1: InterleavedReduce is insufficient for achieving IOPPs with O(\) queries. One might
hope that for a clever choice of k1, by iteratively composing InterleavedReduce (and perhaps moving to
the “list decoding regime”) we could construct an IOPP with O(\) overall query complexity. However, the
query complexity of the aforementioned reduction is © (k1 ), since the verifier must query all k; elements
of v = ©(\) many columns of the codeword. Thus, we must set k1 = O(1), and we have not made much
progress, since the message length remains © (k) after applying the InterleavedReduce IOR.

To overcome this challenge, we need to avoid querying entire columns of the interleaved codeword W.
We do so by using tensor codes, as opposed to interleaved codes.

2.5 Using tensor codes

We now show how to use tensor codes (Definition 3.6) to overcome the foregoing challenge. The v column
checks performed by V in InterleavedReduce are of the following form: for each chosen column index
J € [n2], V queries the entire column W[+, j] of the interleaved codeword Wi, queries w’[j], and checks
that
wlil = 3 eq((i—1),r1) - Winli,j] -
i€ k1]

This is precisely the evaluation claim portion of an MEP claim having as witness Win:[-, j]. In fact, since all
v evaluation claims have the same evaluation point 71, they can be viewed as the v evaluation claims of a
single HEP claim.

Thus, if the columns of Wj,; were encoded with a linear code (as required by HEP), then instead of
querying entire columns, V could output an HEP claim about these columns. To complete the IOPP, P and V
could then run an IOPP for HEP to check this latter claim.

Switching to tensor codes. One can satisfy this requirement of encoding the columns under some code C;
by switching to encoding the original message 1 under a fensor code. Concretely, by encoding the columns
of the interleaved codeword Wj,,; with some linear code C;, one obtains precisely an encoding of message m
under the tensor code C; ® Cy. We now describe how to extend the ideas of Section 2.4 to work with tensor
codes while avoiding high query complexity.
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Let C; and C; be linear-time encodable codes with constant relative distance and parameters (F, n1, k1, dc, )
and (F, na, k2, dc, ) respectively. Additionally, assume that Cy is codeswitchable (see Definition 2.6). Let
T = C; ® Cq be a tensor code with parameters (F,n := ning, k = k1ka, o7 :== d¢, - 0¢c,)-

Consider an MEP(7¥) claim consisting of:

x=(r,y), §=WEeF"" w=MeFh>h

with the promise that W ~, Enc-(M) and M(r) = y. Let Cipe € F¥1 X2 be the encoding of M under the
interleaved code C5*.

L [ w[ ] L[ w]

eq ({0),r,) - M[1,] WI[L,-]

+eq((1),r)) - M[2,-] WI[2,]

+eq ((k = 1),1)) - Mk, - ] Wik, -]
W[ EIW-, 8] - W6, 4] W[, 4]

Figure 3: An illustration of the HEP claim used to implement the spot checks in TensorReduce. The depicted
codes are systematic, with the white indices corresponding to the systematic part, and the gray and dark gray
indices corresponding to the non-systematic parts of codewords of C2 and C; respectively. The turquoise indices
correspond to the indices that the verifier queries and the blue indices correspond to the indices that are involved
in the HEP claim.

We describe an approach to constructing the TensorReduce IOR that reduces M EP(T-9) to MEP(C25"/2)
HEP(C1="") where ¢’ = 1—+/1 — &. We demonstrate the high-level idea of the reduction in Fig. 3, and provide
an informal description of the IOR in Fig. 4. The differences between TensorReduce and InterleavedReduce
are highlighted in blue in Fig. 4.

Input: MEP(7) claim: (x = (r,y),y = W, w = M) such that W ~, Ency (M) and M (r) = y.

1. Pand V parse r as (ry || r2) € Flo8F1 x Floskz,

2. P computes a linear combination of the rows of M with respect to eq(-, 71):
m' Zie[kl] eq(<7’ - 1>a 7'1) : M[,La ]

3. P encodes m/' under Cy: w’ < Ence,(m/), and sends [w'] to V.
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4. Vsamples v := [/ log(1 — ¢//2)] indices &1, . . ., &, < [n2] and sends them to P.

5. For each j € [v]: V queries w'[¢;].

6. Output the following HEP(C1:"") claim that asserts that for each i € [1], D ek ed(d — 1), 71) -
W, &l = w'[&i):

xuep = (r1, [W[E]lic) » Fuer = (WL Elicws » whep = [Cinel, &illicy) -

7. Output the following MEP(€2<'/2) ¢laim that asserts w’ ~s /2 Ence,(m/) and 1/ (12) = y:

. bl . / . /
xMep = (72,Y), YMEP =W, Wmep =m .

Figure 4: TensorReduce IOR from MEP(T%) to MEP(©2="/2) x HEP©1='*) where &/ =1 — /1 — ¢ (informal
description).

Completeness of TensorReduce is easy to verify, and we describe a high-level proof of soundness. The proof
sketch is similar to that of Fig. 2, since the HEP claim provides the same guarantee as the column checks
from InterleavedReduce.

Proof of soundness. We show that if both the MEP(©2"/2) and HEP(€1¢"*) ¢laims are true with probability

at least 1 — 2~ over the sampled indices in Item 5, then the original M EP(79) claim is true. Firstly, we define

Wine € FF1X72 such that Ence, (Wint[-, 5]) is the codeword closest to W -, j] for each j € [ns]. Additionally,

define wrold == > ek, €d((i — 1), 71) - Wine[i, -]

1. Using guarantee of H EP(C1") claim: This is the same as the guarantee provided by the spot checks in
InterleavedReduce. If the claim holds, then for all sampled indices {;} [}, we have

w'[¢;] = wroa[é5]  and  Ence, (Wintl-, &) ~or W, 5]

If §(w', wrolg) > €' /2, then the probability of this event occurring is at most (1 —&’/2)¥ < 272, Similarly,
if there are at least €'ng/2 column indices j € [ng] such that Ence, (Wint|-, j]) ~o W1, j], then the
probability of the event occurring is at most (1 — &’)¥ < 27, The contrapositive of these statements is
that if the HEP claim is true with probability at least 1 — 2~ over the sampled indices, then there exists a
set S C [ng] such that [S| > (1 — &’/2)nq, and for all j € S, we have the following two guarantees:

(2) wroid[j] = w'[4], and
(b) Ence,(Wint[-,j]) ~o W, j].

2. Using guarantee of MEP(€2"/2) claim: Since (x/, 7/, w’) € MEP(©25"/2) there exists a codeword ¢’ € Co

such that ¢/ ~_, /2 w’. Using the existence of such a ¢’ and the guarantees from the HEP claim, we get that
there exists an agreement set A C .S such that |A| > (1 — €’)ng, and for all j € A, we have the following
two guarantees:

(@) wrolalj] = ¢'[], and
(b) Ence, (Wintl', j]) ~e W1, jl.
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3. Using mutual correlated agreement: By Lemma 2.9, Item 2a, and the definition of wy,q, With overwhelming
probability there exist codewords cy,...,ci, € Cz such that Win[i, A] = ¢;[A] for all i € [k1],
and furthermore » ;. eq((i — 1),71) - ¢; = ¢’. Consider the message matrix M whose rows
MI1,],..., Mk, | are the messages underlying ci, . . ., ¢, respectively.

(a) Proving proximity claim: We claim that W ~. Ency (M), and show this by establishing a lower

bound on the number of indices (i, j) € [n1] X [n2] such that Wi, j] = Ency(M)[i, j]. Firstly, for
any ¢ € [ki] and j € A, we have Win[i, j] = ¢;[j] = Ence,(M]i,-])[j] by definition of the ¢;’s
Furthermore, by Item 2b we get that W-, j] ~ Ence, (Win[,j]) for all j € A. Thus, for any

j € A, there exist at least (1 — &’)n; indices i € [nl] such that

Wi, j] = Ence, (Winl-, 7)) 11
([Ence, (M7, ) [iTle )l
— Encr(M)[i. j] -

= Encg,

Thus, the number of indices where W and Ency (M) are equal is at least (1 — e ny|4| >
(1 — €")2n1ng > (1 — €)nyng, where the last inequality follows from plugging ine’ =1 — /1 —¢.
(b) Proving evaluation claim: Since ¢’ =37, 1eq({i — 1),71) - ¢;, and Cy is a linear code, we have
m' =3 ed((é — 1), m1) - M[i, ). Thus, 10/ (r2) = y implies that M (71, 75) = 3, proving the
evaluation claim as desired. U

Challenge 2: current techniques for proving HEP(€1:5:9(N) claims are too inefficient. Since ' :=
C1 ® C must be linear-time encodable, it must have constant rate, implying that C; must also have constant
rate. Thus, our query lower bound for MEP (see Section 8) implies that any IOPP for each M EP(€1©) claim
requires () queries. Even if we had a query optimal IOPP for M EP(C19). this implies that naively using
such an IOPP for proving all ©(\) MEP (1) claims will require Q()\2) queries. However, we have made
progress: we can now reduce the message length from k = ki ks to ko with potentially only O(\?) queries,
whereas the interleaved approach would require O(\k1) queries. Thus we have ‘decoupled’ %k from the
number of queries, and can now set k; to be super-constant.

2.6 Lossy batching

We overcome this final barrier of reducing the number of queries from O(A?) to O()) as follows: instead of
convincing V that all v = ©(\) evaluation and proximity claims underlying HEP(1:5%) claims are true, P
convinces V that a large fraction of these claims are true. By increasing the number of columns chosen by
a constant factor, such a promise suffices for the soundness proof from Section 2.5 to still go through. In
particular, we can draw the same conclusion as in Item 1 of the proof of soundness of Fig. 4 with this weaker
promise. We refer to this approach as lossy batching, since we can afford to “lose” the guarantee of some of
the MEP(€1©) ¢laims, instead of requiring all of them to hold.

Firstly, we define the lossy HEP relation, which we call LHEP. Then, we show how to reduce a large
LHEP claim to a small SEP claim using the lossy batching IOR, which only requires O(\) queries as opposed
to Q(A?) queries required to prove the HEP claim. Finally, we show that if the TensorReduce IOR is changed
to reduce to an LHEP claim instead of an HEP claim, the soundness proof for Fig. 4 can be adapted to still
work.

Definition 2.10 (informal). The relation LHEP(C:54%est) consists of tuples of the form
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* x = (2, [yilicjy), where z € F°8% and y; € F for each i € [{],

* ¥ = [wi]ig|g, Wwhere w; € F" for each i € [(],

* w = [my];ep, where m; € F* for each i € [(],

such that there exists a set I C [¢] such that |I| > (1 — 7j0st)¥, and for all i € I, we have w; ~. Ence(m;),
and T?LZ(Z) = Y;.

Note that the LHEP relation is identical to the HEP relation, except that instead of requiring all £ proximity
and evaluation claims to hold, it only requires that at least (1 — 705t )-fraction of them hold.

Firstly, the evaluation claims can be proven with £-many inner product claims about m, . . . , m,. However,
P can instead initialize a single message m/ € F*¢ as the concatenation of m, . .., my, and prove a single
inner product claim about m/ that captures all £ evaluation claims.

Secondly, the proximity claims can be proven via spot checks: V samples 1 == [—1/ (710t log(1 — €))]
random indices &; 1, . ..,&;, € [n] for each ¢ € [], and queries w;[; ;] for each j € [u]. For each i € [¢] and
J € [p], P then proves that w;[¢; ;] = Ence(m;)[&; ;]. This can be proven via an inner product claim between
m; and G¢l[&; j, -], the & j-th row of the generator matrix of C. The resulting 1 inner product claims can
then be batched into a single inner product claim about m/.

We encapsulate these ideas in the following LossyBatch IOR, and refer the reader to Section 5 for more
details.

Input: LHEP©=6%0st) claim: x = (z, Wilicj), Y = [wilicpg, w = [m];c[q such that there exists a
set I C [¢] where |I| > (1 — 7i0st)¢, and for all ¢ € I, we have w; ~. Encc(m;), and m;(z) = y;.

1. P initializes the new message for the output SEP instance: m’ < (my ||... | my) € F*.
2. P encodes m’ under C': w’ := Ence/(m') and sends [w'] to V.
3. For each i € [¢], V samples  := [—1/(Viost log(1 — €))| random indices &; 1, ..., &, € [n] and

sends them to P.

4. Foreachi € [¢] and j € [p]: V queries w;[&; 5].
5. P and V output an SEP(€) claim (x = (f,0),§ = w’, w = m/) which enforces that there exist
mi,...,mj € F* such that:

(a) Evaluation claims: For each i € [¢], m}(z) = y;. These ¢ evaluation claims can be batched
into one inner product claim over m/, and therefore captured by SEP.

(b) Spot check claims: foreachi € [(],j € [u], w;[& ;] = Ence(m)[¢; ;]. For a fixed ¢ and j,
this is an inner product claim between m; and G¢[&; j, -]. These £y inner product claims can
be batched into one inner product claim over m/, and therefore captured by SEP.

We omit the details of how this SEP claim is constructed (and in particular what f and o are
precisely). The full construction is very involved, and is described in detail in Section 5.

Figure 5: LossyBatch IOR from LHEP (€54 7st) (o SEP(®"") (informal description).

Remark 2.11 (Repetition of message). In the full construction of LossyBatch in Section 5, we require that
m/ is of the form (my || ... || my)™, i.e., the concatenation of my, . .., m, repeated n times. Thus, C’ must
have message length nk/ instead of k¢ as stated in the informal description above. We omit the details of why
this is necessary, and refer the reader to Section 5 for more details.
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Lemma 2.12 (informal). Let ¢ € N, C be a codeswitchable code with parameters (F,n, k,d¢), and C' be
a linear-time encodable code with parameters (F,n',nkl,d¢c:). There exists an IOR, LossyBatch, from
LHEPC&:t0st) 15 SEP(C) ywhere €' € (0,8¢:/2), such that the IOR prover runs in linear-time and the
verifier only makes [—1/(Viost l0g(1 — €))] queries to each of the { oracles (assuming ¢ is a constant), thus
making O({) queries in total.

Proof of soundness. We prove the following statement: if the output SEP claim is satisfied, then the messages
mj,...,m; defined in Item 5 fail to satisfy the LHEP claim with probability at most 27,

1. Using Claim 5a: If the LHEP claim is false, then there exists a set I C [¢] such that |I| > 705t/ and for all
i € I, we have either 7} (2) # v;, or §(w;, Ence(m)) > . Claim 5a guarantees that 7} (2) = y; for all
i € [¢], and thus we must have §(w;, Encc(m]})) > e foralli € 1.

2. Using Claim 5b: Foralli € [¢]and j € [u], wehave w;[; ;] = Ence(m))[&; ;]. Considerafixedi € I. The
probability that w;[&; ;] = Encc(m))[&; ;] for all j € [u] despite the fact that 6 (w;, Ence(m))) > e is at
most (1—e&)*. Thus, the probability that this occurs for all i € T is at most (1—g )| < (1 —g)rmesl < 27¢,
where the second inequality holds since 1 = [—1/(70st log(1 —€))]. O

Reduction to LHEP in TensorReduce. Recall that the motivation for introducing the LHEP oracle relation
and the LossyBatch IOR is to replace the output HEP claim of TensorReduce. Thus, we make two changes
to Fig. 4:

* Sample v/ = [8AIn2/e’] columns instead of v = [—\/log(1 — &’/2)] columns in Item 5.
* Output an LH EP (1€’ Yost) ¢laim instead of an HEP(©1¢"¥) claim in Item 6 where Viost = €' /4.

The LHEP claim guarantees that there exists a set I C [v/] such that |I| > (1 — ¢’ /4)v" and
Vie[l]: W[, &) ~e Ence,(Winl-, &) and Winel-, &)(r1) = w'[&] 2

The proof of soundness of Fig. 4 remains mostly unchanged, except for Item 1. In particular, we need to show
that there exists a set S C [ng] such that |S| > (1 — £/ /2)ng2, and for all j € S, we have

L. wyog[j] = w'[j], and
2. EnCcl(VVint[',j]) ~el W[,j]

For clarity, we only discuss how to prove Item 2, since Item 1 can be proved in the same way. Say there exists
a disagreement set D C [no] such that |D| > &'ng/2 and §(Ence, (Wint[-, j]), W[, j]) > ¢’ forall j € D.
Define an indicator random variable X; for each ¢ € D such that X; = 1 if ¢ is among the column indices
sampled by V and X; = 0 otherwise. Note that the X;’s are negatively correlated random variables since
V' columns are sampled without replacement. Thus, the probability that any X; = 1 is v//ns. Therefore,
we have E[X] = Pr[Xy = 1] - |D| > (v//n2) - (¢'n2/2) = €'V /2, where X := 3, Xj is the number
of columns sampled by V that are in the disagreement set D. The LHEP claim can only be satisfied if
X < &'V /4. Using the multiplicative Chernoff bound (which also applies to negatively correlated random

variables), we get
Pr[X < &'v//4] < Pr[X < E[X]/2] < exp(—E[X]/8) < exp(—€'t//8) <27 |

where the last inequality holds due to our new choice of v/. Therefore, if the LHEP claim is true, then we have
|D| < &’'ng /2 with overwhelming probability, which is the same as the guarantee provided by the column
checks from Section 2.4.
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Challenge 3: obtaining a non-interactive argument of knowledge. In this technical overview, we have
proven soundness of the IORs we constructed, which is not sufficient to obtain a non-interactive argument
of knowledge using the BCS transformation [BCS16]. Ideally, we would like to prove a stronger notion
of soundness such as round-by-round extractability [BCFW25] for these IORs, which does imply such a
non-interactive argument of knowledge. However, proving such a straight-line property for the TensorReduce
IOR poses a challenge. In particular, consider the TensorReduce IOR first presented in Section 2.5 (which
outputs an HEP claim). A straight-line extractor can only see the witness of a single HEP output claim and a
single MEP output claim, which consist of O(\) columns of W, and the folded witness m/ respectively.
However, to extract a valid witness M for the input MEP claim, these are not sufficient since there are
multiple possible M that are consistent with these output witnesses and the input instance. Thus, proving a
straight-line notion of extractability for TensorReduce is a bottleneck.

Therefore, we have to settle for rewinding extraction, that is, allowing the extractor to rewind the prover
multiple times in order to output M. Fortunately, the recent notion of round-by-round tree-extractability
(RBRTE), introduced by [BMMS25], is helpful in this regard. They show that if an IOR is RBRTE, then the
non-interactive argument obtained by applying the BCS transformation is (adaptive) rewinding knowledge
sound. In the main technical sections, we prove that our IORs are RBRTE, and then use the composition
theorem from [BMMS25] to prove that the IOPP obtained by composing our IORs is also RBRTE.

2.7 Final IOPP construction

An MEP to MEP reduction. The TensorReduce described in Sections 2.5 and 2.6 takes as input an

MEP(€18C2:6) claim with message length &k and block length n and outputs the following:

o an LHEP©1=") claim with message length k1, and

e an MEP(©2<"/2) ¢laim with message length ko.

However, in order to complete the proof of Lemma 2.7, and apply TensorReduce recursively, we need to

output a single MEP claim over a tensor code with a message length of O()\l/ 3k2/ 3). Recall that k1 and ko are

chosen such that ky = ni1k1v/ = O(A1/3k2/3). In the following construction of TensorReduce’, C' = C] ® C},

is a tensor code with message length ko such that C} is a codeswitchable code (see Definition 2.6).

1. Run the TensorReduce IOR from Sections 2.5 and 2.6 to obtain an LHEP(©1<"*") claim and an MEP(C2"/2)
claim.

2. Run the LossyBatch IOR from Section 2.6 to reduce the LHEP€1<"*") claim to an SEP(®"#") claim.

3. Run the Sumcheck IOR to reduce the SEP(€"") to a MEP(€"=) claim.

4. Run the CodeSwitch IOR from Lemma 2.5 to reduce the MEP(®2/?) claim to an MEP(®"¥) claim.

The resulting two MEP(®" =) claims can then be combined into a single MEP("#) claim using standard

techniques. By the choice of k; and ks in Lemma 2.7, the message length of C’ is ko = n1kit/ = O(N/3k2/3),

completing the proof of Lemma 2.7.

Constructing TensorlOPP from TensorReduce’. Finally, we discuss how TensorReduce’ is used to

construct TensorlOPP. Let A = O(k!~7), for some v > 2/3. One application of TensorReduce’ reduces the

message length from k1 = k to ko == O(AY/3E%/3). If k; is the message length after i — 1 applications of

TensorReduce’, then we have

ki =0 (kufw-@/s)i-l))

This is where the requirement that v > 2/3 comes in, since this guarantees that there exists a constant ¢ such
that 1 —~ + - (2/3)°"! < 1/3, implying that k. = O(k'/?).

Using codes with inverse polynomial rate. Once the message length is O(k'/3), the output code C’
of TensorReduce is set as a Reed—Solomon code RS with message length . = O(k'/?) and rate 1/n'/3.

18



Notice that this code has block length O(n?/3) and is thus encodable in O(n) time, using the naive encoding
algorithm that uses the generator matrix of a code and takes O(n?/3) - O(k'/3) = O(n) time.

Utilizing the fact that this code has inverse polynomial rate 1/ n'/3 (and thus distance 1 — 1 / nl/3), we
instantiate the WHIR IOPP [ACFY25] for constrained Reed—Solomon codes (which captures MEP) with the
appropriate parameters to obtain an IOPP for MEP(RS) with O(n) prover time and O(\) queries. At a high
level, this IOPP iteratively reduces the message length by a constant factor. Typically, when the code has
constant rate, this requires O(\) queries per reduction (at least for a non-constant number of rounds), leading
to w(\) queries overall. However, since the rate of RS is O(1/n'/3), only O(\/logn) queries are required
per reduction and O()\) queries are required overall. The full construction of TensorlOPP can be found in
Section 7.
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3 Preliminaries

3.1 Notation

For a finite field F and n € N, bold lowercase letters * € F" denote vectors of field elements. Unless
otherwise specified, we assume that vectors over F are zero-indexed. x[i] denotes the i-th element of .
Given x € F" and y € F, we use y - = to denote [y - x[i]];c,). Given £ € N, we use x' to denote the
vector (x, ..., x), where x is repeated ¢ times. Given a set S C [n] and x,y € F", we say x[S] = y[S] if
x[i| = y[i] foralli € S.

We use bold uppercase letters M € F"*™ to denote matrices over F. M{i, j], M|i, -], and M-, j]
denote the element in the i-th row and j-th column, the i-th row, and the j-th column of M respectively.

Interplay between vectors and matrices. Looking ahead, we will need to consider fields of the form (F™)".
We identify the elements of such a field with matrices V' € F"*", where each column of V is thought of as
an element of F™. Given an matrix V' € F™*" written in uppercase, we use the corresponding lowercase
v € F™ to denote the vector obtained by concatenating the rows of V. Similarly, when m and n are clear
from context, given a vector v € F™", we use V' € F™*™ to denote the matrix V' € F™*" such that v is
obtained by concatenating the rows of V.

Binary representation. Given i,n € N, (i), represents the n-bit binary representation of i in most-
significant-bit-first order. We drop the subscript n when it is clear from context.

Multilinear polynomials. We use F<9[X7,..., X ,.] to denote the set of all y-variate polynomials over F
such that the degree of each variable in every monomial is at most d. We denote a multivariate polynomial
by p(X1,...,X,) or by p(X) when y is clear from context. FS![X1,..., X,] is the set of all p-variate
multilinear polynomials. p(X) € FS'[X1,..., X,] is uniquely defined by its evaluations p == [p((i))]Z ;"
over the p-dimensional boolean hypercube {0, 1}* C F-.

Multilinear extension. The multilinear extension of a vector m € F?" is the unique multilinear polynomial
m(X) € FSUXq, ..., X,] such that m((i — 1)) = m[i] for all i € [24].

Lagrange basis polynomial. The Lagrange basis polynomial eq,,(X,Y) := P L(XYi+(1-X,)(1-Y;))
is a multilinear polynomial that evaluates to 1 if and only if X =Y forany X,Y € {0, 1}*. We omit p

when it is clear from context. For any p(X) € FS![Xy,..., X,,] and 2 € F¥, we have
p(z)= Y p(i)-eq(i,2) .
1€{0,1}#

We use eq(z) to denote the vector of evaluations of eq(X, z) over {0, 1}*.

Hamming distance. We use A to denote Hamming distance, i.e., for z,y € F", A(x,y) == |{i € [n] :
x[i] # yli]}|, and ¢ to denote fractional Hamming distance, i.e., 0(x,y) = A(x,y)/n. Foraset S C F"
and an element € F", we define A(x, S) := mingeg A(x, s), and §(x, S) = A(x,S)/n. We also use
x ~ y to denote d(x,y) < e.

Lemma 3.1 (Ore-DeMillo-Lipton-Schwartz-Zippel lemma). Let f € FS9Xy,..., X ) be a non-zero
polynomial. Then

Pr [f(r)=0] < & .

[F]
r(iFl‘

“When it helps to make notation more clear and does not lead to ambiguity, we sometimes use z; to denote the same.
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Lemma 3.2. Let f € FS9[X, ..., X1 +u2) be a polynomial that is not constant in the first p variables.

Then,
Pr [f(X,r) is a constant polynomial] < d",‘:‘f
rﬁF“Z
Proof. If f is not constant in the first /11 variables, then there exists a term c-g(X i, 41, - - -, Xpuy 0 )] [12g X
for some g € ng[Xmﬂ, ooy Xpy+po) and a; € {0, 1} where ¢ # 0 and there exists at least one i € 1]
such that a; = 1. If f(X, r) is a constant polynomial, this term must be a constant, which can only occur if
g(r) = 0, and this occurs with probability at most (d - u2)/|F| by Lemma 3.1. O

3.2 Coding theory

Definition 3.3 (Linear codes). A linear code C of message length &, block length n, over an alphabet F is
a k-dimensional subspace of F". The rate of the code is defined to be k/n and the distance of a code C is
defined to be
d¢c = min d(x,
¢ = min, (z,y)

We abbreviate the parameters of a code as (F,n, k, d¢c). We use ¢ € C to denote codewords and w € F" to
denote arbitrary words. We say a word w € F" is d-far from (or d-close to) a code C if 6(w,C) > § (or
d(w,C) <9).

Encoding. An encoding function of a code C is a bijection Encc : F¥ — C. The message m € F* of a
codeword c € C relative to an encoding function Ence is the unique vector such that Encc(m) = c. If C is
linear, there exists a k x n matrix G¢ known as the generator matrix such that Encec(m) = Gem. We also
use 1 to denote the time complexity of encoding a message under C.

Definition 3.4 (List decoding). Let C be a linear code with parameters (F, n, k, d¢), w € F" be a word, and §
be a proximity parameter, we define

A(C,w,d) ={ceC:d(c,w) <4} .

We also use A (C, 0) to denote max,, A (C, w, d¢). We say that C is (6, £)-list decodable if |A (C,w,0) | < ¢
for every w € F™. We say that 0 is in the ‘unique decoding regime’ if C is (d, 1)-list decodable, and in the
‘list decoding regime’ if C is (4, £)-list decodable for some ¢ = poly(n).

Lemma 3.5 (Out-of-domain evaluation). Let C be a linear code with parameters (F,n, k,dc), let w € F" be
an arbitrary word, and let § € (0,0¢). Then, we have

Ence(u) € A (C,w, )
Pr |3distinctw,v : F¥ s.t. and Ence(v) € A (C,w, d)

$ (o]
reFlost and a(r) = ()

A (C,0)]? logk
- 2 F|

Proof. Tf u(X) # 0(X), then 4(r) = 0(r) with probability at most log k/|F| by Lemma 3.1. Applying the
union bound over all pairs (u, v) such that Ence(u), Ence(v) € A (C, w, §), we get the desired bound. [

Definition 3.6 (Tensor codes). Let F be a finite field, C; be a linear code with parameters (F, n1, k1, dc, )
and generator matrix G, € F"***1 and C; be a linear code with parameters (F, ny, ko, dc,) and generator
matrix Ge, € F"2*F2, The tensor code C; ® Cq is the linear code with the generator matrix G¢, ® Ge,,
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where ® denotes the Kronecker product. It is well known that C; ® Cy has parameters (F, n1ng, k1 k2, dc, 0¢c, ).
The encoding time of C; ® Ca is O(ng - T, + k1 - T, ) (first encoding the rows under Ca, then encoding the
columns under Cy).

Definition 3.7 (Interleaved codes). Let m € N be the interleaving parameter and C be a linear code with
parameters (F, n, k, dc). The m-interleaved code C™ C (F™)" is a linear code with parameters (F",n, k, dc)
such that for every C € C™, every row of C'is a codeword of C. Given a message M € (F™)*, Encem (M)
is obtained by encoding each row of M under C.

Erasure correction.

Definition 3.8. A code C with parameters (F, n, k, d¢) supports erasure correction with correction time ecor¢

if there exists a deterministic algorithm &¢ (the erasure corrector) that given as input some w € F™ and a set

S C [n], behaves as follows:

 If |S| > (1 — d¢)n and there exists a codeword ¢ € C such that ¢[S] = w[S] (note that such a codeword is
unique), then &:(w) outputs c.

¢ Otherwise, & (w) outputs L.

Moreover, & performs at most ecor¢ field operations.

Lemma 3.9 ((GRS12]). Every linear code C with parameters (F,n, k, dc) supports erasure correction with
correction time O(n?).

3.3 Mutual correlated agreement for multilinear proximity generators

Linear codes exhibit a property called correlated agreement used extensively in previous work on IOPPs
and accumulation schemes [AHIV17; BBHR18; ACFY24]. A stronger notion known as mutual correlated
agreement was introduced in [ACFY25], but was explored only for Reed—Solomon codes. Related but slightly
‘weaker’ notions that apply to arbitrary linear codes in the list decoding regime were introduced in [GKL24;
Zei24]. Before we can explain how they differ, we first recall the definition of mutual correlated agreement
from [ACFY25].

Definition 3.10 (Mutual correlated agreement for proximity generators). Let C be a linear code with parameters
(F,n, k,dc). We say that Gen is a proximity generator for C with mutual correlated agreement with proximity
bound B* and error err* if for every wy,...,w, € F* and § € (0,1 — B*(C, ¢)) the following holds:

S| > (1—d)n ,
Pr S Cn] st. deeC: Zje[é} rj-w;[S] =c¢lS] , | <err*(C,4,9) .
(ris--.ire) = Gen(£) 3 € [0],V¢ € C: w;[S] # €[]

The results in [GKL24; Zei24] can be shown to imply results similar to the above definition, but only upon
imposing certain additional conditions on §. However both of these results, as well as most other prior work
on mutual correlated agreement only consider proximity generators where:

1. Gen(¢) samples r; < F, for each i € [¢], and outputs [riliciq-

2. Gen(¢) samples r < F, defines r; := =1 for each i € [¢], and outputs [rilicig-
Our setting requires a different kind of proximity generator, which we describe next.

Mutual correlated agreement for multilinear proximity generators. We define a multilinear proximity
generator to be the generator Gen(¢) that on input £ = 2™ samples r <~ F™ and outputs [eq((j — 1), )] jely-

22



Previous work [DP24; AER24; DG25] has also (implicitly) analyzed multilinear proximity generators, but only
proves that the weaker notion of correlated agreement holds in the unique decoding regime. In Appendix A,
we prove the following theorem regarding mutual correlated agreement for multilinear proximity generators
in the list decoding regime.

Theorem 3.11. Let C be a linear code with parameters (F,n, k,dc) and m € N, with M := 2™. Additionally,
let e € (0,1/2n] and B. > (1 — d¢ + €)/3 + € be such that {Bn} > 1/2.'° For every wy, ..., wy € F?,
the following holds:

’S| = (ﬁeﬂ ’ .
Pr | 3SCn] st eeC: 3 cpgwilS] eq((j—1),r)=¢c[5] , | < Eg"Fl
r&Fm Vediep € CM 2 3j € [M] s.. wy[S] # ¢S]

The proof of this theorem uses the result from [Zei24], and thus inherits the need to impose an additional
condition on the ‘agreement parameter’ 3, which is analogous to the expression (1 — §) from Definition 3.10.

Remark 3.12. In the interest of brevity, we refer to the result in Theorem 3.11 as mutual correlated agreement
for multilinear proximity generators, although it does not exactly match Definition 3.10. We think this is
reasonable as the additional conditions we impose on the proximity parameter are quite weak and do not
impose any limitations on the applicability of the result.

Mutual correlated agreement preserves list decoding. We also prove the following lemma in Appendix A,
which is useful in proving that our IORs are RBRTE.

Lemma 3.13. Let C be a linear code with parameters (F,n, k,dc) and m € N, with M = 2™. Additionally,
let € € (0,1/2n] and B > (1 — b¢ + €)'/3 + € be such that {f.n} > 1/2. Define § == 1 — [Ben]/n. For
every wi, ..., wy € F7", the following holds:

A (€ ey wi - eal(j = 1),7).6)
:EI‘ 7é < 6g’“:| :
rer {Zje[M] cj-eq((j —1),7) : [ej]jemn € A (CY, [wj]jE[M]75)}

In words, this lemma states that states that mutual correlated agreement for multilinear proximity generators
preserves list decoding, i.e. applying a multilinear proximity generator and then list decoding gives the same
result as first list decoding, and then applying the proximity generator to all possible lists of results. The proof
requires the fact that multilinear proximity generators exhibit mutual correlated agreement (Theorem 3.11).

3.4 Codeswitchable codes

Codeswitching is a powerful tool that has been used in past influential works [RR24; RR25; BCFRRZ25]
which reduces checking a claim about the proximity of w to C to checking a claim about the proximity of w’
to a (possibly different) code C’. [BMMS25] formalized this as an IOR.

Definition 3.14 (CodeSwitch IOR). CodeSwitch is an IOR from MEP(©51) to MEP(C"<") such that C and
C’ are linear codes with parameters (F,n, k, d¢) and (F,n', k, d¢c/) respectively, and ¢ € (¢ /8, d¢/4), and
e e (6¢r/8,6cr/4).

'"We use {z} denotes the fractional part of .
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This definition is then used to define efficiently codeswitchable codes.

Definition 3.15 (Efficiently codeswitchable codes). If there exists an RBRTE IOR CodeSwitch from
MEP(©=1) o MEPC"="D) for all £ € (8¢/8, 6c/4), such that the prover time is O(n + T¢), the number of
oracle queries is O(\), and the verifier time is O(\logn), then C is said to be efficiently codeswitchable.

For brevity, in this paper we refer to efficiently codeswitchable codes as codeswitchable codes. [BMMS25]
show that tensor codes and LDPC codes are efficiently codeswitchable.

24



4 Interactive oracle reductions
4.1 Relation prerequisites

Indexed relations. An indexed relation R is a set of triples {(2,x, w)} where 1 is the index, x is the
instance, and w is the witness; the corresponding indexed language L(R) is the set of pairs (1,x) for which
there exists a witness w such that (i, x, w) € R. We use R! to denote the set of all tuples (s, w) such that
(I,x,w) € R.

Indexed pair relations. Some proof systems exhibit a gap between completeness and soundness. We
formalize this using indexed pair relations of the form Rp.ir = (R, 7~2) where completeness holds for R, but
soundness guarantees membership in a relaxed indexed relation RDOR.

Indexed oracle pair relations. Indexed oracle pair relations are indexed pair relations where the instance is
split into a short instance x and a vector of instance oracles ¥ = (y1, ... ,ym). Each instance oracle y;
is an oracle to a vector over some alphabet 3. In this work, we only consider indexed oracle pair relations
where ¥ is a finite field F. We write (1, x, ¥, W) € Rpajr to denote membership in an indexed oracle pair
relation Rpair. When Rpair = (R, 7%) is an indexed pair relation, this notation is overloaded and can be used
to denote membership in either R or R depending on the context.

Indexed polynomial-oracle relations. An indexed polynomial-oracle relation R is an indexed relation
where the instance is split into a short instance x and a vector of instance polynomials y = { f1,..., fig},
where each f; is a polynomial over F. Unlike indexed oracle pair relations, note that these are not pair
relations.

4.2 Definition

We recall the definition of interactive oracle reductions (IORs) [BCGGRS19; BMNW25; BMMS25; BCFW25].
Intuitively, an IOR from indexed oracle pair relation R to R’ is an interactive protocol between a prover and a
verifier that reduces the verifier’s task of deciding whether there exists witness w s.t. (i,x,¥,w) € R to
the task of deciding whether there exists witness w’ s.t. (', x’, 5, w’) € R’ for some (i’, x’, ¥') which are

determined through the (randomized) execution of the protocol. We provide a formal definition below.

Formal definition. Let R and R’ be indexed oracle pair relations. A (public-coin, holographic) interactive
oracle reduction from R to R’ is a tuple of polynomial-time algorithms IOR = (I, P, V) with the following
behavior.

* The indexer I is a deterministic algorithm which receives as input an index i (for R). It outputs a short
index v, index oracle ]f, and a new index 1’ (for R').

* The prover P is a multi-round algorithm which receives as input the index 1, short instance x, instance
oracles ¥, and witness w. It engages in k rounds of interaction with the verifier V. In the i-th round, P
sends a proof oracle I1; and a non-oracle message msg;, and then receives a challenge 7; from V.

* The verifier V is a multi-round algorithm which receives as input the short index ¢, short instance x, oracle
access to index oracle I, and oracle access to instance oracles y. It engages in k rounds of interaction with
P. In the ¢-th round, V receives oracle access to a proof oracle II; and a non-oracle message msg;, and
then sends a uniformly random challenge 7.

At the end of the interaction, V outputs a decision b € {0, 1} and a new instance (x',¥’). ¥’ is returned

implicitly as a function of the old instance oracles ¥, the index oracles I, and the prover message oracles

II; this allows the V to still be succinct. Additionally, P outputs a new witness w’. We denote the IOR
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interaction by
(b,%, 7, w)  (P(ix,5,w), VITT (1, 5))

Without loss of generality, P always moves first and V is split into two phases. In the interaction phase, it
samples challenges and sends them to P. In the query phase, it queries the index, instance, and proof oracles.

Completeness. An IOR is said to be complete if for any (1, x,¥,w) € R,

b, 11« I(1)
(b, x', ¥, w') + <P(I'1,X,§;,W),VH’§;’H(L,X)>

Pr [b =1AG X, ¥, w)eR

Soundness. An |OR is said to have soundness error ¢ if for any (i,x,§) € £(R) and adversary P,

=

o, 1,i7) < I(i)

- == < (3 .
Pr (b, x5, w') <P,Vﬂ’y’n(b,x)> ] < e(1,x)

b=1A({,x,7,w) R

Knowledge soundness. Given that IOPPs are used to construct SNARKSs (via IOPs) [ACFY24; ACFY25;
BMMS25], it is important to ensure that the non-interactive argument obtained via (a variant of) the BCS
transform [BCS16] is knowledge sound. For this, prior work [BCS16; BMNW?25] has shown that it is
sufficient to prove that an IOP/ IOR satisfies state-restoration knowledge-soundness (SRKS). However, SRKS
is an unwieldy definition: it is often difficult to directly prove that a protocol satisfies it.

As aresult, prior work has presented easier-to-prove notions of knowledge soundness, including round-
by-round extractability (RBRE) [BCFW25] and round-by-round tree-extractability (RBRTE) [BMMS25].
Both of these notions have proven useful in the context of IORs that rely on linear-time encodable codes,
which are particularly challenging to prove knowledge soundness for as they are not known to be decodable in
polynomial time. Ideally, we would prove our IORs RBRE, as this implies that the non-interactive arguments
obtained after applying the (variant of) Fiat—Shamir transform are straight-line extractable. Unfortunately, the
existing definitions for round-by-round extractability do not seem to apply to some techniques used in the
TensorReduce IOR (see Section 6). As such, we prove that all of our constructions satisfy RBRTE, thereby
implying non-interactive arguments that satisfy rewinding knowledge soundness. We recall the definition of
RBRTE in Section 4.4.

Efficiency measures. We consider the following efficiency measures for an IOR.

* Alphabet: ¥ is the set of symbols used to write the index, instance, and proof strings.

* Round complexity: k is the number of rounds of interaction in the protocol.

* Plaintext length: PLen is the sum of the lengths of the prover messages, Z'i‘:l |msg;|.

* Query complexity: Queries is the number of locations that V queries from the index oracles I, instance
oracles ¥, and proof oracles 0.

, instance oracles Z'fil Mg,

’

* Oracle length: OLen is the sum of the lengths of the index oracles Z‘jﬂil |1,

and proof oracles 2?:1 |

* Indexer and prover time: Tz and Tp is the number of X operations performed by I and P respectively in
the protocol.

* Verifier time: Ty is the number of X operations performed by V, not including the operations required to
query the instance oracles (which is handled by the query complexity).

* Randomness: R is the total number of random bits used by V.

26



When we discuss our IORs in detail, we omit the discussion of the alphabet in our efficiency measures, since
we only consider a given finite field F as the alphabet. Furthermore, we omit the discussion of randomness,
since that is already captured by the query complexity and verifier time.

Remark 4.1 (Fixed indices). We sometimes write that an IOR is from Rfil to RﬂQ, if we are only concerned
with the case when the index for the input from R is always i3, which implies that the index for Rz is also
fixed to 12 (which must be the output of the indexer on input 1;).

Definition 4.2 (Interactive Oracle Proofs of Proximity (IOPPs)). An IOPP for an indexed oracle pair relation
R is an IOR from R to the “trivial” relation Ripe = {(1 := L, x = accept,¥ := L, w := 1)}, consisting
of only one element with an empty witness.

Remark 4.3 (Interactive Oracle Proofs (IOPs)). An IOP is simply a special case of an IOPP, where the
indexed oracle pair relation R has an empty instance oracle, i.e., R consists of tuples of the form (i, x, L, w).

4.3 Important indexed oracle pair relations

SEP. The sumprod-evaluation proximity (SEP) relation consists of ¢ claimed codewords [w;];c(q, and
enforces a proximity claim about each codeword as well as a sumcheck claim over the multilinear extensions
of the messages underlying the ¢ codewords.

Indexed oracle relation 4.4. The sumprod-evaluation proximity relation SEP = (R, R) is an indexed oracle

pair relation with R and R both consisting of tuples of the following form:

* index: (C,e, /), where C is a linear code with parameters (F, n, k, d¢), € € (0, 1) is the proximity parameter,
and/ € N,

« instance: (f(X, Z),0), where f(X1,..., Xiogk, Z1, ..., Z¢) € FS[X1,..., Xiogk1s) and o € F,

* instance oracles: [w;];c|q, where w; € F" for each i € [/],

* witness: [m];e[q, where m; € F for each i € [(],

such that

> fbi(b),... (b)) =0,

be{0,1}logk
as well as the following distinct conditions for R and R respectively

R: Vie[l]: w;=Encc(m;) ,
R : Vie[l]: w;~cEnce(my) .

MEP. The multilinear-evaluation proximity (MEP) relation consists of £ claimed codewords [w;];c[s, and
enforces both a proximity claim as well as an evaluation claim over the multilinear extension of the message
underlying each codeword.

Indexed oracle relation 4.5. The multilinear-evaluation proximity relation MEP = (R, R) is an indexed

oracle pair relation with R and R both consisting of tuples of the following form:

¢ index: (C,e, /), where C is a linear code with parameters (F, n, k, d¢), € € (0, 1) is the proximity parameter,
and ¢ € N is the number of polynomials,

* instance: [(2;,Yi)];c[q, where foreachi € [(]: z; € Flogk and y; € F,

* instance oracles: [w;];c[q, where for each i € [(] : w; € F",

27



* witness: [1m2;];c(q, where for each i € [(] : m; € Fr.
such that 7i;(z;) = ; for all i € [¢], and satisfy the following distinct conditions for R and R respectively:

R: Vie[l]: w;=Encc(m;) ,
R: Vie[l]: w;~:Ence(m;) .

HEP. Finally, the homogeneous multilinear-evaluation proximity relation (HEP) is a special case of the
MEP relation, where the evaluation claim over all £ messages is with respect to the same evaluation point z.

Indexed oracle relation 4.6. The homogeneous multilinear-evaluation proximity relation HEP = (R, R) is

an indexed oracle pair relation with R and R both consisting of tuples of the following form:

* index: (C,e, (), where C is a linear code with parameters (F, n, k, d¢), ¢ € (0, 1) is the proximity parameter,
and £ € N,

* instance: (2, [yi];ef), where z € F°8% and for each i € [(] : y; € F,

* instance oracles: [wj];c(q, Where for eachi € [(] : w; € F",

* witness: [m;];c[q, where for each i € [(] : m; € F¥,

such that 71;(2) = y; for all ¢ € [¢] and satisfy the following distinct conditions for R and R respectively

R : Vie[f]: w;=Encc(m;) ,
R: Vie[lf]: w;~¢Ence(m;) .

The proximity threshold of a code. While in the foregoing definitions we allow the proximity parameter
to be any value in the range (0, 1), in most of our IORs we must restrict the proximity parameter to be at
most a certain threshold, which we call the proximity threshold of the code denoted by £(C). The necessity of
this threshold stems from the fact that the soundness of our IORs relies on mutual correlated agreement for
multilinear proximity generators (see Section 3.3), which is only proven to hold up to this threshold.

Definition 4.7 (Proximity threshold). Let ¢ = 1/2n. We define the proximity threshold of a code C
with parameters (F,n,k,d¢c) to be the largest value €(C) € (0,dc) such that there exists an integer
Be > (1 —0d¢ + e)l/ 3 + ¢ that satisfies the following conditions:

* {Ben} > 1/2, where {x} denotes the fractional part of x, and

* [(1=e(@))n] =1 < fen < [(1—e(C))n].

The foregoing conditions imply that the proximity threshold (C) must be in the ‘list decoding regime’, i.e. C
is (¢(C), £)-list decodable for some ¢ = poly(n).
The Sumcheck IOR. We recall the following IOR from SEP(%%) to HEP(C5) [BMMS25].
Lemma 4.8 ([BMMS25, Lemma 5.7]). Let C be a linear code with parameters (F,n,k,dc). For all
e € (0,6¢/2), there exists an RBRTE IOR, Sumcheck, from SEPCE0 1o HEPCSY) | with the following
efficiency measures:

Rounds PLen Queries Olen Tz Tp Ty

logk  O(Llogk) 0 0 O(1) O(ty-(logk+1¢)-n) O(ty(logk +¢) + Llogk)

where t is the number of terms in the combination polynomial f.
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4.4 Round-by-round tree-extractability

In this section we recall the definition of round-by-round tree-extractability (RBRTE) from [BMMS25].

Constrained transcript trees. Before we define RBRTE, we must define constrained transcript trees. At a
high level, a constrained transcript tree T of an IOR with respect to the input (i, x,¥) is a ‘tree of accepting
transcripts’ for the IOR run on the given input. In more detail, the nodes of the tree are labelled with prover
messages (with the nodes in layer ¢ containing prover messages for round ¢) and the edges of the tree are
labelled with verifier challenges (with outgoing edges from layer ¢ containing verifier challenges for round
1), such that every path from the root to a leaf corresponds to an accepting view for the IOR verifier V with
input corresponding to (1, x, y). Additionally, we require that the tree satisfies certain constraints, which we
capture as ‘challenge’ and ‘vertical’ predicates. We present a formal definition below.

Definition 4.9 (Constrained transcript tree). Let IOR = (I, P, V) be a k-round IOR from an indexed oracle
relation R to an index oracle relation R’, and let

* d:=aj,...,ax € N be arity parameters,

» forall i € [k], VD; and PD; be the domain of possible verifier and prover messages in the i-th round of the
interaction respectively.

*  be a ‘vertical’ boolean-output predicate which takes as input an index-instance pair, an IOR transcript of
the form (o, p1, ..., ok, pk) where «; :== (II;, msg;) is the i-th prover message and p; is the i-th verifier
challenge, and

*  be a ‘challenge’ boolean-output predicate which takes as input an ordered set of verifier challenges from

VDI x VD@ x ... x VDL

We say that a (@, ¢, 0, 1, x, ¥)-constrained transcript tree for IOR is a depth-k tree T that satisfies the following
properties:

1. Each node in the i-th layer has a;-many children.''

2. For every layer i € [k|: every node in layer i is labeled with an IOR prover message for round s.

3. For every layer i € [k]: the a; outgoing edges are labeled with distinct verifier challenges.

4. Every path from the root to a leaf corresponds to an accepting view for the IOR verifier } with inputs
corresponding to (1, x,¥), such that the verifier outputs (x’, ¥') consistent with the value in the leaf.

5. The leaf nodes are labeled with tuples (x’, ¥/, w’) such that (1, x', §/, w’) € R/, where 1’ is the output of
I on input 1.

6. The vertical predicate is satisfied: for every path p down the tree, the transcript (o, p1, ..., Qk, Pk)
corresponding to p satisfies

(L, X, ¥, 1, p1,- -, QK pk) = 1 .

7. The challenge predicate is satisfied:
0(p(T)) =1,

where we use p(T) to denote the ordered set of all verifier challenges on the edges of T.

For brevity, we will sometimes use (@, ¢, 6, 1, x, ¥)-tree to denote (a, ¢, 0, 1, x, ¥ )-constrained transcript tree.

Round-by-round tree-extractability definition. We start by defining vertical and challenge predicates,
where we use VD; and PD; to denote the domain of possible verifier and prover messages in the ¢-th round of
the interaction respectively.

"Such a tree has k + 1 layers, with layer 1 being the root layer and layer k 4 1 being the leaf layer, and the tree has IL el % leaves.
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Definition 4.10 ((\B, a@)-challenge-predicate). Consider a k-round IOR, IOR, from R to R’. We say that 6 is

a (\B, @)-challenge-predicate if for p(T) < VD% x VD212 x . .. x Vle_[ie[k] “{e. each challenge in p(T)
is independently sampled from the corresponding VD;, we have
Pr [0(p(T)) = 0] < negl(A) .

p(T)EVD VD312 . x VDL M

Definition 4.11 ((ﬁ, \B, k)-vertical-predicate). Consider a k-round IOR, IOR, from R to R’. We say
that ¢ : (PD; x VD1) x ... x (PDy x VDy) — {0,1}?isa (ﬁ,\ﬁ, k)-vertical-predicate for IOR if the
following properties hold:

* The function returns 1 on an empty transcript. That is,

o(i,x,y,2)=1.

* The output value is unchanged by prover messages. That is, for all ¢ € [k]:

@(ﬁaxay,al,pla cee 7a’i*1ap’i*17ai> = @(LX’yaalvpla oo ,041'71,,01'71) )

for any «; € PD;.
* The probability of the output value going from 1 to O by a verifier challenge is negl(\). That is, for all
i € [k] and (1,x%,¥, a1, p1,-..,q;) such that (1, x, ¥, a1, p1, . . . , ;) = 1, the following holds:

Pr [90(]17 X, §:a A1, P1y - - -5 Oy Pz) = O] < negl()‘) .
pi&VD;

Using these definitions, we can now define round-by-round tree-extractability.

Definition 4.12 (Round-by-round tree-extractable IORs). Consider IOR, an IOR from R to R/, and 1, an

index of R. IOR is said to be (&, o, #)-round-by-round tree-extractable (RBRTE) with respect to index 1 if

the following conditions hold:

» for any instance (x, ), we have H;(:l a; = poly(|(1, x,¥)]),

* pisa (PD, VD, k)-vertical-predicate,

* fisa (\B, a@)-challenge-predicate, and

» there exists a deterministic polynomial-time extractor £'**® such that for any instance (x, ¥), £ takes
as input a (d, ¢, 0,1, x,y)-constrained transcript tree T for IOR, and outputs a witness w such that
(1, x,¥,w) € R.

Furthermore, we say IOR is RBRTE if for each index 1, there exists a tuple (@, ¢, 6) such that IOR is

(@, ¢, 6)-RBRTE with respect to 1.

Main results about RBRTE IORs. [BMMS25] prove the following useful results pertaining to RBRTE
IORs.

Lemma 4.13 (Compilation of RBRTE IORs to NIRK [BMMS?25, Lemma 4.5]). Let IOR be an RBRTE IOR
from R to R'. Then the non-interactive reduction obtained by applying (a variant of) the BCS transform
(from [BMINW?25, Appendix B]) to IOR is a NIRK with rewinding knowledge soundness.

"2For brevity, we abuse notation and avoid mentioning the domain for (1, x, ).
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Lemma 4.14 (RBRTE IOR composition [BMMS25, Lemma 4.7]). Let IOR be an (a, p,0)-RBRTE IOR
from R to R' and \OR' be an (@', ', 0')-RBRTE 10R from R’ to R". Then the sequential composition
IOR” := IOR o IOR is a (@|| @, || ', 0 A 0')-RBRTE IOR from R to R"."3

Furthermore, the efficiency metrics of |OR’ o IOR are the sum of the round complexities, oracle lengths,
message lengths, query complexities, prover times, and verifier times.

3At a high level, the “concatenation” ¢ || ¢’ of the vertical predicates of a k-round and a k’-round IOR respectively is defined in
the natural way: on transcripts of length less than k it behaves like ¢, and on transcripts of length > k, it outputs 1 if and only if ¢
outputs 1 on the first k prover and verifier messages and ¢ outputs 1 on the remaining prover and verifier messages.
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5 Lossy batching

At a high level, the lossy homogenous multilinear-evaluation proximity (LHEP) relation is a relaxation of
the HEP relation that asks that out of the /-many proximity and evaluation claims that the LHEP instance
comprises of, at least a (1 — 7jost) fraction are true (whereas in the HEP relation all of them must are true).

Indexed oracle relation 5.1. The lossy homogenous multilinear-evaluation proximity relation LHEP = (R, 7~€)
is an indexed oracle pair relation with R and R both consisting of tuples of the following form:
* index: (C, ¢, ¥, Yiost) Where
— C is a linear code with parameters (F,n, k, d¢) that is efficiently codeswitchable,
— ¢ € £(C) is the proximity parameter,
— ¢ € N is the number of polynomials,
- Yost € (0, 1) is the loss parameter,
* instance: (2, [yi];c[q), Where z € Flog® and for each i € [(] : y; € F,
* instance oracle: [w;];c|s, Where for each i € [(] : w; € F",
* witness: [112;];c(q, Where for each i € [(] : m; € Fr.
such that there exists a set I C [¢] that satisfies the conditions || > (1 — st) - £ and

~

Viel: mi(z)=y,
as well as following distinct conditions for R and R respectively

R: Vie[f]: w;=Ence(m,),
R: Yiel: w;~Ence(my) .

Below, we present LossyBatch, an IOR from LHEP(C:56est) to SEP("<"2) where C’ has parameters
(F,n', k', 0¢cr) such that k' = nk/, and €’ € £(C’) is new the proximity parameter. The verifier of this IOR
makes only O(\ + £/70st) oracle queries in total, which is simply O(\) in the setting where this is IOR is
invoked, since ot is at least a constant and ¢ is always O(\).

5.1 The LossyBatch IOR

An LHEP(©&6%0st) claim consists of tuples of the form

i=(C,e,l,Most)  x= (2, [Wiliei); ¥ = [wilicpgs w = [Miliclg
and the claim that there exists I C [¢] of size at least (1 — 7jost) - £ such that
Viel: w;~:Ence(m;) and m;(z)=vy; . 3)

The LossyBatch IOR proceeds as follows. P sends an oracle Jw’] to V, where w’ = Ence/(m/) and
m' =ml, = (my|...||mg)" € F¥. P then proves the following claims about w’:

1. New proximity claim: w’ ~. C’.

2. Out-of-domain evaluation claim: 772/ (2o0d) = Toods Where 2ooq € FI°8 k" is an out-of-domain evaluation
point sent by V.

Repetition claim: The underlying message 7’ is of the form m/ = m”._ for some Mmconc € FF*.

4. Multi-evaluation claim: Let m,; € F*¢ be the first k¢ elements of m/. Then, for all i € [¢], we have

mfirst(<i - 1>7 Z) = VY-

»
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5. Multi-proximity claim: There exists some I C [¢] such that |I| > (1 — 7j0st)¢ and for all i € I we have
w; ~¢ Ence(meonc[(i — 1)k + 1 : ik]).

Intuitively, proving Claim | and Claim 2 binds P to a single underlying message m’ € F*. Proving Claim 3

restricts m/ to be of the form m/' = m[. . for some Mconc € Fre, Finally, proving Claim 4 and Claim 5

proves Eq. (3). In the rest of this section, we show how to use a single SEP(C<) instance to prove all

of these claims simultaneously. Since Claim 1 is enforced by any SEP instance involving w’, we focus on

describing the sumcheck instance (the function f and target sum o) for proving the remaining claims, which

we break down into 4 sub-instances that we tie together in the end.

Out-of-domain evaluation claim. This is simply an evaluation claim over the multilinear polynomial 77/,
which can be expressed as (m’, eq(2ood)) = 0ood- The corresponding SEP sub-instance is described in
Eq. (5).

Repetition claim. Claim 3 is akin to proving that 7/ (x,y) = w/(2’,y) for all , =’ € F'°¢™ and
y € {0, 1}osk+losl ) samples rr & Flogk+logl and sends it to P, who replies with a claimed value oep.
V now needs to check that m/(x, rr) = oep forall z € Flogn Therefore, V samples 7y, & Flogn and sends
it to P, who then proves to V that i/ (v, rr) = Orep- This claim can be expressed as an inner product claim
as follows. Define grep = eq(rr) ® eq(rg) € F*' | and check that (m/, grep) = 0rep. If this check passes,
then 77/ (X, y) is a constant polynomial in X for all y € {0, 1}1°8#+1°e¢ by Lemma 3.2. The corresponding
SEP sub-instance is described in Eq. (6).

Multi-evaluation claim. At this point, V is convinced that m’ is of the form m’ = m[. . for some

Meone € F*C. Let meone = (mf,...,m;), where m; € F* for each i € [¢]. P can prove the ¢ evaluation
claims, that 772/ (z) = y; for all ¢ € [¢], via a single SEP instance over the multilinear polynomial /7. To do

this, V samples random challenges Seyal & F and sends it to ‘P, and then P proves to V that

l 4
Oeval = Z/B(Zeval “Yi = Zﬁéval : m/(ologn7 <Z - 1)7 z) .
=1 =1

This is because 17/ (098", (i — 1), z) = 1/ (2), for each i € [¢]. Thus the right-hand side can be reinterpreted
as (M/, qeval) Where geyq) is defined as

Gevat = ((Bevat - €a(2) | B - €(2) || . | Bl - €a1(2)) [ 04~H0))

This SEP sub-instance is described in more detail in Eq. (7).

Multi-proximity claim. By proving Claims | to 4, P has proven several claims about the message m/’
underlying w’, but it has not yet connected m’ back to the input codewords [wi]iem. ‘P wants to prove
that there exists I C [¢] of size at least (1 — 7j0st) - £, that satisfies the conditions in Eq. (3) with respect to
[m;]ic[g- This can be done as follows:

1. For each i € [{], V queries [w;] at v = {L—‘ random indices [&; i]ic[e,i7e[y to obtain values

Vlost
[Vi,ir]ic[e),ire[y] TESPECtively.
2. Foreach i € [n], let g; be the i-th row of G¢ € F***, the generator matrix of C. PP wants to prove to V
that the following claim:

Vi€ [(],7 € V] vig = (ge, ., m5) 4)

We will show shortly how to set up an SEP sub-instance that enforces Eq. (4), but first we justify why it
is sufficient for V to check that Eq. (4) is true. Say there exists a set B C [¢] such that | B| > 7jost - £ and
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d(w;, Ence(m])) > e forall i € B. For each i € B, let bad; be the set of “bad” indices of wj (i.e. for each
J € bad;, w;[j] # Encc(m;)[4]). Then the probability that none of the indices in [; i/];7¢[,] are in bad; is at
most (1 — €)Y, for each i € B. Thus, the probability that this is true of all 7 € B is at most

((1_5)1/)\3\ < (1_8)V€most < olog(l—e)-L

If ¢ > [—A/log(1 — ¢)] (which is the setting in which the IOPP for tensor codes invokes the LossyBatch
IOR in Section 7), then this soundness error is negligible in A. Therefore, if Eq. (3) is not true, then Eq. (4) is
true only with negligible probability.

Finishing touches. We mention a few details of the final IOR that we have omitted in our overview thus far.
1. We describe how the checks in Eq. (4) can be captured using a single SEP sub-instance. In the indexing
phase, Z outputs Jw¢], where wg := Ence/(mg) with

mg = (gf,gg,...,gﬁ)EFk )

In the interactive phase, V sends Bprox £ Fto P, which will be used to batch together the /v many
inner product claims in Eq. (4). Define gpox = (q1,92,...,qn), Where for each s € [n], g, =
(Gs,1,95,2, - - -, gs,) such that for each s € [n],7 € [(],

) ,_ . . .
dos = 5;,#0(; DE 1k if there exists ¢ € [v] such that§; s = s
o 0" otherwise

We use gprox to define an SEP instance that enforces the checks in Eq. (4) by checking that

!/

m7
—1
S G g <m>
ZE[@] 7 € } qprox
(1) (mconCa Meoncy - - - ’mconc),
i+ (i —
— Z ﬁprox i = (9{7957>9fz)>
icll], i’ eV] (q1,q2,---,qn)

2. To simplify the overall workflow, we batch all four SEP sub-instances corresponding to Claims 2 to 5

together with respect to a random challenge p £ F, and output a single SEP instance. We provide more
details on this in towards the end of Fig. 6.

Remark 5.2 (verifier efficiency). We note that in all the aforementioned SEP sub-instances, we have been
careful in ensuring that V' can efficiently evaluate Good(X ), Grep(X), Geval (X)) and Gprox(X') on its own.

Full construction. We present the full construction of the LossyBatch IOR in Fig. 6.

Indexer input: 1= (C,e, 4, Yost)-
Indexer output: The indexer defines k' := n - k - £ and outputs
« i’ := (C',€',2), where C' is a linear code with parameters (F,n’, k', §¢/) such that &’ =n - k - £.
e ,:=1,and
e I:= we, where wg is defined as follows:
1. Let G¢ € F™*¥ be the generator matrix of C, and let g; € F¥ be the i-th row of Ge.
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2. Define mg = (g%, 45, ...,9%) € F¥ and wg == Encer(mg).

Input instance: x = (2, [yi];c[g)-
Input instance oracle: ¥ = [w;];c(g.
Input witness: w = [m];c(g-

(Plix,7,w), V7 (1,%) )

1.
2.

:lkb)

10.
11.

12.
13.

14.

o ® N

— . n
Define mconc = (M, mo,...,my) and m' := m .

P computes w’ := Encer(m') and sends [w'] to V.

Setting up the SEP statement that proves Claim 2.

.V samples an out-of-domain evaluation point 2, & Flog* and sends it to P.

P computes 004 = 11 (200d) and sends it to V.

. Define
food(X1, -y Xiog ks Z1, Z2) = Good(X) - Z1, where 5)
Good ‘= e(I(zood) .
Setting up the SEP statement that proves Claim 3.
V samples a random evaluation point rr & Flogk+logl and sends it to P.
P computes yep ‘= Mconc(Tr) and sends it to V.
V samples another random evaluation point 7, & Flog and sends it to P.
Define
frep(Xla cee 7Xlogk’7 Z1, ZQ) = qArep(X) - Z1, where 6)
Qrep ‘= GQ(TL) ® eOI("“R) .
Setting up the SEP statement that proves Claim 4.
V samples random challenges Beyal & F and sends it to P.
Define oeyq == Ziem Biyar - ¥i and
Jeval (X1, -, Xiog ks Z1, Z2) = Geval(X) - Z1, where
" (7
Geust = (Bevat - €(2) || Bt~ €(2) ||| Bl - ea(2)) 04
Setting up the SEP statement that proves Claim 5.
V samples indices &; & [n] foreach i € [¢] and i’ € [v], and Bprox & F and sends them to P.
For each i € [{] and ¢’ € [v], V queries [w;] at index &; ;+ to obtain v; ;s := w;[&; i].
Y
Define Oprox = Z’LE[(],Z’/G[V] B:)j;(xz 2 * Vgt and
fprox(Xla ey Xlogk’a Zla Z2) = (jprox(X) . Zl : 227 where (8)
qpl’ox = (QL q2,..., Qn) )
where foreachi” € [n], ;v = (giv 1,2, - .., @i ¢), whereforeach i € [{], g ; = éﬁg&il*l)e-lk

if there exists 4’ € [v] such that &; ;» = i”, and g ; := OF otherwise.
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Batching the SEP statements.
15. V samples a random challenge p & F and sends it to P.

16. Define f = food +p- frep + /32 * feval + P3 ) fprox and 0 = 0504 +p- Orep 1 P2 * Oeval T /33 * Oprox-
17. Define x’' == (f(X, Z),0), ¥ = (w',wg), w' = (m/',mg).

18. P receives as output (i’,x’, ¥', w’) and V receives as output (i, x', ).

Figure 6: The LossyBatch IOR from LHEP(€%:4:7es) 1o SEP(C'2),

Lemma 5.3. Let ¢ € (0,6(C)] and £ € (0,e(C’)], where £(C) is the proximity threshold of C (see
Definition 4.7). LossyBatch is an RBRTE IOR from LHEP(C:&test) 1o SEP(C€"2) \with the following
parameters:

Rounds PLen Queries OLen Tz Tp Ty
3 O(1) OU/vest) Onkl) O(nkl+Te) Onkl+Te) O/ Yost + logn)

We defer the proof of this lemma to Appendix B.1.

Remark 5.4 (Out-of-domain sample is extraneous). We note that the out-of-domain sample z04 is not strictly
necessary for the soundness of the IOR, since (7, 7r) together can also act as an out-of-domain sample, in
addition to enforcing the repetition claim. For clarity of exposition and the RBRTE proof, we have chosen to
keep the two checks separate. The only advantage of bundling the checks together is that the number rounds
of interaction is reduced to 2 (and some minor savings in soundness error and communication).
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6 The TensorReduce IOR

Let T = C1 ® C2 be a tensor code where C; and Co are linear codes with parameters (F,n1, k1,01) and
(F, nga, ka2, d2) respectively. Also define n := ning and k := k;ko. Looking ahead, we need to enforce that
ny = [AIn2]ny k. Recall that an MEP(75Y) claim consists of tuples of the form (x = (2,y),7 = w, w =
m), such that the following claim holds:

w ~; Encr(m) and m(z) =y . )

Randomizing the evaluation point. Looking ahead, we will use mutual correlated agreement (see
Section 3.3) to reduce the aforementioned claims to smaller claims. Thus, the first step of the IOR is to

reduce the claims in Eq. (9) to an evaluation claim at a random evaluation point r & Flogk g opposed to an
arbitrary evaluation point z. If 7; := r[1 : log k;| and 72 := r[log k1 + 1 : log k], then we can use 7; as the
‘folding’ challenge for applying mutual correlated agreement.

This reduction is done via sumcheck and it is a standard technique used in previous IOPPs [ZCF24]. In
more detail, 72(z) can expressed as

m(z) = Y mli]-eq((i—1),2)

ie[klk‘g]
Consider the polynomial % € FS1[X7, ..., Xjogx] defined as 9(X) = 1m(X) - eq(X, z). Then, we can
rewrite the evaluation claim as
m(z)= > b)) =y .
be{0,1}logk

The sumcheck protocol reduces this claim to checking that o(r) = o,., where r & Flosk and o, is a value
obtained from the sumcheck protocol. Since v(r) = m(r) - eq(r, z), we have thus reduced the claim in
Eq. (9) to the following claim:

w ~¢ Encr(m) and m(r) =y, , (10)

where y;. i= 0. - eq(r, z) . We formalize this with the following RandomizeEval protocol.

RandomizeEval(P(z,y,m (X)), V(z,y)) = (r,yr)
. Given z € F#, y € Fand (X)) € FSU[X1, ..., X,], define v(X) == m(X) - eq(X, 2).

. Define o1 = y.
. Fori € [u]:

P sends vi(X) = Y peqo1yu-i V(715 mim1, X, b) o V.
V checks that v;(0) + v;(1) = 0.

V samples r; & F and sends it to P.

Define o;41 = v;(r;).

. Define y, := 0,41 - eq(r, 2) 7L
. P and V receive as output (7, yp).

I R R N

Sending the new oracle. Similar to the intuition provided in Section 2.5, P initializes the following
polynomial:

My, = Z M[%} 'eq(<i - 1>,’I"1) )

i€k1]
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where M is the matrix form of m. We additionally define 9 := r[log k1 + 1 : log k].

In Section 2.5, we said that P sends [Ence, (m., )] to V. However, due to some technicalities that arise
due to the invocation of SpotCheckReduce later on, P initializes m/ := m:}f/ & (m,., repeated ny/ ko times),
and sends [w’] to V where w’ := Encer(m/).

No need to query new oracle. In Section 2.5, we said that )V queries the new oracle w’ at £ := [ ln 2| many
random indices. However, this causes a loss in proximity parameter. That is, if }V performs the column spot
checks as described in Section 2.5 in order to prove Eq. (10), then the new claim about w’ is a M Ep(C2s—ep 1)
claim where ¢ is a constant. This is not necessarily a problem for our full construction of TensorlOPP, since
we only need to apply this reduction a constant number of times, before switching over to WHIR. However,
this does increase the practical query complexity of the IOPP, since the proximity parameter of the output
SEP claim is now € — €3, which requires more queries to achieve the same soundness error. However, by
implementing these column spot checks using codeswitching, we can avoid this loss in proximity parameter,
and thus minimize the practical query overhead of these checks. This reduction proceeds as follows. Say V
samples ¢ many random indices [¢;];c[¢ from [n2] and sends them to P. Instead of V querying w' at [§;];c[g,
‘P convinces V that

Vie[f]: Ence,(m")&] =y, (11)

where y; is the claimed value of w’[¢;]. We capture this claim in the following relation.

Indexed oracle relation 6.1 (Spot check relation). The spot check relation Spot = (R, 7~2) is an indexed

oracle pair relation with R and R both consisting of tuples of the following form:

e index: (C,(’, e, /) where C is a linear code with parameters (F, n, k, §¢), C’ is a linear code with parameters
(F,n',n,dc), e € e(C') is the proximity parameter, and ¢ € N is the number of spot checks,

» instance: ([&i]iciq, [Vilicpg), Where (1, ..., &) € [n]* are the spot check indices and (y1, .. .,y,) € F’ are
the claimed values,

« instance oracles: w’ € ", a purported codeword in C’,

o witness: m’ € F”,

where m’ = m"/%) for some m € F¥, such that Ence(m)[&;] = y; forall i € [¢]. Additionally, the following

conditions are satisfied for R and R respectively:

R: w =Ence(m') |
R: w' ~. Enco(m) .

In Section 6.1, we construct the SpotCheckReduce IOR from Spot(c’c,’e’o to SEP(C#3) | which can be
batched into the output SEP claim of TensorReduce.

Reduction to LHEP claim. To perform the column checks as described in Section 2.5, P and V set up a
new LHEP claim that there exists I C [¢] such that |I| > (1 — 7jost)¢ and

((r1, [Wilier), (W, &llier) € ,C(HEP(ChEim,Z)) :

where €jnt = 1 — /1 — € and Vjost = Eint — V2€int. P and V can then run LossyBatch to reduce the LHEP
claim to an SEP claim, which is then batched into the output SEP claim.

The full construction. We present the full construction of TensorReduce in Fig. 7.
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Indexer input: 1= (7,¢,1).

Indexer output: Parse 7 = C; ® Co where C; and Cy are linear codes with parameters (F, nq, ki, 1)
and (F,na, ko, 02) respectively, such that no = [AIn2]nik;. Define n := ning and k = kyks.
Define the following parameters:

* tint =1 —+v1—¢,

e {:=[AIn2], and

® Ylost = Eint — \/?mt

Let C' be a linear code with parameters (F, n’, k', §¢/) such that & = n1kq¢, and lete’ € £(C’) be a new
proximity parameter. Define the input indices for the invocations of LossyBatch and SpotCheckReduce
as follows:

* dgpor = (C2,C’, €', ¢), with target output index (C’,¢’,3), and

* i nep = (C1, €ints £, Viost)» With target output index (C’, &', 2).

The overall output of the indexer is

ﬁ, = (C/75/7 5) , L= (LSp0t7 LLHEP) ) I:= (]ISpota]ILHEP) )

where (5501, ESpota LLHEP, and ]TLH gp are the short index and index oracles obtained by running the
indexers of SpotCheckReduce and LossyBatch respectively.

Input instance: x = (z,y) where z € Flogkitlosk2 and ¢ ¢ F.
Input instance oracle: y = w € F™"2,
Input witness: w = m € FFih2,

<73(f1, X, ¥, W), Vﬁ’y(L, x)>:
1. P and V run RandomizeEval (P(z,y,m(X)), V(z,y)) — (7, Yr).
2. Define ry := r[1 : log k1] and ro :== r[log ki + 1 : log k.
3. P computes mup, =} ;e M, ] - eq({i — 1), 71), and wy, = Ence, (my,)).
4. ‘P computes m’ := msffz/b) € F"2, and w' := Ence/(m’), and sends [w'] to V.
5. V samples zgoqd & Flognz gnd sends it to P.
6. P computes 0o0q = 1/ (Z00d) and sends it to V.
7. V samples indices & <~ [ng] for each i € [¢] and sends [€ilicje to P.
Running SpotCheckReduce.
8. P defines y; = wy, [§;], for each i € [{], and sends [y;];c[q to V.
9. Define the following Spot(C2’CI’E/’£) claim:

Xspot = ([Eilici: Wilicp): Fspot = W', Wspot =m0’

10. P and V run SpotCheckReduce(P (ispot; XSpots F Spot> WSpot ) s PlspotFspot (tspot> XSpot)) and output
the SEP claim (Xg, }}72,W2).

11. Par/se X9 as/ (fspot(X, Z1,Z2,Z3),05p0t), F2 as (w’,wspot,w’spot), and wo as
(m » MSpot, mSpot)‘

Running LossyBatch.
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12. Define Wi, € FF1X72 such that W[, -] < Ence,(M([i, ) for all i € [k1].
13. Define the following LHEP(C1:gint-tiost) claim:

xLHep = (71, [Yiliclg)s Yinep = W[, &illicly, winep = [Wintl-, &illicg -

14. P and V run LossyBatch <P(ﬁLHEp, XL HEP, YLHEP, WLHEP), PILHEP T LHEP (LLHEP7 XLHEP)> and out-
put the SEP claim (x3, ¥3, w3).
15. Parse x3 as (finep (X, Z1, Z5), OLHEP), ¥3 @S (WLHEP, W{ yep ), and w3 as (MLuep, M yep)-

Batching the SEP claims.
16. V samples a random challenge p & F and sends it to P.
17. Define 0 := yr + p - Good + p* - Ospot + p° - oLHEP and

(X, Z) =eq(X, (0°8"71k || 25)) . Z1 + p - eq(X, Zood) - Z1
+ 0%+ fopot( X, Z1, Z2, Z3) + p° - fuep(X, Za, Z5) .

18. Define

= (f/(Xa Z)a OJ) ) §¢/ = (’LU,, wSpOUw,SpotvaHEP’w/LHEP) )

/
X
r.__ / / /
w = (m :mSpotamSpot>mLHEP>mLHEP> :

19. P receives as output (i’, x’, ¥, w’) and V receives as output (i, x’, y').

Figure 7: TensorReduce, an IOR from MEP(T-=1) to SEP(C "),

Lemma 6.2. Let C and C' be as defined in Fig. 7. Additionally, let = € (0, min(d¢/5,2(C))] and e’ € (0,e(C")],
where £(C) is the proximity threshold of C (see Definition 4.7). TensorReduce is an RBRTE IOR from
MEP(T-51) 1o SEP(C""5) with the following efficiency parameters:
Rounds PlLen Queries  OlLen Tz Tp Ty
logks +2logks +8 O(logk) O(\e) O() OMnm+Te) O(m+Te) O(Ne+logn)

where T = C1 ® Cy is a tensor code such that Ci has parameters (F,ni, k1, 01) and Co has parameters
(F,na, k2,02), and k = kike and n = nins.

We defer the proof of this lemma to Appendix B.2.

6.1 The SpotCheckReduce IOR

In this section we present the SpotCheckReduce TOR from Spot(c’c/’a’@ (see Indexed oracle relation 6.1) to

SEP(C/’5’3), where C is a tensor code, and C’ is linear-time encodable. Before we present the full construction,
we first give a high level overview of SpotCheckReduce. Firstly, we recall the following lemma from
[BMMS25].
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Lemma 6.3 ((BMMS25], Lemma 6.4). Consider a tensor code C = B ® B with generator matrix G¢ =
G5 ® Gpg, where B is a linear code with parameters (F, /n, 'k, 63) and generator matrix G € Fvx vk,
Say C' : Flogntlogk _y F s the unique multilinear polynomial such that C({(x — 1), (y — 1)) = Ge[z][y]
forall z € [n] and y € [k]. Also Gg : Flogntlogk)/2 o F s the unique multilinear polynomial such that
Gp((z —1),(y — 1)) = Gglz|[y] for all = € [\/n] and y € [V'k]. Then we have that

C(z,y) = Gp(xr,yr) - Gs(xr, Yr) ,

where x 1,y are the first halves of x and y respectively, and xr,yr are the second halves of x and y
respectively.

Recall that to prove a Spot claim, P needs to prove that the message m’ underlying [w’] is of the form
m("/*) such that
viel: Y C(& 1)) ily) =y . (12)

y€e{0,1} ok

Checking the repetition claim can be done as in Section 5.1. That is, V sends ug € F°¢* to P, and P
replies with oep, the claimed value of 7 (ug). V then samples uy, € F'°8"71°¢k and P proves to V that
m/(ur, ur) = orep via sumcheck.

The setup. At a high level, the goal is to give V polynomial oracle access to 11, G and @, where o is the

multilinear extension of w := Enc¢(m). However, because these polynomial oracles must be realized via

codewords of C’, we must ensure that the underlying messages have length n (the message length of C’).

* Firstly, V already has access to [w] as part of the instance oracle of Spot, which gives it polynomial oracle
access to 1.

» Secondly, V gets polynomial oracle access to G as follows. Define b € FV7F as the vector obtained
by concatenating the rows of G'z. Also define mp = bV"/F and wp = Ence/(mp). The indexer 7
computes wp and outputs [wg]. This gives V polynomial oracle access to G.

* Finally, in the beginning of the interactive phase, P computes w := Enc¢(m) and sends [w,] to V, where
w, = Encer(w), and gives V polynomial oracle access to w.

Note that the following IOR we are going to describe requires no oracle queries, and therefore the following

exposition exclusively deals with 1, Gp, W as opposed to any encodings.

Proving the spot checks. To begin, V samples 3 & F and sends it to P. Define the selector polynomial

§: Flogm s F as follows: ‘
@y:{&* fe=(6-1),

0 otherwise .

§

(13)

Additionally, we define o := Zle B=1 - wlg;]. At the cost of incurring a soundness loss of negl()), due to
Lemma 3.1, Eq. (12) can be rewritten as

> C(w,y)-3(x) - m(y) =0 . (14)

w7y€{0’1}log k+logn

Using Lemma 6.3, we can rewrite Eq. (14) as follows:

> Gz, yr) - Gs(@r, yr) - 8(@) - m(y) = o . (15)

w7y€{071}10g k+logn
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While this is a single sumcheck claim, it cannot be proven efficiently via a naive application of sumcheck as
the sum is over a domain of size k - n. Therefore, we need to decompose this claim into sumcheck claims over
smaller domains.

Reducing size of Eq. (15). Proving Eq. (15) is equivalent to proving the following claims:

Vo e {0,117 @)= Y Gsler,yi) Gsl@r yr) i(y) (16)
yG{O,l}lng
Y ) sx) =0 . (17
me{oJ}logn

Eq. (17) is already a sumcheck claim over a domain of size n. Eq. (16) is true if and only if both sides are
equal as polynomials. Therefore, in order to prove Eq. (16), V can send a random challenge ¢t € F™ to P, and
‘P can return a value 7 € F and convince V of the following claims:

ét)y=r1, (18)

> Gs(tryr) Goltr,yr) - m(y) =7 . (19)
y€{071}10gk

Eq. (18) is an evaluation claim over ¢, and can thus be batched into the sumcheck claim in Eq. (17). Eq. (19) is
a sumcheck claim over a domain of size k, but unfortunately cannot be written cleanly as an SEP claim, so in
Fig. 8 we explicitly reduce Eq. (19) to evaluation claims, which can then be expressed in the language of SEP.

Note that this reduction is sound even in the list decoding regime, since ¢ also acts as an out-of-domain
evaluation point for ¢, and thus binds w. to a unique underlying polynomial ¢ with overwhelming probability.

Full construction. In summary, SpotCheckReduce outputs an SEP claim that batches Eqs. (17) and (18)
together, along with the evaluation claims derived from Eq. (19). We present the full construction in Fig. 8.

Indexer input: Index of Spot, (C,(’,¢,£) such that C = B ® B, where B is a linear code with
parameters (F, \/n, vk, 65), and C' is a linear code with parameters (F,n’, n, d¢/).

Indexer output: Outputi’ := (C', ¢, 3).

Additionally, output « := | and T := wy where wg == Encer/(mp) and mp = bV n/k and b € FVnk
is the concatenation of the rows of G'j3.

Input instance: x = ([§];c(q, [ilic[g), Where each §; € [n] and y; € F,
Input instance oracles: § = w’ € F",
Input witness: w = m’ € F".

Pi,x, 7, w), V2 (1, %) ):

Setb < 1 and let m = m/[1 : k.

P defines ¢ := Enc¢(m), computes w, := Ence(e), and sends [w,] to V.
V samples ¢ & Flogn gand sends them to P.

P computes 7 < ¢(t) and sends 7 to V.

RS S

Setting up the repetition check over m/'.
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5. V samples ug & Flog* and send it to P.
6. P computes yrep := 72(ur) and sends it to V.

Reducing Eq. (19) to evaluation claims.
7. Fori € [logk]:
8. Ifi<logk/2:
9. Define r; :== (71,...,7i-1)-
0

1 ‘P computes the univariate polynomial
h’L(X) = Z GB(:CthR) . Z m(riva mLawR) 'GB(riaXu wLatL) .
mRG{O,l}IOg k/2 ZCLE{O,l}lOg k/2—i
11.  Else:
12. Define r;, = (7‘1, ey Tlogk/Q) and r; == (Tlogk/2+1> NN ,Ti—l)-
13. ‘P computes the univariate polynomial
hZ(X) = éB(’rLatL) . Z m(TL,'I“Z‘,X,mR) 'éB(Ti7X7$R7tR) :

wRe{(),l}log k—i

14. P sends h;(X) to V.

15. Define r; .= 7if i = 1, and 7; := h;_1(r;—1) otherwise.

16.  V checks if h;(0) + hi(1) = 7.

17. VYV samples r; & F and sends it to P. If not, set b < 0.

18. Define 7, == (11, .., Tiogk/2) a0A TR = (Tiog k /2415 - - - > Tlog k)-

19. P sends 77, + GB(TL,tL) and TR <+ GB(TR,tR) and 7, < m(r) to V.
20. V checks if hiog i (Tlog k) = 7L - TR - Tm. If nOt, set b < 0.

Setting up the sumcheck claims.

21. V samples ur, & Flogn—logk B & F,and P & F and sends them to P.
22. Define the selector polynomial § : F°6™ — F as in Eq. (13).

23. Define 0 = Yrep + - (Zle/gi—l_%) I B BT B B
24. Define q4, g5 € F" such that the first v nk indices g4 and g5 agree with eq(7r, ;) and eq(7 R, tRr)
respectively, and the rest of the indices are 0.
25. Similarly, define gg € F™ such that g agrees with eq(7) on the first & indices and is 0 elsewhere.
26. Define the sumcheck polynomial f : F1°8+3 —; F as follows:
(X, 21,22, Z3) = ea(X, (ur | ur)) - Z1+ p- (3(X) - Za) + p* - (ea( X, 1) - Zo)
+0° - (@a(X) - Z3) + p" - (G5(X) - Z3) + p° - (46(X) - Z1)

27. Define

x' = (f,0), ¥ =W, w,wp), w:=(m' cmg).

28. P receives as output (1', x’, ¥, w’) and V receives as output (i, x’, ).
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Figure 8: SpotCheckReduce from Spot(c’cl’a’e) to SEP(C"3)

Lemma 6.4. Let ¢ € [0,2(C")), where £(C) is the proximity threshold of C (see Definition 4.7). Fig. 8 is an
IOR from Spot(c’c ) 10 SEP(C"53) with the following efficiency parameters:

Rounds PlLen Queries  OLen Tz Tp Ty
logk+3 O(logk) 0 o) O(Ter) O(Ter) O(logn)

where C = B ® B is a tensor code such that B has parameters (F,/n, 'k, d5) and C' is a linear code with
parameters (F,n',n,dcr).

We defer the proof of this lemma to Appendix B.3.

44



7 Prover and query optimal IOPP for tensor codes

We describe the full construction of TensorlOPP, an O (A 4 log n)-query IOPP for tensor codes. In particular,
TensorlOPP is an IOPP for MEP(7 ¢ ’1), where 7 = C; ® Cy is a linear-time encodable code with parameters
(F,n, k,d7), where we will describe C; and Cy shortly. Throughout this section, we assume that 7 has
constant rate, i.e. n = O(k).

7.1 Preliminaries

As outlined in Section 2.3, TensorlOPP is constructed by defining a sequence of codes with decreasing
message length, and iteratively using TensorReduce over them. As mentioned in Section 1, we are aiming for
a field-agnostic IOPP, so we recall the field-agnostic code family from Brakedown [GLSTW23].

Fact 7.1 (Brakedown code family [GLSTW23]). Let F be an arbitrary field of size ©2(2"). There exists a code
family over F, i.e., a set of codes {C, } xen, With corresponding parameter functions n(-) and ¢(-), such that:
* For each k, Cy, is a linear-time encodable code with parameters (F, n(k), k, d(k)).

* There exist constants dp and py, and some ky € N such that for all & > ko, we have 6(k) > Jp and

k/n(k) > po.

We assume for simplicity that for all k& > ko, we have §(k) > dp and k/n(k) = po. This can be done
by appending arbitrary elements to all codewords of any codes with rate larger than pg. We call this the
Brakedown code family.

Fact 7.2. Let F be an arbitrary field of size Q(2"), and let k,n € N such that k& < n < |F|. There exists
a Reed—Solomon code RS with parameters (F,n, k,1 — (k — 1)/n). Additionally, being a linear code, the
encoding time of RS is Trs = O(nk), independent of the field F.

Our setup. We will describe a sequence of ¢ codes 71, ..., 7T._1, RS, where the value of ¢ will depend on
A and will be fixed at the end of the analysis. Let py and g be as defined in Fact 7.1, and let A = O(n'~7)
for some v > 2/3. For clarity of exposition, we only consider tensors of two codes of equal distance and rate
(but potentially different message lengths). Thus, for each i € [c — 1], define the tensor code 7; = C; 1 ® C; 2,
such that codes C; 1, C; » have message lengths k; 1, k; 2 respectively, and both have rate p; and distance 9;.
Thus for each i € [c — 1], 7; has message length k; := k; 1k; 2, rate p? and distance §2.

Simplifying the parameters of TensorReduce. The following lemma follows directly from Lemma 6.2
and the fact that we only consider tensors of codes of constant rate and distance.

Lemma 7.3. Let k € N be a message length, 6 € (0,1) be a base-code distance value, and p € (0, 1) be a
base-code rate value. There exists a function ComputelLength(k, p,d) — (k1, ko) such that k = kiks and
there exists
1. a code Cy with message length k1, rate p and distance at least §, and
2. a code Co with message length ko, rate p and distance at least 9,
such that for T := C1 ® Co, there exists an IOR TensorReduce from MEP(T-&1) 4o SEP(CI"E,’S), where
e, € satisfy the conditions specified in Lemma 6.2 and C' is a linear-time encodable code with parameters
(F,n' k', d¢cr), where

K= B3N8

Furthermore, this IOR has the following efficiency parameters:
Rounds PlLen Queries  Olen Tz Tp Ty
O(logk) O(logk) O(\) O(n) O(n) O(n) O(X+logn)
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7.2 Selecting the codes

We will now describe how we select our codes 71, . .., T.—1, RS.. We think of 7" as being 77, with message
length k. The codes C;,1 and C; 2 are chosen from the Brakedown code family to have message lengths
k1,1 and ko respectively, where (k1,1,k12) < ComputeLength(k, po, dp). For all i € [c — 1], we define
g; = min(d7; /5,e(7;)) and we define . := £(RS,).

The next few codes. The next few codes will also be obtained by tensoring codes from the Brakedown code
family. For each i € [2,3,...,c|, we define the message length

2/3
ki = k223

where «; is some constant given by Lemma 7.3. For each i € [2,3,...,¢c — 1], we choose C;; and
Ci2 from the Brakedown code with message lengths k; 1 and k;o respectively, where (k;1,ki2) <
ComputeLength(k;, po, dp). We will now prove the following lemma.

Claim. There exists a constant ¢ such that k. = O(k'/3).

Proof. Using the fact that A\ = O(n'~7) for some v > 2/3, the recurrence relation solves to give
Vi€ [ ki = O (RO
Since v > 2/3, it is easy to see that there exists a constant ¢ such that 1 — v + - (2/3)¢~1 < 1/3. O

The final code. We use the fact that k. = O(k'/?) to set the final code RS, to be a Reed—Solomon code
with message length k., rate p. = 1/ n'/3 and distance §, = 1 — 1 / n'/3. Notice that this code has block
length n, = O(n?/3), and can thus be encoded in O(n.k.) = O(n) time via the naive encoding algorithm.
Utilizing the fact that this code has inverse polynomial rate, we instantiate the WHIR IOPP [ACFY25] with
the appropriate parameters to obtain an IOPP for MEP(RSe:¥e:1) with O(n) prover time and O()\) queries,
which we call FinishinglOPP.

We present the details in Section 7.3, but at a high level, this IOPP iteratively reduces the message length
by a constant factor. Typically this requires O(\) queries per reduction (at least for a non-constant number of
rounds), leading to w(\) queries overall. However, since our rate is O(1/n'/3), we only require O(\/logn)
queries per reduction and O(\) queries overall.

7.3 The FinishinglOPP

We now present the details of FinishinglOPP for MEP(RSes:1) with O(n) prover time and O()\) query
complexity, where RS, is a Reed—Solomon code with parameters (F,n. = O(n??), k. = O(k'/?),5. =
1—1/n'/3).
The WHIR IOPP. While the WHIR IOPP is presented for constrained Reed—Solomon codes (discussed
also in Section 8), it is easy to see that MEP(RSD jg a special case of constrained Reed—Solomon codes
(with the weight polynomial set to express an evaluation constraint), where RS is a Reed—Solomon code.
At a high level, given a Reed—Solomon code RS with parameters (F, n, k, drs) and rate pgy, the WHIR
TIOPP for MEP(RS:1) works as follows: for m = log k rounds, the IOPP reduces the message length by a
factor of 2V in each round, where v is a constant folding parameter. In every round i € [m], the prover sends a
new oracle Jw;] to the verifier (purported to be a Reed—Solomon codeword of rate p;), and the verifier makes

ti=0 M) queries to Jw;_1] and sets up a sumcheck claim over [w;].
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Since we are starting with a Reed—Solomon code RS, with parameters (F,n. = O(n*?),k, =
O(k'/3),8. = 1 —1/n'/3), the number of rounds will be m = log k. = O(log k), and we set p; == 1/n'/3
foralli € [0,1,...,m]. Thus, the number of queries in each round is t; = O()\/ log(n'/?)) = O(\/logn),
and the total query complexity of the IOPP is O(m - t;) = O(\ + log n), where the log n term stems from
the fact that each of the m oracles must be queried at least once. We note that in a sense we do not utilize the
full power of the WHIR IOPP, since we do not reduce the rate p; in each round. This setting of parameters
leads to the following lemma.

Lemma 7.4. Let RS, be the Reed—-Solomon code with parameters (F,n. = O(n*?), k. = O(k'/3),6, =
1 — 1/n'/3). There exists an RBRTE IOPP FinishinglOPP for MEPRSee:) with the following efficiency
measures:

Rounds PLen Queries OLen Tz Tp Ty
O(logn) O(\+logn) O(\+logn) O(n) L O(n) O(Alogn)

Proof. The IOPP requires no indexer, and the completeness and round-by-round knowledge soundness follow
from [ACFY25, Theorem 5.2]. This further implies that this IOPP is RBRTE, since [BMMS25, Lemma 4.8]
shows that round-by-round knowledge soundness implies RBRTE. The query complexity follows from the
foregoing discussion, and the verifier time from [ACFY?25, Theorem 5.2]. Thus all that is left is to analyze the
prover time in a field-agnostic setting.

For each round ¢ € [m)], the prover prover time is dominated by encoding a Reed—Solomon codeword
of rate p; = 1/n'/? and length krs; = O(k./2"") = O(k'/3/2%). Thus the encoding time in round
i € [m], using the naive encoding algorithm, is O(k%sﬂ- /pi) = O(k/4%), and the total prover time is

>y O(k/4%) = O(k). O

7.4 The funneling lemma

The output of TensorReduce is an SEP(T"#"5) ¢laim. While we can use Sumcheck to reduce this to an
HEP(7"<"5) ¢laim, this still cannot be used as an input to the next TensorReduce IOR. We address this type
mismatch by imagining we have a ‘virtual oracle’ that is the random linear combination of the 5 oracles
in the HEP claim. This virtual oracle is then an MEP(7" 1) claim, which serves as the input to the next
TensorReduce IOR. Every query to this virtual oracle can be simulated by one query to each of the 5 oracles
in the HEP claim. We formalize this in the following ‘funneling lemma’.

Lemma 7.5. Given an RBRTE IOR IOR = (I, P, V) from MEP©C5D) 1o R/ with the following efficiency
measures

Rounds PlLen Queries Olen Tz Tp Ty
k PLen Queries Olen Tz Tp Ty

and { € N, there exists a corresponding RBRTE IOR |OR' = (I',P’, V') from HEPC50 10 R/ with the
following efficiency measures

Rounds PLen Queries Olen Tz1 Tp Ty
k+1 PlLen ¢-Queries OlLen Tz O{-Tp) O-Ty)

where C is a linear code with parameters (F,n, k,dc).

We defer the proof of this lemma to Appendix B.4. At a high level, V sends a random challenge r € Fl°8¢,
As opposed to proving 1h;(z) = y; for each i € [¢], P proves that } ;. eq((i — 1),7) - mi(z) =
> i ed({i—1),7) - yi.
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7.5 Construction of TensorlOPP using TensorReduce and FinishinglOPP

Our final IOPP for MEP(7*1) TensorlOPP, is obtained by composing the following IORs:

1. The TensorReduce IOR from MEP(7>51) to SEP(72:52:5),

2. The Sumcheck IOR from SEP(722%) 1o HEP(72:2,%)

3. Foreachi € {3,...,c— 1}: the TensorReduce] IOR from HEP(7i-1:5i-1:5) to HEP(7::¥%) | obtained by
applying Lemma 7.5 to TensorReduce; from MEP(7i-1:5i-1:1) 1o SEP(T:51:5) and then composing with
the Sumcheck IOR from SEP(7::¥%) to HEP(7::i:5)

4. The TensorReduce], IOR from HEP(7e-1:2e-1,5) 1o HEP(RSe2e:%) | obtained by applying Lemma 7.5 to
TensorReduce, from MEP(7e=1:5e-1:1) 1o SEP(RSe:¢:5) and then composing with the Sumcheck IOR from
SEP(RSe:2e:5) to HEP(RSe:ce,5),

5. The FinishinglOPP’ IOPP for HEP(RS¢:¢:5) obtained by applying Lemma 7.5 to Finishingl OPP, the IOPP
for MEP(RSe:ee:l),

Theorem 7.6. Let T = C1 ® Cy be a linear-time encodable code with parameters (F,n, k, d7) such that:

* Cy = B ® B for some code B, and

* Cy and Cy are both linear-time encodable codes with constant rate py and distance > g, and have
parameters (F,ni, k1, 60) and (F,ng, ko, do) respectively, where (k1, k2) <— ComputeLength(k, po, do).

For ¢ = min(67/5,e(T)), assuming X = O(n'=¢) for some ¢ > 0, there exists an RBRTE IOPP for

MEP(T51) with the Jollowing efficiency parameters:

Rounds PLen Queries OlLen Tz Tp Ty
O(logn) O(A+logn) O(A+logn) O(n) O(m) O(m) O(Mlogn)

Proof. The proof follows from Lemmas 4.8, 6.2, 7.4 and 7.5. O

7.6 1OPPs for codeswitchable codes

The following lemma shows that a prover and query optimal IOPP for any linear-time encodable code implies
the existence of a prover and query optimal IOPP for all codeswitchable codes.

Theorem 7.7. Let C be a codeswitchable code with parameters (F,n,k,dc). For all ¢ € (0¢/8,0¢c/4),
assuming A = O(n'=¢) for some ¢ > 0, there exists an RBRTE IOPP for MEPC1) vith the following
efficiency parameters:

Rounds PLen Queries OlLen Tz Tp Ty
O(logn) O(A+logn) O(A+logn) O(n) O(n) O(m) O(Mlogn)

Proof. Such an IOPP can be obtained by composing the CodeSwitch IOR (see Definition 3.14) from
MEP(©=1 o MEP(T<"1) with the TensorlOPP IOPP for MEP(7<"1)_ for T and &’ from Theorem 7.6. The
rest of the claims follow from Theorem 7.6. O]
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8 Query complexity lower bound for IOPPs

Prior work reduces the task of constructing IOPPs for NP-complete relations constructing IOPPs for certain
indexed oracle pair relations, which we refer to as ‘IOPP relations’. While there are multiple such IOPP
relations that have been considered, all of them share a common structure: an underlying ‘proximity claim’
with respect to a linear code C. That is, they contain [w] as part of their instance oracle, where w € F" is a
purported codeword of C which has parameters (F, n, k, d¢), and P proves to V that 6 (w,C) < ¢ for some
proximity parameter € € (0,1 — k/n).

In this section, we formalize this underlying claim as the proximity relation, Prox\~*/, and show that any
perfectly complete IOPP for Prox(C:) requires V' to make at least Q(\/ log(n/k)) queries to [w], in order to
obtain a soundness error of 2~*. Before we present the lower bound, we define Prox and review all of the
IOPP relations considered in the literature, showing that they inherit the lower bound from Prox.

(C.e)

Indexed oracle relation 8.1. The proximity relation Prox = (R, 7~2) is an indexed oracle pair relation with R
and R both consisting of tuples of the following form:

1=(Ce), x=1, y=w, wi=m) ,

where C is a linear code with parameters (F, n, k, ¢ ), € € (0,1 — k/n) is the proximity parameter, w € F" is
the purported codeword, and m € F* is the underlying message. The tuples satisfy the following conditions
for R and R respectively

R: w=Ence(m),

R: w ~. Ence(m) .

The Prox relation was the first IOPP relation (implicitly) considered in the literature, and is exclusively used
for polynomial-based codes like Reed—Solomon or Reed—Muller codes. The IOPPs from [BBHR18; BGKS20;
BCIKS23; ACFY24; MZ25] can all be viewed as IOPPs for Prox(C:).

MEP. The IOPPs of [ZCF24; BCFRRZ25; NST24; BMMS25] as well as this work can be viewed as IOPPs
for MEP(©1) for some linear code C. Any IOPP for MEP(C:51) — (R, R) that makes ¢ queries to [w]
implies an IOPP IOPP = (P, V) for Prox(¢¥) = (R’, R') with the same completeness and soundness errors,
that also makes ¢ queries to [w]. This can be seen as follows: on input (x = L, ¥ = w, w = m), P sends
y = 1m(0%) to V, and P and V run the IOPP for MEP(®-51) with the following inputs:

i=(C,e,1), x:(Ok,y), y=w, w=m .

The completeness and soundness claims follow from the fact that ((0¥,%),w, m) € R if and only if
(L,w,m) € R/, and if (L, w) ¢ L(R'), then there is no value of y such that ((0¥,y),w) € L(R).
Constrained Reed—-Solomon codes. [ACFY25] construct an IOPP for constrained Reed—Solomon codes,
which is essentially an IOPP for SEP(RSS1) where RS is a Reed—Solomon code, except that the constraint
polynomial f(X, Z) is allowed to be an arbitrary multivariate polynomial. As noted by [ACFY25], by setting
f to be the 0 polynomial and ¢ = 0, we obtain precisely an IOPP for Prox(RS) . As such, a query lower
bound for IOPPs for Prox(©%) is inherited by IOPPs for constrained Reed—Solomon codes.

Remark 8.2 (Upper bound on €). The proximity parameter € in Indexed oracle relation 8.1 can be as large
as 1 — k/n, which only strengthens the lower bound by implying that the lower bound holds even if list
decodability and mutual correlated agreement hold up to capacity.
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The lower bound. We now present our query complexity lower bound for IOPPs for Prox(¢),

Theorem 8.3. Let IOPP = (P, V) be a perfectly complete IOPP for Prox(©) = (R, R) with soundness
error at most 2, where C is a linear code with parameters (F,n, k,dc) and ¢ € (0,1 — k/n). Then, V must
make at least ¢ > X/ log(n/(k — q)) queries to the instance oracle.

Proof. Fix an arbitrary message m € F¥. Consider the following set of instance oracles:
Y ={weF": A(w,Encc(m)) = [e-n| +1} ,
and consider the following set of ‘bad’ tuples:
B={(x=1,y=w,w=m)}yey .

For any (x, ¥, w) € B, we have (x,¥,w) ¢ R, and thus the verifier ) must only accept this tuple with
probability < 277,

Consider an interaction where the instance oracle is some w € ). Defining S(w) := {i € [n] : w[i] #
Ence(m)[i]}, observe that if V does not query [w] at any location i € S(w), then it must accept. This follows
from the fact that IOPP is perfectly complete, and since ) does not query [w] at any location i € S(w), its
view of the instance oracle is indistinguishable from the case when w = Enc¢(m).

Now consider an instance oracle chosen uniformly at random, w € ). Any deterministic verifier V that
queries ¢ locations in [w] does not query a location in S(w) with probability (over the choice of the input) at

(-5 (-5 (a2 = (- 208) =

Therefore, by Yao’s minimax principle [Yao77], for any randomized ) that makes ¢ queries, there exists
w € Y such that V does not query [w] at any location in S(w) with probability at least L. Since V would
then have to accept, even though this is an invalid instance, this event must occur with probability at most 2.
Thus, we have that 2=* > L, which we can simplify to get

A<gqg-lo # <gqg-lo i <gqg-lo o
n—q
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A Mutual correlated agreement for multilinear proximity generators

In this section we present the deferred proofs from Section 3.2. But first we must present some prerequisites,
starting with the result from [Zei24].

Theorem A.1 ([Zei24, Theorem 2]). Let C be a linear code with parameters (F,n, k,d¢). Givenwr, wgr € F",
€€ (0,1) and B > (1 — d¢ + €)'/3 + ¢, define w = (wr,, wg). Define the set A(w, ¢, 5.) as

S| > Ben

wi[S] + 7 wglS] =[S,

V(er,cr) €C xC:

{i € S :wili] = ep[i] Awgli] = cgli]}] < (Be — €)n

reF:35Cnl,ceC st

Then we have

We now prove the following corollary of Theorem A.1, which is more suited to our setting.

Corollary A.2. Let C be a linear code with parameters (F,n, k,¢c). Given wr,wr € F", e € (0,1) and
Be > (1 —b¢ +€)'/3 + ¢ define w = (wr,, wr). For the set B(w, ¢, 3.) defined to be

S| > Ben

(1 —r)-wr[S]+r-wgrlS] = c[Y] ,

V(er,cr) €C xC:

{i € S : wili] = er[i] Nwrli] = cgrli]}] < (Be — €)n

reF:35Cnl,ceC st

Then we have
|B(w, e, )| < Z+1 .

Proof. We proceed by contradiction and assume that Corollary A.2 does not hold. Let ¢(¢) := LQ /€2 + 1J .
There exists a tuple (w, €, 3) such that | B(w, €, 8¢)| > t(¢). Consider 71,72, ..., 7441 in B(w, ¢, Bc). For
each i € [t(e) + 1], there exists a set S; C [n] and a codeword ¢; € C such that

|Si| > Benand  Vj € S;: (1 —r;) - wrl[j] +ri-wr[j] = elj] (20)

and yet for all codewords (cr,, cr) € CxC,wehave [{j € S : wr[j] = cL[j]\wr[j] = crlj]}| < (Be—¢€)n.
If 1 ¢ B(w,e, (), then (1 — r;) must be invertible for each i € [t(e) + 1]. Thus, for all i € [t(e) + 1], we
can define ¢, € Cas ¢} :== (1 — r;)~! - ¢; and ri=(1- ;)1 - r;. Therefore, we can rewrite Eq. (20) as

|S;| > Ben  and Vj€S;:wrlj]+ 7 wgl[j] = cli]. (21)

Since all the ;’s are distinct and non-zero, so are the r;’s. Therefore, |A(w, €, B¢)| > t(e) + 1, contradicting
Theorem A.1If 1 € B(w, ¢, (), then the same argument holds for all but one value of r;, and therefore we
get |A(w, e, B¢)| > t(€), which is still a contradiction. O

This corollary can be further improved (by removing the ‘loss’ in the size of the agreement set) to obtain the
following lemma.
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Lemma A.3. Let C be a linear code with parameters (F,n, k, d¢). If e € (0,1/2n] and B, > (1—8¢+€)'/3+¢
is such that {Bcn} > 1/2, then for all wy, ws € F" the following holds:

S| = 6] . 1
Pr | 3SCn] st JeeC:(1—r) - wi[S]+r weS]=¢[S], | < (e%—l—l)? :
rEF Ver,es € C:wi[S] # e1[S] V ws[S] % ¢S] IF

Proof. Follows from Corollary A.2 and the observation that since {S.n} > 1/2 and € € (0, 1/2n], it must be
the case that | Ben] < (Be — €)n < Ben < [Ben]. O

A.1 Extending to more than two input words

Lemma A.3 proves mutual correlated agreement for multilinear proximity generators with two input words.
This can be extended to 2™ input words for any m > 1 as follows.

Theorem 3.11. Let C be a linear code with parameters (F,n, k, dc) and m € N, with M := 2™. Additionally,
let e € (0,1/2n] and B. > (1 — d¢ + €)/3 + € be such that {Bn} > 1/2.'* For every wy,. .., wy € F?,
the following holds:

|S| = {/86’”-' ) .
Pr IS C[n] st Jecel: Zje[M] w;[S]-eq((j —1),7) =¢[S] , | < 6‘;’“:|
r&Em Vedienn € CM : 35 € [M] s.t. w;[S] # ¢S]

Proof. We prove the theorem via induction on m. The base case where m = 1 follows directly from
Lemma A.3. We now show that the claim holds for m + 1 assuming it holds for m. Let M := 2" and
w1, ..., wop € F". Define A((w1,...,wy), m,¢€,B) as

S| = [Ben]
reFm:35Cnl,ceC st Y iepnw;ilS]-eq((j—1),7)=c[5] ,
Viediepn € CM 2 3j € [M] s.t. wy[S] # ¢;[9]

We can define A((wpr41, - .., wanr), m, €, Be) and A((w1, ..., wanr), m+ 1, €, ) analogously. The induc-

tion hypothesis gives that | A((wy, . .. ,war), m, €, Be)| < 3™|F|™ 1 /e2and |A((wary1, - - -, wanr), My €, Be)| <
3™|F|™~1/e2. We will now proceed to show that

|A((wy, ..., wapr),m + 1,¢, B)| < 3T F™ /e .

Let (r1,...,7m+1) € A((w1, ..., wapr), m + 1,¢, Bc). We make the following claim.

Claim. At least one of the following conditions must hold:
* (r1,...,mm) € A((wy, ..., wpr),m, €, ).
 (r1,-..,mm) € A((war41, - - -, Wwang), m, €, Be).

* 'm+1 € A((wp, wr), 1, €, B¢), where

wp = Y wi-eq((i—1),(r1,...,rm)) andwr = Y wipar-eq((i — 1), (r1,...,7m))  (22)
i€[M] i€[M]

"We use {z} denotes the fractional part of .
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Proof. Assume for the sake of contradiction that none of the conditions hold. For the (r1,...,7pm+1) €

A((wy, ..., wapr),m~+ 1, €, Be) in question, consider an agreement set .S C [n] and a codeword ¢ € C such
that
S| =8en] and > w;[S]-eq((j—1),(r,. .., 7mr1)) = [S] (23)
je2M]

Our goal is to show that J[c;];cprr € C*M s.t. Vi € [2M] : w;[S] = ¢;[S], which would be a contradiction.
Rewriting Eq. (23), we have (1 — ry,41) - wL[S] + 1 - wr([S] = ¢[S], where wi, and wp, are defined
as in Eq. (22). Since rp,11 ¢ A((wr,wg), 1, ¢, Bc), there must exist codewords (cr, cr) € C? such that
wr[S] = ¢1[S] and wg[S] = cr[S]. Expanding the definitions of wy, and wg, we have

> wilSleq((i—1),(r1,...,rm)) = cr[S] and > wiiy[S]eq((i—1),(r1,...,rm)) = crl[S] .
1€[M]

1€[M]

24
Since (11, ...,mm) & A((w1,...,wy),m,€, Be)and (11, ..., 7m) € A((Wrrs1, - .., Wanr), M, €, ﬁg),t}(lel‘fz
must exist codewords [¢;];c[227) such that
Vie [M]:w;[S]=¢[S] and Vi€ [M]:wim[S]=cirml]S] -
This completes the proof of the claim. O
Given that the claim holds, we know from the induction hypothesis that the number of choices for (71, . . ., 7 41)

that satisfy at least one of the 3 conditions in the claim can be upper bounded by

= |F‘ : (‘A((wla o ,'LUM),m, 6766)’ + |A((’UJM+1, o 7w2M)7m7 6766)’) + “:|m : ’A((’CUL,'UJR), 17 67/86)’
Ryl m—1 Rudl= m—1 3

<l (T T )

€2 €2
3m+1||:‘m
2
This is precisely |A((w1, ..., wanr), m + 1, €, Be)|, thus completing the proof. O

A.2 Mutual correlated agreement preserves list decoding

In this section we restate and prove Lemma 3.13, which shows that mutual correlated agreement for multilinear
proximity generators preserves list decoding.

Lemma 3.13. Let C be a linear code with parameters (F,n, k,dc) and m € N, with M = 2™. Additionally,
let e € (0,1/2n] and B > (1 — 6¢ + €)'/3 + € be such that {3n} > 1/2. Define § =1 — [Bcn]/n. For

every wi, ..., wy € F, the following holds:
A (€5 e ws -eal(j = 1),7),9)
Pr # < 32
$ o .
i {Zje[M] cj-eq((j —1),7) : [ejljen € A (CM, ['wj]je[M]»&)}

Proof. The proof follows the template of a similar proof of [ACFY25, Lemma 4.13]. For any z € FM of the
form z = [eq(j — 1,7)] ¢[ar, for some 7 € F'™, define

Tz =A C, Z ’LUj'Zj,5

JjE[M]
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Sy = Z ¢ 25 lejljenn € A (€Y, [wyljeun 9)
JEM]

We prove each direction of the required inclusion separately.

1.

Sz C T Let ¢ € S, this implies that ¢ = .1y ¢; - 25 for some [¢;]je(n) € A (cM, [w;] e, 6)-
Then there exists a set S C [n] with |S| = [cn] such that for each j € [M], w;[S] = ¢;[S]. Then, for
every ¢ € S it must be that

Y oowylil-z= > glil -z =cli]

JEIM] JEIM]
and thus 6(c, > ;e wj - 2j) < dand e € T

T, C S, with high probability: Consider z of the form [eq(j — 1,7)];¢[as) such that for every S C [n] of
size [Bcn], one of the following holds true:

(a) forevery c € C, c[S] # 3 can w;lS] - 25, or
(b) forevery j € [M], 3c; € C such that ¢;[S] = w;[S].

By Theorem 3.11, at least a (1 — %) fraction of choices of  result in such a z.

Consider ¢ € T7 for such a z. By definition of 7%, ¢ € C and 6(¢, 3 ;c(p wj - zj) < 6. This implies
that there exists a set S of size [Ben| such that ¢[S] = 3~ ¢y w;[S] - 2k implying that the first condition
above does not hold. Thus for every j € [M], there exists ¢; € C such that ¢;[S] = w;[S]. Thus

cSl= Y wS]-z= > ¢S]z,
jEM] jEM]
and 80 6(¢, > e € - 75) < 0 < dc. This implies that ¢ = .13y ¢; - 2j, and as aresult ¢ € 5.

The above argument simultaneously holds for all ¢ € T, and since at least a (1 — %) fraction of all
possible z’s satisfy the required properties, this completes the proof. O
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B Deferred proofs

In this section we restate and prove all the results whose proofs were deferred in the main body of the paper.

B.1 Proof of Lemma 5.3

Lemma 5.3. Let ¢ € (0,6(C)] and £/ € (0,e(C")], where £(C) is the proximity threshold of C (see
Definition 4.7). LossyBatch is an RBRTE IOR from LHEPC:56%est) 1o SEP(C€"2) \with the following
parameters:

Rounds Plen Queries OlLen Tr Tp Ty
3 O(1) OU/vest) Onkl) O(nkl+Te) Okl +Te) O/ Yost + logn)

Proof. Completeness and the efficiency parameters follow directly from the construction in Fig. 6. We now
present the proof of RBRTE. Given 1 := (C, &, £, Y0t ), We Will show that the IOR is (&, ¢, )-RBRTE, for
@ := 1 and ¢, § defined below. Throughout, we denote x = (2, [yi]ic(q), ¥ = ([wilic[). and also use inst
to denote (1, x, ¥).

Vertical predicate. Since the vertical predicate only changes on transcripts that end with the verifier’s
challenge, we only consider such transcripts. We describe ¢ as a tuple [;];c[3) such that for the i-th round,

o(1,x,¥,01,p1,...,04 p;) = Lifand only if Vj € [i] : (1, x,¥,0q,p1,...,a5,p;) = 1.

1. ¢1: The transcript includes w’ sent by P, and the out-of-domain evaluation point z4.q sent by V. We
define ¢ (inst, Tr = (W', Zo0d)) = 0 if and only if there exist two messages m}, m,, € F*" such that
m) # m/, but Ence/(m), Encer(mb) € A (C',w', €’) and M) (Zood) = M5 (Zood)-

By Lemma 3.5, the probability of this event is at most |A (C’, ') |* - log k' /2|F|. Thus the predicate value
can flip from 1 to 0 in this round with probability at most |A (C’,¢’) |? - log k' /2|F|.

2. p9: The transcript now includes the out-of-domain evaluation value o,04 sent by P, and the random
challenge rp sent by V for the repetition check. We define @ (inst, Tr = (W', 2o0d; Tood, TR)) = 0 if
and only if there exists some m/ € F" such that w’ ~. Ence/(m') and i/ (x, y) # /(2 y) for some
x,x’ € {0,1}°8" and y € {0, 1}1°8F+1o8¢ but 1/ (x, 7r) = 1/ (x', rR) for all z, =’ € {0,1}1°8".
Consider an arbitrary v € F¥' such that Ence(v) € A (C',w',¢’) and there exists x, ' € {0,1}1°8"
and y € {0, 1}1°e#+1oet guch that 9(x, y) # 9(x',y). By Lemma 3.2, the probability that o(x, rr) =
o(z',rg) forall z, 2’ € {0,1}°8™ is at most (log k + log ¢)/|F|. Applying the union bound over all such
v, the probability of the predicate flipping in this round is at most |A (C’, ") | - (log k + log £) /|F|.

3. 3: For the last round, we define

@s(inst, Tr = ('w/7 Zood; Toods TR Bevals [gi,i’]ie[ﬂ A e Bprox)) =0

if and only if there exists some witness (1,4, M) that is ‘bad’, i.e. m_, is not a valid witness for

Spot(c’cl’a’@ but the transcript still accepts. We describe the exact cases in which the witness can be bad
below, but first note that our conditions do not involve m since it corresponds to an ‘honestly generated’
word, due to w¢ being output by the indexer. The witness is bad if at least one of the following is true:

(a) pisbad: if m_, € F¥' is such that
* Encer(mi,y) € A(C',w',€’), and
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(b)

(©)

(d)

©)

* Daeqopest (2, 1M1h0q (@), MG(2)) = 0,
yet at least one of the following is not true:

Z Jood (T, Mg (®)) = ood Z Jrep(®,1th0q(T)) = Orep
xz€{0,1}los ¥/ xz€{0,1}los ¥/

Z feval(w7 m{)ad(w» = Oeval Z fprox(xa m{)ad (:13), mG(w)) = Oprox -
xc{0,1}los ¥/ xe{0,1}logk’

For a fixed m,_,, this occurs with probability at most 3/|F| by Lemma 3.1. Applying the union

bound over all m{_, € F*" such that Encer(my,_,) € A (C',w’, '), the probability of this event is at

most 3 - |A (C',€") |/|F|.

1, is bad: We now assume that p is not bad. We say 7, is bad if there exists my,, € F*' such that

* Encer/(my,y) € A(C',w',€’), and

. mgad (rL,TR) = Orep (since we can assume that p was not bad), yet

* there exists z € {0, 1}1°8"™ such that {4 (z,7R) # Orep (i-€. M},4(X,TR) — Orep is @ NON-ZeTO
polynomial.)

For a fixed my_,, by Lemma 3.1, the probability that 72, (71, TRr) = 0vep is at most (logn)/|F|.

Applying the union bound over all m_, € F*’ such that Ences (my,y) € A(C',w',€’), the probability
of this event is at most (logn) - |A (C", ") |/|F|.

Beval 1s bad: We now assume that p and 7, are not bad. We say (e, 4 is bad if there exists mgad =
such that

* Encer(my,y) € A(C',w',€’), and

. Zme{(] 1o ¥ Jeval(x, M4 (x)) = Oeval (since we can assume that p was not bad), yet

* there exists i € [¢] such that 7], (08", (i — 1), z) # ;.

By Lemma 3.1, the probability that this occurs for a fixed mj_, is at most £/|F|. Applying the union

bound over all mj_, € F*" such that Encer(mf_) € A (C’,w’, ¢'), the probability of this event is at

most £ - |A (C',€") |/|F|.

Before we discuss the remaining challenges, we note that since rg, p, 71, and SBeyal are not bad, it

must be the case that 1 _y(x,y) = m{_4(z',y) forall z, 2’ € {0,1}1°6" and y € {0, 1}loek+loe’,

We refer to such bad messages as having a ‘repeated structure’.

Bprox is bad: We now assume that p, 77, and eya are not bad. We say Bprox is bad if there exists

m,_, € F¥ such that

* w' ~g Encer(my,y), and

. Ziem’ile[y] B,iifj/*”@ v = (M4, MG, Gprox) (since we can assume that p is not bad), and

* m,_, has repeated structure, i.e. there exists mconc € F** such that my_y = me, ., yet

* there exists i € [(] and i’ € [v] such that v; # (ge, .., Mconc[(i — 1)k + 1 : ik]), where
mi)ad = m?onc

By Lemma 3.1, the probability that this occurs for a fixed m|_, is at most £ - v/|F|. Applying the

union bound over all m}_, € F¥ such that Ence/(mj_,) € A (C',w',&’), the probability of this

eventisatmost £ - v - |A(C', &) |/|F|.
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) [gi,i/]ie[g]7i/€[l,] is bad: Finally, we assume that all the previous challenges are not bad. We say
[€i.ir)ice,i7e]v) is bad if there exists my, € F* such that
* Encer(my,y) € A(C',w',€’), and
* m/_, has repeated structure, i.e. there exists mconc € F** such that m{_, = m2, and
» foralli € [¢],3" € [v], we have v = (ge, .,, Meconc[(i — 1)k + 1 : ik]) (since Bprox is not bad), yet
* there exists a set B C [/] such that |B| > ;y|ost £ and 6 (w;, Ence(meonc[(i — 1)k + 1 : ik])) > ¢

foralli € B.

Consider a fixed i € B. If §(w;, Ence(meonc[(i — 1)k + 1 : ik])) > e the probability over the choice
of {&iirbirepy) that vy = (ge, ,,, Mconc[(i — 1)k + 1 : ik]) = Ence(meonc[(t — 1)k + 1 : ik])[&;1/]
for all i’ € [v] is at most (1 — £)”. This occurs independently for each i € B, and therefore the
probability of this event is at most (1 — )18l < (1 — g)¥ Mol < 272 if ¢ > —)\/log(1 — ¢) and
v > 1/%i0st- Applying the union bound over all mj_, € F¥' such that Ence/(mf_,) € A (C',w', &),
the probability of this event is at most 27 - |A (C/,¢’) |.

We can apply the union bound over all of these possibilities to show that the probability of the predicate
flipping from 1 to O in this round is negligible.

Challenge predicate. The challenge predicate always outputs 1.

Tree extractor. Notice that the arity parameters are 1, and thus the extractor is straight-line. Given a tree
with the ‘output’ witness w’ = (m/, m¢), the extractor defines v = m/[1 : k/] and outputs

w = [m; = v[(i — Dk + 1 k]|,

By definition of the vertical predicate, it must be the case that (inst, w) € LHEP (€56 est) O

B.2 Proof of Lemma 6.2

Lemma 6.2. LerC and C’ be as defined in Fig. 7. Additionally, lete € (0, min(d¢/5,e(C))] ande’ € (0,e(C")],
where €(C) is the proximity threshold of C (see Definition 4.7). TensorReduce is an RBRTE IOR from
MEP(T-=1) o SEPC""5) vith the following efficiency parameters:
Rounds PLen Queries OlLen Tz Tp Ty
logk; +2logks +8 O(logk) O(M\/e) O(') On+Te) Om+Te) O(Me+logn)

where T = C1 ® Cy is a tensor code such that Ci has parameters (F,ny, k1,01) and Cy has parameters
(F,na, ka, 02), and k = kiko and n = nina.

Proof. Completeness and efficiency parameters follow from Lemma 6.2 and Lemma 6.4.

We now prove that Fig. 7 is RBRTE. Given 1 := (7, ¢, 1), we will show that the IOR is (@, ¢, )-RBRTE,
where @ := ([2]'°8 %1 ||[1]21°8F2+8)  » and @ are now described in detail. Throughout, we have i := (T, ¢, 1),
x = (2,y), ¥ = (w), and also use inst to denote (i, x, ¥).

Vertical predicate. Since the vertical predicate only changes on transcripts that end with the verifier’s
challenge, we only consider such transcripts. We describe ¢ as a tuple [%’]z’e[log k1+2log ko+8] Such that for the
i-th round, (1, x,¥, a1, p1,...,04,p;) = Lifand only if Vj € [i] : ¢;(1,x,¥, a1, p1, ..., 05, p5) = L.
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1. ; fori € [log k;]: These are the first log k1 rounds of RandomizeEval. Thus, the transcript up to this
point is Tr = ([v;(X), 7j];[), where v;(X) is the j-th univariate polynomial sent by P and r; is the
j-th challenge sent by V. Recall that ; not only needs to be ‘good’ as sumcheck challenges, but it also
needs to be a ‘good’ challenge for the mutual correlated agreement. Thus, we define p;(inst, Tr) = 0 if
and only if at least one of the following is true:

(a) There exists m € F* such that Enc(m) € A (7, w, ) and we have

vi(r;) = Z m(ri,...,ri,b)-eq((r1,...,7,b),2) .
b€{071}10gk7i

Yet the round polynomial v;(X') sent by P is not correct, i.e.,

vi(X)# Y ey, i, Xb) ceq((r, - mic1, X, b), 2)
be{0,1}log k—i

(b) 7; is a bad challenge with respect to Lemma A.3. where € = 1/2n9 and 8¢ > (1 — d¢, + 6)1/3 +eis
the largest possible value such that . < 1 — &', and {Bcna} > 1/2. Since &’ € £(Cs3), we know that
this S satisfies [(1 — ' )n2| — 1 < Benz < [(1 — €')na].

By Lemma 3.1, the probability of Item la is at most 2/|F| for a fixed m. Applying the union bound
over all m € A (T, w,¢), the probability of this event is at most 2 - |A (7, ¢) |/|F|. By Lemma A.3, the
probability of Ttem 1b is at most 3/(e2|F|).

2. @, fori € [logks + 1,logk]: These are the last log k2 rounds of RandomizeEval. These do not have
additional constraints imposed by mutual correlated agreement not failing, and therefore ¢; (inst, Tr =
[v;(X),75]jep)) = 0 if and only if Item 1a is true.

3. Qlogk+1: The transcript now includes w’ sent by P, and the out-of-domain evaluation point zoeq sent by
V. @logk+1(inst, Tr = (w, Zo04)) = 0 if and only if there exists my_, € F"2 such that m{_, # m/ and
Encer(my,y) € A(C',w’,€’) and i ,4(Z00d) = M (Zood). By Lemma 3.5, the probability of this event
occurring is at most |A (C’, &’) |2 - log n/2|F|.

4. Plog k+2: The transcript now includes the out-of-domain evaluation value o404 sent by P, and the random
indices [;];c|q sent by V.

Since Piog k41(inst, Tr = (w, Zo0d)) = 1, there exists a unique m’ € F"* such that Ence/(m/) €
A (C',w',&") and M (2o0d) = Tood- Let miirst € F¥2 be the first ko entries of m’. Define Wi, € FF1xn2
such that for all j € [ng] we have

Ence, (vvmt[v.]]) ~Eint W[?]] :

Since €jnt < € < d¢, /2, there exists a unique such Wi,[-, j] for each j € ny. It is important to note
that not all columns of W are guaranteed to be ¢j,¢-close to a codeword of C;. However, for simplicity
of exposition, we use I/T/int[-, j] to denote the multilinear extension of Wiy[-, j|, whether or not such
a Wint[, 5] exists that satisfies the above property. If no such Wiy [-, j] exists, Win[-, 7] = L* and

Wint-, j] evaluates to L at all points.

Finally, we define the following set of ‘bad’ indices:
B := {j € [n2] : Ence, (miist) (] # Winel-, j](r1)} -
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That is, B is the set of indices where the folded columns do not equal the expected folded value. Thus, we
NOW 8aY Plog k-+2(inst, Tr = (W, Zood, Tood; [€ilicjg)) = 0 if and only if

|BN{&}iei| < Yost - ¢ and yet, |B| > gine - na

That is, even though there are a lot of columns that do not fold correctly to the expected values, the number
of such columns among the sampled columns is still a small fraction: small enough to evade detection by
the invocation of LossyBatch.

We analyze the probability of jog 142 evaluating to 0 using a concentration argument. Define indicator
random variables X; for each j € B such that X; = 1 if there exists ¢ € [¢] such that & = j, and O
otherwise. The query indices are chosen without replacement, so Pr[X; = 1] = {/ny for all j € B.
If X ==} .cp X is the total number of bad indices, then E[X| = £|B|/ny > eint - {. Applying the
Chernoft bound (which applies to negatively correlated random variables like X ), we get

Pr(X < Yiost - £] < Pr[X < Viost/€int - E[X]]
< exp(—(1 — Viost/€int) *E[X]/2)
<exp(—(1-— ’Ylost/Eint)2 < Eint - £/2)
= exp(—0) <27

where the equality follows from 7jost = €int — v/2€int and the last inequality follows from ¢ > A1n 2.

5. ; fori € [log k+ 3,log k + log ks + 5]: These rounds correspond to the invocation of SpotCheckReduce,
and therefore the vertical predicate is exactly as defined in Lemma 6.4.

6. ¢; for i € [logk + logks + 6,logk + log ko + 8]: These rounds correspond to the invocation of
LossyBatch, and therefore the vertical predicate is exactly as defined in Lemma 5.3. However, the final
round log k + log k2 + 8 has the additional batching random challenge p sent by V. Therefore, the vertical
predicate Yo k-+log ko+s €valuates to 0 if the vertical predicate defined by LossyBatch evaluates to 0, or if
there exist m/, mspot, m’spot, M HEP, M yep Such that

cm' € A(C, W' &), mspor € A(C, wspot, €), Mg € A(C, Wspor, €), minep € A (C', winep, €'),
myep € A (C, winep, €),

* Ywefoayosn [ (@, 0/ (), Mspot (), Mg, 0 (), ML HEP (®), 1 yep () = 0, and yet
* at least one of the following is not true:

S ed(@, (05708 | ry)) i (@) = gy
xc{0,1}logn

Z eCI(my zood) : m/(m) = Oood

xe{oJ}logn

Y fopot(®, 11 (), ispot (), 1pet () = Tspot
x€{0,1}logn

> funer(®@, mier (@), M uep(T)) = oLHER - (25)
xc{0,1}logn

By Lemma 3.1, this occurs with probability at most 3/|F| for a fixed (1, mspot, m’spot, MUHEP, MY ep)-
Applying the union bound over all (m/, mspot, m’Spot, myHep, M| ep) that satisfy the above conditions,
the probability of this event is at most 3 - |A (C', &’) |°/|F|.
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Challenge predicate. The challenge predicate takes as input all the verifier challenges across all root-to-leaf
paths in T. Consider all the possible values of r; in the k; rewindings, and let these be vy, ..., vg,. The
challenge predicate 6 outputs 0 if and only if eq(v1), ..., eq(v, ) are linearly dependent. We compute this
probability as follows:

1. There exist 4,4’ € [k1] such that v; = v;. That means that the last random challenge in v; = vy is equal,
which occurs with probability 1/|F|. Applying the union bound over all (’“21) pairs of indices, we get that
the probability of this event is at most k2 /2|F|.

2. Now, assuming all v; are distinct, eq(v1), . .., eq(vg, ) are also distinct. Now, consider the matrix V/
such that V'[i, j] = eq(v;)[j] forall 4, j € [k1]. eq(v1),...,eq(vg,) are linearly dependent if and only if
det(V') = 0. Now, det(V') is a multivariate polynomial in k; log k; variables, so we can write this as a
polynomial D(X 1,-+> Xk logk )- The degree of D is at most k; log k1 since each entry of V' has degree
at most log k1, and the determinant is a sum of products of k; entries. Furthermore, clearly D is not the
zero polynomial since if v; = (i), then V' is a permutation matrix and therefore det(V') = 1. Thus, by
Lemma 3.1, we have that Pr[det(V) = 0] < deg(D)/|F| = ki log k1 /|F|.

Thus, by applying the union bound, the probability that the challenge predicate outputs 0 is at most
(k7 /2 + k1 log k1) /[F].

Tree extractor. £17°° takes as input a constrained transcript tree T such that the vertical predicate is satisfied

for every path from the root to a leaf, and the challenge predicate is satisfied. £ then behaves as follows.

1. For each root-to-leaf path of T, £17° parses the output witness w' = (m/, mspot, m’Sp ot» MULHEP, MY yep)-
Then, £T°¢ computes m.., € F*2 as m/[1 : ko] and also computes ¢,, = Ence, (m,).

2. Letmy, 1,...,Myp i, € F*2 be the output witnesses obtained across all k; rewindings, and define
M' € FFr*k2 quch that M'[i,-] = my,; for all i € [k1]. Also define C € FF1** such that
Cli,-] = eq(v;) for all i € [k;], where v; is the value of 7} in the i-th rewinding.

3. £Tree outputs M := C~! - M. Since the challenge predicate is satisfied, C is invertible, and thus M is
computable in polynomial time.

Tel)

We now show that £17°®’s output is a valid witness for the MEP( claim.

1. Since Yiog k+1og ko +8 €Valuates to 1, it must be that Eq. (25) are all true.

2. Since Piog k+log ka+6 10 Plog k-+log ko +8 all evaluate to 1, it must be that the guarantee of the LH EP(C"Eint Mot )

claim is satisfied. That is, there exists I C [¢] such that I/T/int[., &l(r1) = y;j and Ence, (Wine[-, &5]) ~eine
W, &l forall j € I, where |I| > (1 — 7jost) - L.

3. Since Yiog k+3 10 Plog k+log ko+5 all evaluate to 1, it must be that the guarantee of the Spot(CQ’C,’EI’E) claim
is satisfied. Thus, there exists m,,, € F*? such that m’ = m:ff/ " and Ence, (m,)[&;] = y; for all

J € [f]. Since my;,s; was simply defined to be the first ko entries of m/, we get that m,., = Mg

4. Combining the above two points, we get that there exists I C [¢] such that Ence, (Wint[', §;]) ~ei,e W+, &,

and Ence, (my, ) [&;] = Wintl-, §;](71) forall j € I, where |I| > (1 — 05t )¢. Thus, if B is the set of ‘bad’
indices as defined in Item 4, then |B N {;} (] < Viost - £-
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5. Since plog k42 evaluates to 1, and [B N {&;}jecigl < Yiost - ¢, we have that |B| < gintng. In other
words, there exists an agreement set A C [ng] such that |[A| > (1 — gint)n2 and for all j € A,

Ence, (M, )[j] = Wint[', 7](71). Furthermore, since the first equation in Eq. (25) is true, we have that
/(01087198 k || y) = 4. which gives us that 172, (12) = Y.

6. Since @iogr+1 evaluates to 1, there is a unique m’ € F"2 such that Ence/(m’) ~o w’ and the
second claim of Eq. (25) is satisfied. Thus, m,., is also the unique message such that for all j € A,

Ence, (my,)[j] = Wint-, j](r1), and 7., (72) = yr-

7. Since @1 to Plog i all evaluate to 1, we have the following two guarantees:
* By Item 1b, 7 is good with respect to mutual correlated agreement (Lemma 3.13), and thus there
exist messages my, ..., my, € F¥2 such that for alli € [k1] and j € A, Ence,(m;)[j] = Wine[i, 5],
and D, - eq((i— 1), m1) = my . fme= (my || - ||y, ) € F*, then clearly 77, (72) = y»
implies that m(r) = y,. Furthermore, for each j € A there are at least (1 — ejn¢)nq values of i € [nq]
such that Wi, j| = Ence, (Wint[+, 7])[¢]- Thus, for each such pair (4, j), we have

Wi, j] = Ence, (Wint[-, 7)) [i] = Ence, ([Ence, (mir)[j]lire i) [i] = Encr (M)[i, j]

where M € FF1*k2 i5 the matrix form of m. The number of such pairs (i, j) is at least (1 —&in)n1 | A| >
(1 — &int)?n1n2 = (1 — £)nyny as desired.

* Finally, by Item 1a, 7 is a good sumcheck challenge, and therefore 7 (r) = y,. implies that m(z) =y
(the details of this argument are nearly identical to the tree extractor correctness proof in Appendix B.3,
so we refer the reader to that proof for details).

O]

B.3 Proof of Lemma 6.4

Lemma 6.4. Let ¢ € [0,£(C")), where (C) is the proximity threshold of C (see Definition 4.7). Fig. 8 is an
IOR from Spot(c’c ) 10 SEPC%3) with the following efficiency parameters:

Rounds PLen Queries OlLen Tz Tp Ty
logk+3 O(logk) 0 o(n’) O(Ter) O(Ter) O(logn)

where C = B ® B is a tensor code such that B has parameters (F,/n, 'k, 65) and C' is a linear code with
parameters (F,n',n,dcr).

Proof. Completeness and all efficiency parameters other than prover time immediately follow from Fig. 8. We

briefly argue why Step 10 and Step 13 only require O(n’) time for the prover, since this is not straightforward.

« Step 10: P precomputes G(x g, tg) for all zr € {0,1}°6/2, which takes O(k) time. Then for each
round i € [log k/2]: P computes and stores (7, X, 21, ) and G(ri, X, xp, t1) forall X € {0,1},
xr, € {0,1}198%/2=4 and 25 € {0, 1}1°8%/2, Since P explicitly stores these values for the previous round,
in the current round these values can be computed by ‘folding’ 2 previously computed values. This way, the
number of field operations needed in round i is O(k/2¢), and the total number of operations sums to O(k).

* Step 13: P precomputes G g(rr,tr) and uses the folded polynomials for G and 7 from previous rounds
to compute the new folded polynomials and h;(X). Similarly, all log k/2 rounds for this step also only
require O(k) field operations in total.
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We now prove that Fig. 8 is RBRTE. Given 1 := (C,(’, ¢, £), we will show that the IOR is (@, ¢, /)-RBRTE,
for @ := 11°65+3 and ¢,  defined below. Throughout, we denote x = ([£i];cg), [Wilicjg). ¥ = (w'), and also
use inst to denote (1, x, ).

Vertical predicate. Since the vertical predicate only changes on transcripts that end with the verifier’s
challenge, we only consider such transcripts. We describe ¢ as a tuple [‘Pi]ie[log k-+3) such that for the i-th
round, o(1,x, ¥, a1, p1,. .., a4, p;) = Lifand only if Vj € [i] : p;(1,x,¥, o1, p1,...,05,p5) = 1.

1. ¢1: The transcript includes w, sent by P, and ¢ sent by V. We define ¢ (inst, Tr = (w,, t)) = 0 if and
only if there exist two messages ¢y, ¢y € F" such that ¢; # ¢3 but Encer(ey), Encer(ez) € A (C', w,, €)
and ¢1(Zood) = €2(Zo0d)-

|A(C"E)*  logn
2 IF]

! 2
from 1 to 0 in this round with probability at most w : ITE‘”.

By Lemma 3.5, the probability of this event is at most

. Thus the predicate value can flip

2. 2: The transcript now includes 7 sent by P, and the random challenge up sent by V for the repetition

check. pa(inst, Tr = (we, ¢, 7,ur)) = 0 if and only if there exists some m' € F" such that Ence/(m/) €
A(C,w',e) and W/ (x,y) # m/(x,y) for some x,z’ € {0,1}1°87718% and y € {0,1}1°8%, but
m'(x,ug) = M (z',ug) forall z, =’ € {0,1}\en"loek,
Consider an arbitrary v € F!°8™ such that Encer (v) € A (C',w’, €) and there exists z, ' € {0, 1}1o8n—logk
and y € {0,1}°¢% such that #(x,y) # 0(z',y). By Lemma 3.2, the probability that ¥(x,ur) =
O(z', ur) for all ¢, =’ € {0,1}1°8"~18% jg at most (log k)/|F|. Applying the union bound over all such
v, the probability of the predicate flipping from 1 to 0 is at most [A (C', ¢) | - (log k) /|F|.

3. pito fori € [log k]: Firstly, given a possible witness m’ € F™, consider its first k entries myst € F* and
define g, : F1°2% — F as the polynomial on the left-hand side of Eq. (19). That is,
9 (y) = Gp(tr,yr) - Ga(tr, Yr) - M (y) -

We define ;a(inst, Tr = (we, t, 7, UR, Orep, [hir (X ), 7it]ycf))) = 0 if and only if there exists some
m/ € F" such that Ence/(m/) € A (C',w', €), and for some i’ € [i] we have

hir(ry) = Y gm(r,. . riy)
ye{0,1}los k=
but h; is not the correct round polynomial, i.e. h; (X)) # ZyE{O 1 plog k—i/ G (riy...,ro—1, X, y).

For a fixed m/, the probability of this happening can be upper bounded by upper bounding the probability that

hZ(X) 75 Zye{()’l}logkﬂ' g(rl, ey i1, X, y), despite hz(rl) = ZyE{O,l}logk’i g(?"l, ey 1,74, y)
By Lemma 3.1, this can happen with probability at most 3/|F|. We can apply the union bound over all such
m/, to upper bound the probability of the predicate flipping from 1 to 0 in this round by 3 - |A (C', &) |/|F|.

4. P1og k+3: For the last round, we define
(Plogk—&—?)(inSta Tr = (we,t,7, ug, Orep) [hir (X)), ri’]i’e[i} ,ur, 3,p)) =0

if and only if there exists some witness (mgad, Chad, mp) that is ‘bad’, i.e. m’bacl is not a valid witness for

Spot(c’cl’a’@ but V does not reject. We describe the exact cases in which the witness can be bad below,
but first note that our conditions do not involve 1mz since it corresponds to an ‘honestly generated’ word,
due to wg being output by the indexer. We define the witness to be bad if:
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(a)

(b)

(©

p is bad, that is:
* Encer(my,y) € A(C',w',€), and Encer(cpad) € A (C', we, €),

* che{(),l}logn f(=, m{)ad (), Coad (), MB(x)) = 0,

yet at least one of the following 6 equalities is not true:

l
Z eq(m, (uL || uR)) ’ m{aad(m) = Orep Z §($) ’ 6bad(m) = (Z IBi_l : yl) )

xc{0,1}logn xec{0,1}logn i=1
Z GQ(Ccyt) - ébad(w) =T, Z @4(513) . mB(x) =TL ,

z€{0,1}loen xe{0,1}logn
Y. @) -ms@) =Tr, Y (@) Mig(@) = T -

2‘56{0,1}10%” :I!G{O,l}lo%n

By Lemma 3.1, the probability of this event is at most 6/|F| for a fixed my_, Cbad. Applying the
union bound over all such mj_,, cpad, the probability of this event is at most 6 - |A (C', ) |?/|F|.

5 is bad: We now assume that p is not bad. We discuss the probability that there exists cp,g € FF’
such that

. EnCC’(cbad) €A (C,, We, 6),

* 2wefo,1ploen 5(T) + Coad(T) = Zle Bi=1 . y; (which we can assume since p is not bad), and

* there exists ¢ € [¢] such that cpaq[&i] # vi-

Note thqt by definition of 5 (see Eq. (13)), the second item above implies that Zle B epad [&] =
Zle B! y;. By Lemma 3.1, the probability of this event is at most £/|F| for a fixed cpaq. Applying
the union bound over all such ¢p,q, the probability of this event is at most £ - |A (C’, ) |/|F|.

uy, is bad: We now assume that p, 3 are not bad. We discuss the probability that there exists

my 4 € F" such that

* Encer/(my,y) € A(C',w',¢),

* Daefoyosn ed(@, (ur [|ug)) - 1My ,q(€) = orep (Which we can assume since p is not bad), and

« there exists & € {0, 1}!°6"7198% guch that 17| _4(x, ur) # orep (i-e. 1M} (X, UR) — Orep is a
non-zero polynomial).

By definition of eq, the second item above implies that iy (wr, uRr) — orep = 0. If 1 4 (X, uR) —

Orep 18 @ non-zero polynomial, then by Lemma 3.1, the probability of this event is at most (logn —

log k)/|F| for a fixed m, . Applying the union bound over all such m,_,, the probability of this

event is at most |A (C', ) | - (logn — log k) /|F|.

We can apply the union bound over all of these possibilities to show that the probability of the predicate
flipping from 1 to O in this round is negligible.

Challenge predicate. The challenge predicate always outputs 1.

Tree extractor. Notice that the arity parameters are 163 and thus the extractor is straight-line. Given a
tree with the ‘output’ witness w’ = (m’, ¢, mg), the extractor just outputs m’.

We now show that if the vertical predicate is satisfied, m’ is a valid witness for inst. Notice that if Eq. (17),

Eq. (18), and Eq. (19) were all true with respect to w’, then we have that:
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1. Given that [ is not bad, Eq. (17) implies that c[¢;] = y; for all i € [¢].
2. Given that ¢ is not bad, Eq. (18), and Eq. (19) together imply that ¢ = Enc¢(m).

3. Given that p is not bad, we have 7/ (u) = orep- Given that uy, is not bad and up, is not bad, we have
I — aan/k
m’ = m"/",

Thus if Eq. (17), Eq. (18), and Eq. (19) all held, then the extractor succeeds in outputting a valid witness. The
fact that Eq. (17) and Eq. (18) hold follows immediately from the fact that p is not bad. Thus, all that remains
is to prove that Eq. (19) holds. Since p is not bad, we have

Yo d@)mp@) =1, Y (@) mpl@)=Tr, Y do(@) () =T .

xe{0,1}logn xe{0,1}logn xe{0,1}logn

Thus, by definition of {4, 45, ¢, we have @B(rL, tr) =1L, GB(TR, tr) = Tr, and Mgt (1) = Ty, Where
st is the multilinear extension of s € FF, the first & entries of m/. Since m’ = m™”/*, we have
Mgt = M, and thus m(r) = 7.

We can now prove Eq. (19) via the standard soundness proof of sumcheck. Firstly, we know that
Piog k(Tlog k) = T * TR * Tm = 9(71,...,Tl0gk) (otherwise V' would have rejected in Item 20). Since
all the ‘sumcheck predicates’ are satisfied, this implies that hiogx(X) = g(71,...,T0gk—1,X). Thus,
hiog (0) + higg k(1) = Zbe{o,l} g(r1,...,"ogk—1,b). Since V did not reject in Item 16, we have
Mog k—1(T1og k—1) = Mogk(0) + hiogk(1). Combining these two equalities, we have hiog k—1(Tlogk—1) =
Zbe{o,l} g(71, ..., Tog k—1,b). By repeating this argument inductively, we have for all 7 € [log k — 1] that

hZ(X): Z g(Tl,...,’I“ifl,X,y) .
ye{ojl}logkfi

In particular, for i = 1, we have hy(X) = Zye{071}logk71 9(X,y), which implies that h1(0) 4+ hq(1) =
>_ye{o1yezk 9(y). Finally, since V' did not reject in Item 16, we have h1(0) 4 1 (1) = 7, which implies that
>_yefoayesk 9(y) = T as desired. .

B.4 Proof of Lemma 7.5
Lemma 7.5. Given an RBRTE IOR I0R = (I, P, V) from MEPC5D) 1o R! with the following efficiency

measures

Rounds PlLen Queries Olen Tz Tp Ty
k PLen Queries Olen Tz Tp Ty

and { € N, there exists a corresponding RBRTE IOR |OR' = (I',P’, V') from HEPC50 10 R/ with the
following efficiency measures

Rounds Plen Queries OLen Tz Tp Ty
k+1 Plen {¢-Queries Olen Tz O -Tp) O-Ty)

where C is a linear code with parameters (F,n, k, o¢).
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Proof. Given IOR = (P, V), we construct IOR" = (P’, V') as follows. The indexer of IOR’ is identical to
that of IOR. Let the input to IOR’ be

x' = (2, [Wilici), ¥V = [wilicig, W = [milicyy -

We assume £ is a power of 2, because if it is not, we can pad with ‘dummy oracles’ which are of the form
w; = 0", m; = 0F and y; = 0.

In the first round of IOR’, V' samples 7 <~ F°2¢ and sends it to P’. Define ' := Dicpg eal{t—=1),7) -y,
w' =3 cped((i —1),7) - w; and m' == 3,y eq((i — 1),7) - m;. For the next k rounds, P’ and V'
simulate P and V respectively on the following inputs:

X:(z7y/)7 §;:w/7 W:m/ ?

where every time ) wants to query w’ at index j, V' queries w; at index j to obtain o;, for all ¢ € [¢], and
gives V the value ;1 eq((i — 1), 7) - 0y

Soundness analysis. Completeness and the efficiency claims follow by construction of IOR’. We now prove
that the IOR is RBRTE. Given an index 1, let IOR be (@, ¢, §)-RBRTE with respect to 1. We will now define
a', ¢, such that IOR' is (a@’, ¢’, §’)-RBRTE with respect to i. The arity parameters @’ := (1,@).

Vertical predicate. Since the vertical predicate only changes on transcripts that end with the verifier’s
challenge, we only consider such transcripts. We describe ¢ as a tuple [cpi]ie[kﬂ] such that for the ¢-th round,
o(1,x,¥,a1,p1,...,04,p;) = Lifand only if Vj € [i] : (1, x,¥, 00, p1,...,5,pj) = 1.

Lete = 1/2nand B > (1—08¢+¢€)'/3+¢be the largest value such that 5. < 1—¢,and {Bn} > 1/2. Since
e € £(C), we know that this S, satisfies [(1 —e)n]| — 1 < Sen < [(1 — €)n]. We define ¢/ (1,x,¥,7) =0
if and only if at least one of the following conditions holds:

* 7 is a bad challenge for [wi]z’e[e] with respect to Lemma 3.13 using the agreement parameter [.

* There exist messages Mpad,1;- - -, Mbad,r € FF such that Ence (Mbad,j) ~e w; for all j € [¢] and
2 jeiged((d —1),7) - fiwaa,j(2) = ¥/, and yet 3~ g eq((j — 1), X) - (tpad,j(2) — ;) is not the zero
polynomial.

The first condition above occurs with probability at most 3¢ /e |F| by Lemma 3.13. The second condition

above occurs with probability at most log ¢/|F| by Lemma 3.1 for a fixed set of messages mpad 1, - - -, Mbad,¢-

Applying the union bound over all possible sets of messages ™paq 1, - -, Mpad, ¢, We have that the second

condition occurs with probability at most |A (C,¢) |* - log ¢/|F|. Applying the union bound over both

conditions, we have that ¢ (1, x, ¥, ) = 0 with negligible probability.

On input the full transcript T’ = (v, Tr), ¢/(i,x, ¥, Tr') = 1 if and only if ¢/ (i,x,¥,7) = 1 and
©(1,x,¥, Tr) = 1. Since ¢} and ¢ are valid vertical predicates, ¢’ is also a valid vertical predicate.
Challenge predicate. The challenge predicate outputs 1 iff 6, the challenge predicate of IOR, outputs 1 on
the corresponding sub-tree.

Tree extractor. The tree extractor £’ for IOR’ on input a tree T’ = (7, T) behaves as follows:

1. Use the tree extractor of IOR, £ on T to extract a valid witness m’ for the MEP(©1) claim, such
that 7/ (2) = ¢ and Encg(m/) ~. w'. Thus, there exists a set S such that |S| = [B.n] = (1 — &)n and
Ence(m/)[S] = w'[S].

2. Compute S using w’ and Ence(m/).

3. Use erasure correction (see Lemma 3.9) to obtain [¢;];c[g from [w;];c(q and S, where each ¢; is the unique
codeword that agrees with w; on S (this codeword is unique because |S| > (1 — d¢)n). Furthermore,
these codewords exist since r is a good challenge with respect to Lemma 3.13 as ¢} (1,x,y,7) = 1.
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4. Output the underlying messages [m;];c|¢ such that for all i € [(], Encc(m;) = ¢;.
Clearly, by construction of £’, we have Enc¢(m;) ~. w; for all i € [£].

Thus, all that is left to show is that the output messages [m;];c|q satisfy the evaluation claims. Since
m' =73 icged((j —1),7) 1, we have 35 q eq((j — 1), 7) - 1i(2) = y'. Combining this with the fact
that ] outputs 1, we have that > jeiqed((j — 1), X) - (m;(2) — yi) = 0, which means that 7 (z) = y; for
all j € [4]. 0
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