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Abstract. Lookup arguments have become a central tool in proof systems, powering
a range of practical applications. They enable the efficient enforcement of non-native
operations, such as bit decomposition, range checks, comparisons, and floating-point
arithmetic. They underpin zk-VMs by modelling instruction tables, provide set mem-
bership proofs in stateful computations, and strengthen extractors by ensuring witnesses
belong to small domains. Despite these broad uses, existing lookup constructions vary
widely in assumptions, efficiency, and composability. In this work, we systematize the
design of lookup arguments and the cryptographic primitives they rely on. We intro-
duce a unified and modular framework that covers standard, projective, indexed, vector,
and decomposable lookups. We classify existing protocols by proof technique—multiset
equality, Logup-based, accumulators, and subvector extraction (matrix–vector)—as well
as by composition style. We survey and evaluate existing protocols along dimensions
such as prover cost, dependence on table size, and compatibility with recursive proofs.
From this analysis, we distill lessons and guidelines for choosing lookup constructions in
practice and highlight the benefits and limitations of emerging directions in literature,
such as preprocessing and decomposability.

⋆ Work primarily conducted at IMDEA Software.
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1 Introduction

Succinct non-interactive arguments of knowledge (aka SNARKs) allow a prover to convince
a verifier that a statement is valid with a short and efficiently verifiable proof. A striking
property of modern SNARKs is that they are general-purpose, namely, they can prove the
correctness of arbitrary computation while maintaining succinct proofs and fast verification.
This combination has driven widespread adoption, both in theory and practice.

A recent development in this space is the growing interest in lookup arguments [Boo+18;
GW20; Zap+22a; EFG22; STW24]. Informally, a lookup argument allows proving that each
element of a witness vector belongs to a predefined table.5 Despite their apparent simplicity,
this functionality has proven to be a remarkably powerful tool. Notably, it allows the designers
of SNARKs to reduce non-native operations–such as bit decomposition, range checks, com-
parisons, and floating-point arithmetic–to table checks, thereby greatly reducing the number
of circuit constraints and prover time. Lookup arguments have already found diverse applica-
tions within SNARKs, including efficient proofs for hash functions [Sze+23; Gra+22], modular
arithmetic, membership proofs, and general virtual machine executions [AST24].

Research on lookup arguments has progressed at an extraordinary pace. In just a few years,
numerous constructions have been proposed, each with distinct design methodologies, efficiency
trade-offs, and compatibility requirements. In this rapid progress, the focus was especially on
introducing new techniques that improve efficiency. However, this has been often achieved in
specialized contexts, using definitions of the lookup functionality tailored to the application
or proof system at hand, rather than guided by a general framework. For example, several
works [GW20; Zap+22a; EFG22; Zap+22b; Cam+24] develop lookup arguments for witnesses
and tables committed using the KZG polynomial commitment [KZG10], implicitly adopting
a notion of lookup specialized to this (univariate) polynomial-based setting. The context in
which the lookup argument operates is a crucial aspect of its use. Seen as standalone proof
systems, lookup arguments may indeed be rather uninteresting as they would only allow proving
membership of elements in a table. Their power instead arises when they are composed with
other proofs about the same witness. Understanding how, when, and under which assumptions
this composition is possible is, therefore, a key question we address.

1.1 Contributions

We provide a systematization of knowledge (SoK) on lookup arguments. We aim to clarify
definitions, highlight key methodologies for composing lookup proofs with other proof systems,
identify useful variants, analyze the current state of the art, and applications. In doing so, we
shed light on the unifying principles underlying existing proposals and guide researchers and
practitioners seeking to design or deploy lookup arguments. Our main contributions include:

Definitions. We introduce a modular framework of definitions for lookup arguments. We iden-
tify the lookup relation—checking that each wj ∈ t for two vectors w, t—as the fundamental
problem. Then we formalize proof systems for this relation in two flavours: commit-and-prove
SNARKs [CFQ19] and polynomial interactive oracle proofs (PIOP) [Chi+20; BFS20]. The for-
mer formalizes the case of a (succinct) proof about committed vectors t and w in which the
commitment to t is usually publicly computed by the verifier in an offline preprocessing phase.
This commit-and-prove flavour essentially corresponds to the notion of lookup arguments. The
latter formalizes proof systems for the lookup relation in the information-theoretic PIOP frame-
work, in which the vectors t and w are encoded as polynomials and available to the verifier
as oracles. The oracle model is an ideal assumption that can be later removed via a popular
compilation strategy that uses polynomial commitments. Formalizing lookup proof systems us-
ing this perspective highlights two distinct composition methodologies for using lookups when

5 Although the term arguments refers to computationally sound proof systems, many works in the
literature broadly refer to lookup arguments as to the proof techniques used to build argument
systems that involve lookup checks.
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constructing zkSNARKs: (i) argument-level composition via the commit-and-prove paradigm,
and (ii) PIOP-level composition.

Beyond simple lookups. We present several variants of the lookup problem, which include:
indexed lookups, where the membership relation is enforced with respect to a given vector of
indices i, i.e., for every j, wj = tij ; vector lookups, where the entries of the witness and table
are tuples, and projective lookups, where only a subset of the witness entries are checked to
be in the table, i.e., for a given set of indices i, it holds wj ∈ t for every j ∈ i. We also
define the notion of online lookup tables, in which the table depends on the witness and hence
cannot be preprocessed. We find the projective setting to be an overlooked aspect of lookup
tables in prior work. As noted earlier, lookup tables become most useful when composed with
other proof systems, where they are typically used to prove that part of the witness lies in a
table. However, the syntax of lookup relations and arguments in most existing definitions does
not capture projectiveness; instead, they enforce that the entire witness must appear in the
table. We generalize our definitions to the projective setting and demonstrate that existing
techniques—such as the logup lemma (and works building on it, including cq [EFG22] and
Protostar [BC23]), as well as the matrix–vector technique (e.g., Lasso [STW24])—naturally
extend to the projective setting with minimal overhead.

State of the art and applications. We survey the state of the art in lookup arguments,
focusing on three main aspects. First, we distill and present the main algebraic techniques
underlying existing lookup arguments, and we map them to the existing schemes (see Section
4). The main categories include multiset equality, accumulators, Logup-based, and subvector
extraction (matrix-vector). Second, in Section 5, we examine two practical aspects of lookup
arguments: (i) their compatibility, meaning which SNARKs they can be efficiently integrated
with, and (ii) their efficiency, in particular how performance scales with the size of the lookup
table. When it comes to supporting large tables (i.e., |t| ≫ w), our analysis points out limi-
tations in the state of the art, which either assumes the tables to have some structure (e.g.,
they can be decomposed in the product of smaller tables or be described by a short function)
or relies on preprocessing methods that are concretely too expensive to scale (see Figure 1
and discussion in Appendix A). Third, we provide an overview of the most important applica-
tions of lookup arguments, identifying which features matter most in different applications. We
group these applications in three main categories: replacement for non-native or non-arithmetic
operations, set membership, and verifiable memory.

Through this systematization, our work aims to provide a unified understanding of lookup
arguments, distilling lessons and guidelines for choosing lookup constructions in practice and
highlighting the benefits and limitations of emerging directions in literature, such as prepro-
cessing and decomposability.

2 Preliminaries

Notation. Let F be a finite field and G a group with scalars in F, with additive notation. For
a ∈ F and g ∈ G, the scalar multiplication of g by a is denoted as a × g. For an asymmetric
pairing group, we define it as a tuple (p, g1, g2,G1,G2,GT , e), where p is the order of groups G1

and G2, and e is an efficiently computable, non-degenerate bilinear map. For a natural number
n, [n] denotes the set of integers {0, 1, . . . , n− 1}.

Given a vector w, we denote its associated oracle by [[w]]. The double-bracket notation
indicates an oracle handle to the underlying data. While this notation can represent various
interpretations (depending on context), we do not explicitly distinguish between them for the
sake of clarity. For example, w might represent the evaluations of a multilinear polynomial over
the Boolean hypercube. In this case, the oracle [[w]] allows the client to query the corresponding
multilinear polynomial at any point in the domain. Let t ∈ SN denote the lookup table,
represented as a vector of length N , and let w ∈ Sn denote the witness, represented as a vector

5
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Fig. 1: Above: mapping requirements on lookup relations to properties in respective schemes. Below :
an informal performance taxonomy of schemes for large tables.

of length n. We use the notation Mn×m to refer to a matrix with n rows and m columns; Mi,j

denotes the entry on row i and column j of M .

Polynomial commitment scheme (PCS) [KZG10]. PCS is a cryptographic primitive
that enables a prover to commit to a polynomial succinctly and later prove the correctness of
its evaluation at some chosen points from the domain, without revealing the full polynomial.
When a verifier requests an opening at a point x, the prover returns both the claimed evaluation
y = p(x) and a proof π attesting to its correctness. The verifier can efficiently check that y is
the correct value of the committed polynomial at x using the proof π. For a formal definition,
we refer the reader to Definition 10. Here, the polynomial can have different types, such as
univariate, multilinear or multivariate.

Sumcheck protocol [Lun+92]. Let g be some ℓ-variate polynomial defined over a finite
field F. The purpose of the sumcheck protocol is for the prover to provide the verifier with the
following sum: H :=

∑
b∈{0,1}ℓ g(b). To compute H unaided, the verifier would have to evaluate

g at all 2ℓ points in {0, 1}ℓ and sum the results. The sumcheck protocol is an interactive protocol
that allows the prover to reduce a claim on summation above to a claim on an evaluation of
g at a random point. The verifier’s runtime is O(ℓ), plus the time required to evaluate g at a
single point r ∈ Fℓ, this evaluation can be provided by the prover directly by committing to g
and opening it at point r. This is exponentially faster than the 2ℓ time that would generally be
required for the verifier to compute H. There is a similar lemma known as univariate lemma
(Lemma 1), which is popular in the context of univariate polynomials.

Argument of knowledge. An argument of knowledge (called an SNARK if succinct) lets a
prover prove to a verifier that it knows a witness to an NP statement. It can support properties
such as succinctness, i.e. the verifier’s computation being sublinear in the witness size or zero-
knowledge, i.e. the verifier learns nothing beyond the satisfiability of the statement. For a formal
definition, see Definition 11 in Appendix B.

Accumulation scheme [BC23]. An accumulation scheme is a fundamental building block
for recursive proof systems. At a high level, it enables a prover and a verifier to reduce the
satisfiability of two NP statements into a single new statement through a lightweight interaction
between the two parties. For a formal definition, we refer the reader to Definition 12 in the
appendix. We expand more on recursive proofs and accumulation schemes in Appendix H.
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Commit-and-prove SNARKs [CFQ19]. The commit-and-prove paradigm enables one
to prove commit-and-prove relations. In such relations, the instance contains a commitment
to part of the witness, even potentially the entire witness. This feature is particularly useful
for composing proof systems. For example, when composing a lookup argument with another
proof system, the instance of the proof system contains a commitment to the relevant portion
of the witness (which may even be the entire witness) that will be checked against the lookup
table. Since lookup arguments are naturally commit-and-prove (their instances also include
commitments to the looked-up values), this shared commitment structure allows for seamless
composition between the two arguments.

Multilinear extensions. An n-variate polynomial p : Fn → F is said to be multilinear if p
has degree at most one in each variable. Let f : {0, 1}n → F be any function mapping the n-
dimensional Boolean hypercube to a field F. Then there exists a unique multilinear polynomial
f̃ : Fn → F that extends f to Fn. This is referred to as the multilinear extension (MLE) of
f . We will denote by ẽq the MLE of the function eq : {0, 1}s × {0, 1}s → {0, 1} such that
eq(x, e) = 1 if and only if x = e. An explicit expression for ẽq is:

ẽq(x, e) =
s∏

i=1

(
xiei + (1− xi)(1− ei)

)
.

Multilinear extensions of vectors. Given a vector u ∈ Fm, we denote its multilinear
polynomial by ũ (obtained by viewing u as a function mapping {0, 1}logm → F in the natural
way). Later in Appendix G.3, when we explain Spark, we define a multilinear extension of a
matrix following the notation of Spartan [Set20]. A matrix Mn×m can also be seen as a function
M : {0, 1}logn × {0, 1}logm → F; its multilinear extension is defined as a natural extension of
the vector case.

3 A Unified Definitional Framework for Lookups

In this section, we present a modular framework for defining lookup arguments. Unlike most
of the prior work—which typically defines the lookup argument directly or encodes the lookup
witness and table as evaluations of a univariate polynomial (e.g., using KZG [KZG10])—our
approach is modular. This modularity facilitates seamless composition of the lookup argument
with existing proof systems. At its core, in Section 3.1, we define a lookup relation (Defini-
tion 1)—a polynomial-time relation that asserts whether a given vector appears within a fixed
table. We begin by formalizing a basic (deterministic) relation for lookup: given a table t
parametrizing the relation, a vector w, passed as public input, is contained in t. The deter-
ministic relation above is not very useful by itself. In fact, the real power of lookup stems
from its ability to be composed with other relations. In Section 3.2, we then extend it to its
more useful, non-deterministic version where the verifier only has a “handle” to the witness.
We introduce this non-deterministic relation in two forms to support different modes of com-
position with proof systems: the committed lookup relation (Definition 2) and the oracle lookup
relation (Definition 3). In each, the “handle” is instantiated with a commitment and an oracle,
respectively. We elaborate on both approaches later in this section.

In Section 3.3, we define projective lookup, a generalization of the standard lookup relation.
Unlike the standard lookup, where the prover demonstrates that all the elements in the witness
belong to a table, projective lookups allow the prover to assert that only certain indices of the
witness appear in the table. This variant aligns better with practical use cases, where a proof
system often requires checking membership for specific indices of the witness only (e.g., verifying
that certain elements in the witness are small). We next define two further generalizations
of the lookup relation: indexed lookup and vector lookup, presented in Sections 3.4 and 3.5,
respectively. In an indexed lookup, both the witness and the table are treated as ordered lists
(i.e., vectors), and the order of elements becomes significant. In this setting, the verifier receives
a commitment to the relevant subtable along with a commitment to the indices of its elements in
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the original table. This formulation enables new applications, such as proving custom functions
without encoding the function logic directly into the arithmetic circuit. We then define vector
lookup, a natural extension where each entry in the table is a tuple of elements rather than a
single element. Next, in Section 3.6, we define the notation of an online lookup table, such that
the table itself is part of the witness, instead of being in the index. Finally, in Appendix C,
we define the notion of decomposability, a property of lookup tables that enables the prover
to reduce lookups in a large table to lookups in a number of smaller tables, improving the
prover’s efficiency. This is particularly useful for constructing lookups over very large tables
(e.g., size 2128), which cannot be materialized explicitly.

3.1 Lookup relation

Definition 1 (Lookup Relation). Given a finite set S, a lookup index is defined as I :=
(S, n, t) where n is the number of lookups and t ∈ SN is the table, the relation LKI is the set
of tuples w ∈ Sn such that wi ∈ t for all i ∈ [n]. In other words:

LKI = {w ∈ Sn : w ⊆ t}

Note that an index is valid if 0 < n, N and t ∈ SN . We slightly abuse notation by extending
the subset relation A ⊆ B to apply to multisets as well.

What is the finite set S? The lookup relations introduced above are defined generically
over a finite set S. In practice, different lookup constructions instantiate S with specific fi-
nite structures—most commonly a finite field—to exploit certain algebraic properties. Early
constructions, particularly those based on the KZG commitment scheme, typically operated
over large prime fields of 256 bits [GW20; GK22; Zap+22a; PK22; Zap+22b; EFG22]. Other
approaches, such as Logup [Hab22] and Lasso [STW24], introduced techniques that extend
the applicability of lookup relations to smaller prime fields [Pol22] (e.g., 64-bit fields), binary
fields [DP25], and even to rings in recent work [Cry; Gar+25].

Treating table and witness as vectors instead of sets. In the discussion above, we de-
fined the lookup relation using the convention that the table t is represented as an ordered
tuple in SN , i.e., as a vector. Alternatively, one could define lookup relations over sets rather
than vectors. Some constructions [Cam+22a] support only this set-based lookup formulation.
However, this perspective is generally less compelling for two main reasons. First, the commit-
ment schemes, such as vector [CF13] or polynomial commitment schemes, employed in SNARKs
naturally treat the witness as an ordered list rather than sets. Second, the compiler from gen-
eral lookup relations to indexed lookup relations is not applicable in the set-based setting,
yet indexed lookups are a crucial form used in many SNARK constructions. We also regard
the witness w, which is originally a multiset, as an ordered tuple in Sn. As we will see in the
next section, the witness must be committed by the prover, while the verifier only receives
a commitment to it. Since there is no standard notion of a multiset commitment scheme, we
instead model the lookup instance as an ordered collection, such as a vector. Consequently, we
assume that it is committed using, for instance, a vector commitment scheme or a polynomial
commitment scheme.

Duplicates in the table. In the standard definition of a lookup, we can assume without loss
of generality that the table t contains no duplicate entries, as this does not affect the rest of
the protocol. However, in the case of indexed lookups (see Definition 7)—where the table is
treated as a vector and the index is part of each entry—repetitions in the values are allowed.
This is because entries with different indices are considered distinct, even if their values are
the same.

3.2 Lookup relation interfaces for composition

The relation LKI belongs to the class P because it does not involve a witness; it simply consists
of an index and an instance w. We now introduce the notion of a committed lookup relation,
where the instance is a commitment to w ∈ LKI, and the witness is w in plaintext.

8



Definition 2 (Committed Lookup Relation). Given lookup index I := (S, n, t) and its
corresponding relation LKI and a commitment scheme C = (Com,Open) on Sn, CLK is defined
as follows:

CLKI,C = {(c; w) : w ∈ LKI, c = Com(w)}

Even though a committed lookup relation is a natural notation, it isn’t easy to compile it
into a PIOP directly. That’s why, similar to HyperPlonk [Che+23], we define the following
notion of lookup relation where the verifier has oracle access to the witness. In practice, the
oracle is typically instantiated using a polynomial commitment scheme. However, treating this
commitment as an oracle, enables the composition of the oracle lookup relation with the proof
system at the PIOP level. Concretely, one can construct a PIOP for each relation, compose
them sequentially, and finally compile the protocol into an argument of knowledge by replacing
the oracles with polynomial commitments.

Definition 3 (Oracle Lookup Relation). Given lookup index I := (S, n, t) and its corre-
sponding relation LKI, OLK is defined as follows:

OLKI = {([[w]]; w) : w ∈ LKI}

Composition of lookup arguments with proof systems. We define both the com-
mitted lookup relation and the oracle lookup relation to support different modes of com-
posability. There are two main ways to compose a lookup with an existing proof system6.
The first approach is composition at the argument level, leveraging the commit-and-prove
paradigm [CFQ19], where both the lookup argument and the underlying proof system share
commitments to the same witness. This shared commitment facilitates seamless composition.
The second approach operates at the PIOP level, by sequentially composing PIOPs [BSCS16].
More concretely, assuming the existence of a PIOP for the lookup relation and one for the main
proof system, one can compose them directly. The composed PIOP can then be compiled into
an argument of knowledge by replacing the interactive oracles with polynomial commitments.
Each approach suits different contexts. For instance, in Groth16 [Gro16], the argument is con-
structed directly without relying on a PIOP. To compose it with a lookup argument, one needs a
commit-and-prove variant such as Mirage [Kos+20], together with a commitment scheme com-
patible with the committed lookup relation. In contrast, for systems such as Plonk [GWC19],
which first defines a PIOP and then compiles it into an argument using a PCS, we can directly
compose the lookup PIOP with the proof system’s PIOP and then compile the composed PIOP
into an argument of knowledge. Generally, composition via the commit-and-prove paradigm is
more general, since it is possible to compile the PIOPs into arguments of knowledge first and
then compose them via the commit-and-prove paradigm.

One key difference is that the commit-and-prove paradigm offers better modularity and a
more plug-and-play architecture. In this paradigm, the underlying components, namely, the
lookup argument and the main proof system, remain separate and only need to share a single
commitment. This separation simplifies the developer experience, making it easier to implement
and maintain. In contrast, composing components at the PIOP level requires tightly coupling
the lookup argument with the proof system. Although this makes development more complex,
it can lead to greater efficiency and smaller proof sizes. For example, it enables batching of the
lookup polynomial openings with those of the main proof system, reducing overall proof size.

Preprocessing PIOP [Chi+20; BFS20]. A preprocessing PIOP is a type of PIOP which
appears frequently in the context of lookup PIOPs. At a high level, this protocol consists of
two phases: an offline phase and an online phase. In the offline phase, an honest indexer, given
the index of the relation, generates a set of preprocessed polynomials pi. These polynomials are
provided to the prover and can be queried by the verifier during the online phase. The online
phase proceeds similarly to a standard PIOP. The prover, given the instance, the witness,
and access to the preprocessed polynomials, interacts with the verifier. The verifier, in turn,
6 This discussion applies more generally to proof schemes beyond lookups.
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has access to the instance and oracle access to the preprocessed polynomials. The goal of this
interaction is for the prover to convince the verifier that it possesses a valid witness for the
given instance. See Definition 13 for a formal definition of a preprocessing PIOP. The notation
of preprocessing PIOPs has been used in SNARKs such as Plonk [GWC19] and Spartan [Set20],
as they preprocess the circuit structure and produce some polynomial commitments (e.g., the
sparse R1CS matrices A, B, and C in the case of Spartan). Since the polynomials generated
by the index are all committed honestly, it was observed in Campanelli et al. [Cam+25] that it
suffices for the underlying polynomial commitment scheme to be weakly binding. In contrast, the
prover-generated polynomials may be generated maliciously, requiring the underlying PCS to
be evaluation binding. In the context of preprocessing PIOPs for lookups, intuitively, the offline
phase can be seen as a preprocessing stage where, given the table t, an honest preprocessor
computes some auxiliary polynomials. These polynomials are designed so that, during the
online phase, the prover can perform its computation more efficiently.

Lookup argument. A lookup argument is an argument of knowledge for the committed
lookup relation. Such an argument can be constructed either directly, for the committed lookup
relation, or by first designing a (possibly preprocessing) PIOP for the oracle lookup relation
and then compiling it into an argument of knowledge by replacing the oracles with a polynomial
commitment scheme.

Efficiency of lookup arguments. Following the terminology of prior work [CFG25], we
define a lookup argument as sublinear if the prover’s runtime is sublinear in the size of the
lookup table t. If the prover’s runtime is independent of the size of t, we refer to the argument
as super-sublinear.7 Similarly, consider a compound PIOP composed of a lookup PIOP and
the main proof system PIOP. When this compound PIOP is compiled into an argument of
knowledge, we say that the resulting lookup argument is sublinear if the prover runtime is
sublinear in the size of t and super-sublinear if the runtime is completely independent of
the size of t. We do not define a lookup PIOP itself to be efficient, since the efficiency of the
resulting argument also depends on the polynomial commitment scheme used to compile it into
an argument. For example, consider cq, which is a generic PIOP that can be compiled with
different polynomial commitment schemes beyond KZG. In such cases, the prover’s running
time is not necessarily independent of the table size. The efficiency of cq specifically arises from
its compilation with KZG and the underlying properties of KZG, such as homomorphism.

Zero-knowledge lookup. Zero-knowledge for lookup arguments is defined analogously to
standard arguments of knowledge. Specifically, given a lookup instance and index, there exists
a polynomial-time simulator that can generate a proof computationally indistinguishable from
a real proof. Since the table is considered part of the public index rather than the witness,
it is not hidden in the proof; however, there are examples such as Duplex [Han+25] and
cq++ [Cam+24], which consider the table as the witness, so it is hidden too. Most lookup
schemes are typically presented as a lookup PIOP, which can be compiled into a zero-knowledge
argument when the underlying PIOP is zero-knowledge and the polynomial commitment is
hiding and supports zero-knowledge opening too. Nevertheless, most existing lookup PIOP
schemes are introduced without zero-knowledge, which is left for extension. For example, PIOPs
described in cq [EFG22] and Lasso [STW24] are not zero-knowledge, whereas schemes such as
Caulk [Zap+22a] and Caulk+ [PK22] do provide zero-knowledge guarantees.

3.3 Projective lookup

Lookup tables are primarily used as subroutines in proof systems to verify that specific com-
ponents of a witness vector are contained within a predefined table, rather than checking the
entire witness. This selective verification is not compatible with the standard lookup defini-
tions previously introduced, such as Definition 1, which require the full witness vector to match
7 More precisely, we replace the original terms efficient and super-efficient with sublinear and super-

sublinear, respectively. We later show that there exist tables of practical interest that are not large,
and hence the prover’s complexity relative to the table size does not become a bottleneck.
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a table entry. To bridge this gap, inspired by [Ang+24; CFG25], we introduce the notion of
a projective lookup. In a projective lookup, given a witness w ∈ Sm, we fix a set of indices
i = (i1, i2, . . . , in) and check whether the projection (wi1 , . . . , win) belongs to the table t. This
concept, referred to as the projective lookup relation, allows proof systems to verify proper-
ties of partial witnesses—for example, ensuring that some components consist of small field
elements—thereby supporting more flexible and practical applications.

Definition 4 (Projective Lookup Relation). Let (S, n, t) be a lookup index. We define a
projective lookup index as I =

(
(S, n, t), m, i = {i1, i2, . . . , in}

)
, and the corresponding projec-

tive lookup relation is defined as follows:

PLKI = {w ∈ Sm : wi ⊆ t}

wi denotes the subset of w indexed by i. The projective index I is valid if (S, n, t) is valid lookup
index and i = {i1, i2, . . . , in} satisfies 0 ≤ i1 < · · · < in < m.

Similar to the standard lookup relations, we define projective versions of the committed lookup
relation and the oracle lookup relation in Definitions 5 and 6, respectively.

Definition 5 (Projective Committed Lookup Relation). Given a projective lookup in-
dex I = ((S, n, t),m, i = {i1, . . . , in}), the corresponding projective lookup relation PLKI, and a
commitment scheme (Com,Open) on Sm, the projective committed lookup relation is defined
as:

{(c; w) : w ∈ PLKI, c = Com(w)}

Definition 6 (Projective Oracle Lookup Relation). Given a projective lookup index
I = ((S, n, t),m, i = {i1, . . . , in}) and its corresponding relation PLKI, the projective oracle
lookup relation is defined as:

{([[w]]; w) : w ∈ PLKI}

In the way projective relations are defined above, the indices i1, i2, . . . , in are fixed within
the witness by embedding them directly into the index. This reflects a common practice in
SNARKs, where the statement is typically preprocessed, and we know in advance which witness
wires need to be checked for inclusion in a lookup table. Essentially, to prove such a statement,
we must compose a projective oracle lookup PIOP with the underlying proof system’s PIOP.
The central question then arises: since most prior work only addresses the non-projective
setting, is it possible to efficiently construct a PIOP for the projective case given an existing
PIOP designed for the non-projective setting?

How to Design a PIOP for Projective Lookup Relations? As discussed earlier, lookup
tables serve as a useful subprotocol component. The key challenge lies in partially selecting the
witness and proving that it appears in a predefined table. A natural approach is to commit to
a subvector and demonstrate that it matches the entries at specific indices. However, doing so
efficiently is nontrivial, e.g. without constructing a commitment within the arithmetic circuit,
concretely, that is because the shape of the commitment is changing. In what follows, we
explore several potential strategies for how existing techniques—such as the Logup lemma
and approaches based on matrix-vector products—can be adapted or extended to support
projective lookup efficiently without requiring the explicit construction of the subvector. We
extend the Logup lemma to the projective setting (see Lemma 4) and, based on this, generalize
cq and Protostar to support projective lookups. This approach can also be applied to other
lookup arguments that rely on Logup. In Appendix G.3, we explain how to modify Lasso
to support projective lookups, with almost no overhead. Another approach, briefly noted in
Halo2 [Zca25], is the polynomial selector technique. At a high level, the idea is that the prover
modifies the witness polynomial so that the indices corresponding to the intended lookups
remain unchanged, while all other positions are filled with a trivial element from the lookup
table. As a result, verifying membership of this modified witness is equivalent to performing a
projective lookup on the original witness.
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3.4 Indexed lookup

Indexed lookup [STW24] extends the standard definition of lookup tables. In the traditional
lookup setting, there is no requirement for the table t or the witness w to be ordered lists—these
can even be modeled as a set and a multiset, respectively.8 The indexed lookup setting intro-
duces two key differences: (I) both the table and the witness are assumed to be ordered lists,
also known as vectors, and (II) the verifier additionally receives a commitment to the indices
of the witness elements in the table (see Definition 7).

Definition 7 (Indexed Lookup Relation). Given a lookup index I := (S, n, t), an indexed
lookup relation is the set of tuples (w, i) such that w ⊆ S and i ⊆ [N ] where |i| = |w| = n,
and for all k ∈ [n], the entry wk equals the table entry at index ik, i.e., wk = tik . Formally:{

(w, i) : ∀ j ∈ [n], wj = tij
}
.

Indexed lookups offer greater expressiveness than standard lookups and enable a wider range of
applications. While standard lookups are sufficient for simple tasks such as range checks—ensuring
that certain witness values lie within a predefined set—they fall short when implementing ar-
bitrary functions. Consider a function f : [N ] → S, and let tf be a table such that the entry
at index i is f(i). With indexed lookup tables, the function f can be externally represented
via table tf , avoiding the need to encode f directly in the circuit. This is the core idea behind
Jolt [AST24], which constructs tables for all CPU operations (e.g., AND, OR, etc.), resulting
in significantly more efficient circuits for general-purpose programs. Similar to the standard
lookup relation, we can define the committed index lookup relation and the oracle index lookup
relation, and extend these notions to the projective setting. However, we omit these extensions
for simplicity, as they are straightforward.

Generic compiler from standard to indexed Lookup [STW24]. Lasso introduces a
general compiler to transform a standard lookup argument into an indexed one when the
underlying set is a field with a large enough characteristic, i.e. S = F. Let t ∈ FN be a lookup
table, and suppose that all table entries lie in the range [r]. Assume that m ·N is less than the
characteristic of the field F. We define a modified table t∗ ∈ FN where each entry is encoded
as t∗i = i · r + ti. For each standard lookup pair (bj , aj), define the combined field element
a∗j = bj · r + aj . A range check must be applied to ensure that aj ∈ [r] for each lookup. Under
this constraint, the equality tbj = aj holds if and only if t∗bj = a∗j . Conversely, if tbj ̸= aj ,
then a∗j /∈ t∗. This compiler introduces an additional range check, which increases its cost. As
we will see in the next section, some constructions, such as Lasso—natively support indexed
lookups, while others, such as constructions based on the Logup lemma, can be extended to
handle indexed lookups more efficiently through vector lookups.

Indexed lookup via vector lookups. A natural method to enable indexed lookups is
through the use of vector lookups. Suppose we have a table t indexed by i with entries ti. If
the underlying lookup relation supports vector lookups, we can treat the table as a vector (or
tuple) of pairs (i, ti). This approach can be particularly efficient—for instance, when using the
Logup lemma—since it natively supports vector lookups (see Lemma 3) and avoids the need
for additional checks, such as range constraints.

3.5 Vector lookup

Vector lookup is a natural generalisation of standard lookup, where each entry in the table is
a tuple of elements from S, rather than a single element from S. This concept has appeared
in different works [GW20; Hab22; Cam+24; Cho+24; Di+24]9. We formally define the vector
lookup relation in Definition 8.
8 As discussed in Section 3.1, our definitions treat both the witness w and table t as ordered lists

because that is the case of interest in proof systems.
9 These works use different terminology of segment lookup, matrix lookup and vector lookup. We

prefer to go with the more natural choice of vector lookup here.
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Definition 8 (Vector Lookup Relation). Given a finite set S, a vector lookup index
is defined as I := (S, n, k, t), where n is the number of lookups, and t ∈

(
S(k)

)N
is a table

consisting of N tuples of size k over S. The corresponding vector lookup relation is the set of
k-tuples over S of size n such that each k-tuple appears in the table t. Formally,{

w ∈
(
S(k)

)n ∣∣∣∀i ∈ [n], wi ∈ t
}
.

Certain techniques, such as the Logup lemma, naturally extend to vectors (see Lemma 3). For
instance, MuxProofs [Di+24] and Subplonk [Cho+24] construct their vector lookup arguments
based on this extension. Another line of work, introduced in Plonkup and later refined by
Campanelli et al. [Cam+24], leverages homomorphic tables [EFG22] to realize vector lookups
when the underlying lookup table supports homomorphic proofs.

Vector lookup from homomorphic proofs. A straightforward way to support vector
lookups over tuples of size k using a lookup argument supporting aggregatable proofs (e.g.
homomorphic proofs) is to rely on k separate lookup tables and aggregate the lookup proofs.
However, even with proof aggregation, the verifier’s running time remains linear in k using
existing homomorphic table schemes, since the verifier must compute a random linear com-
bination of the proofs. This overhead becomes inefficient for large tuple sizes. An alternative
solution for vector lookups, in which the verifier’s time does not depend on the tuple size,
was suggested by Campanelli et al. [Cam+24]. At a high level, the technique linearizes the
lookup table (and subtable) of k-tuples into a table of 3-tuples, where each entry contains the
element, its position within the tuple, and its index in the table. For example, given a tuple r
of length k, the transformation produces {(xi, yj , ri)}i∈[k], j∈[N ], where xi denotes the position
of element ri within the tuple, and yj denotes the index of the tuple in the lookup table. This
transformation requires additional consistency checks to ensure well-formedness, namely that
the resulting vector indeed corresponds to a concatenation of k-tuples. For this transforma-
tion to be valid, all xi values must be equal across the tuple. After this transformation and
the corresponding correctness checks, the lookup reduces to a lookup over 3-tuples. This can
be interpreted as three separate lookup tables, with the proofs then aggregated. Concretely,
Campanelli et al. [Cam+24] employs cq, which supports homomorphic proof aggregation.

Generalized vector lookups. In Definition 8, the table can be seen as composed of tuples,
and our witness corresponds to a vector of tuples in the table. That is, what we are looking
up are tuples in their entirety. In some settings, we may want to lookup just part of the tuple
(and we may not be interested in paying the additional overhead of simply applying a vector
lookup); for example, the witness could consist of a pairs (ai, bi)i, such that there exists some
tuple in the table such that the first element is equal to ai and the tenth element is equal to bi.
We do not further discuss this more general notion here, but we refer the reader to [Cam+24,
Appendix D.1] where the authors define and construct this different notion.

3.6 Online lookup table

In the standard use of lookup tables, the table is fixed and can often be preprocessed. However,
in several cases, the table is not fixed during setup but instead depends on the witness. A well-
known example is Spark [Set20], which constructs an online table10 for ẽq(x, r) over a set
of x ∈ {0, 1}n, where r is the verifier’s challenge. Similar ideas arise in distributed proving
systems such as Hekaton [Ros+24] and Soloist [Li+25], which generate online lookup tables for
mutual witness wires shared across subcircuits. Since these tables depend on the witness, they
cannot be preprocessed during the offline phase, making them incompatible with preprocessing
schemes such as cq [EFG22]. Exploring additional applications of online lookup tables remains
an interesting direction for future work. To formalize this setting, we introduce the following
definition of a lookup relation where the table itself appears within the lookup instance rather
than in the index. We emphasize that all previous definitions—such as the committed lookup
10 In Spartan, this is referred to as a write-once-read-many memory scheme.
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relation, oracle lookup relation, and projective lookup etc.—can be extended to the online
setting as well. For simplicity, we omit these generalizations here.

Definition 9 (Online Lookup Relation). Given a finite set S, a lookup index is defined
as I := (S, n,N), where n is the number of lookups and N is the size of the table. The relation
consists of all tuples (w, t) such that w ∈ Sn and t ∈ SN , with the condition that wi ∈ t for
all i ∈ [n]. Equivalently, {(w, t) : w ⊆ t}.

4 An Overview of Existing Techniques

In this section, we survey existing schemes categorised based on their underlying technique.
In Table 1, we give a non-exhaustive list of schemes ordered by techniques together with their
compatibility and some asymptotic costs. Given the variety of possible instantiations and thus
the complexity of comparing these schemes, our main goal is to give some insight to those who
have clear constraints in mind rather than exhibit an overall winner.

Multiset equality technique. Early approaches to (unindexed) lookup arguments namely
Arya [Boo+18], Plookup [GW20] and Halo2 [Zca25] are all based on the notion of multiset
equality. The central idea is that since verifying subset inclusion is more involved than checking
multiset equality, these works reduce the problem to a multiset equality check, i.e. w ⊆ t if and
only if w∪ t contains the same elements as t, up to multiplicities. A shared characteristic among
these approaches is that the prover’s cost depends on the size of the table, making them most
efficient when |t| ≤ |w|. For example, bit operations—such as those suggested in Arya—are
typically performed on small chunks of size 8 or 16 bits. In contrast, systems that decouple the
prover’s cost from the table size can more efficiently handle bit operations on larger chunks,
such as 32 bits. We observe that the underlying multiset equality techniques used in Plookup
and Halo2 do not depend on a large field size, and they require no preprocessing (aside from
committing to the table and the witness), which makes them suitable for online lookup tables.
For example, VerITS [DCB25] applies Plookup over a prime field of size 231−1. RISC0 [ris25b]
utilizes Plookup as its underlying lookup argument, demonstrating efficiency even with hash-
based polynomial commitment schemes.11 We review the existing schemes based on the multiset
equality notion in Appendix D.

Logup-based. This is a different family of lookup table arguments that reduces a lookup
relation into a summation over rational functions. This line of work began with [Eag+24] and
was later formalized as a lookup argument in [Hab22]. The core idea is similar to the one used
in Arya: To prove that a witness vector w, encoded as polynomial W (x) =

∏
i∈[n](x + wi),

is a subset of a lookup table t, encoded as T (x) =
∏

i∈[N ](x + ti), it suffices to show that
there exist non-negative integers {mi} such that T (x) =

∏
i∈[N ](x + ti)

mi . However, directly
proving this identity leads to high costs, similar to those in Arya. The key insight is that this
polynomial identity holds if and only if their logarithmic derivatives match. In other words, for
two polynomials g1 and g2, we have:

g1(x) = g2(x) ⇐⇒
d

dx
log g1(x) =

d

dx
log g2(x).

Substituting g1(x) and g2(x) with W (x) and
∏

i∈[N ](x + ti)
mi , respectively, we derive the

following equivalence:

g1(x)=W (x)
===============⇒
g2(x)=

∏
i∈[N](x+ti)mi

W (x) =
∏

i∈[N ]

(x+ ti)
mi ⇐⇒

∑
i∈[n]

1

x+ wi
=

∑
i∈[N ]

mi

x+ ti
.

The original work introduces what is referred to as the Logup (Lemma 2), which reformulates
the lookup inclusion condition as a rational function identity. One key idea is that verifying
11 They plan to transition from Plookup to Logup-based techniques in their upcoming version [ris25a].
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grand summations is generally simpler than verifying grand products, for example, by using the
univariate or standard sumcheck. This is why the Logup formulation of lookups is more widely
adopted compared to the grand product approach introduced in Arya. The Logup lemma does
not rely on a large field size. For instance, Stwo [Sta25] and SP1 [Lab25], the state-of-the-art
STARK-based zkVMs employ Logup for lookups, demonstrating the efficiency of the technique
even when instantiated with non-homomorphic PCSs such as FRI-based ones. Existing work
such as Logup [Hab22], cq [EFG22], and their extensions [PH23; Cam+24; ZSG24; Dor24;
BC24; CFG25] build on the Logup lemma; for a detailed overview, see Appendix F.

Subvector extraction (matrix-vector) technique. One general technique to verify a
lookup relation is subvector extraction, commonly implemented as a matrix–vector multiplica-
tion, i.e. a sparse constraint system of rank one. The high-level idea is as follows: if the witness
w is included in the table t, then for every wi that equals tj , there exists an elementary vector
ej of the same length as t such that ej · t = wi. Here, ej is zero everywhere except at index j,
where it is equal to 1. By concatenating these elementary vectors as rows, we obtain an ele-
mentary matrix Mn×N , where each row has exactly one nonzero entry equal to 1. The lookup
relation is then equivalent to the matrix equation M × t = w. With this new interpretation,
the verifier is given commitments to a table t and a witness w. The prover’s goal is to prove
that there exists an elementary matrix M such that M × t = w. The indexed lookup natu-
rally generalizes to the case where the verifier is also given a commitment to the index vector
(i1, i2, . . . , in), which satisfies ti1 = w1, ti2 = w2, . . . The corresponding map matrix M for this
index vector is

M =


ei1
ei2
...

ein

 ,

where eik denotes the standard basis vector with a 1 in position ik and zeros elsewhere. Fi-
nally, the prover proves that this matrix M , derived from the committed index vector, indeed
satisfies M×t = w. Existing approaches based on this technique include Caulk [Zap+22a] and
Caulk+ [PK22], which perform subvector extraction implicitly, as well as Baloo [Zap+22b],
Lasso [STW24], and Shout [ST25], which carry out the extraction explicitly using the matrix–
vector technique. The essence of the matrix–vector technique does not rely on a large field size;
for instance, Lasso has been adapted to binary fields [DP25] as well as to ring elements [Cry].
For an overview of these approaches, see Appendix G.

Accumulator-based. Another approach to building lookup arguments is through set ac-
cumulators that support commit-and-prove batch openings. In a nutshell, these accumulators
allow one to succinctly commit to the table t and to a subtable t′, and to generate a succinct
proof that t′ ⊆ t. Flookup [GK22] follows this approach, with pairing-based accumulators, to
extract the subtable of all witness entries and then gives a protocol to show that these entries
of the committed witness are in the subtable. Other works [Cam+22a; Han+25] instead rely
on RSA accumulators, in which the table must be encoded with prime numbers, and then use
specialized protocols to efficiently link RSA accumulators with SNARKs.

Index preprocessing. One technique of theoretical interest used to build lookup arguments
is polynomial preprocessing [Cam+25]. To provide background, in Lasso [STW24], the au-
thors introduce a variant of their protocol called generalized Lasso that constructs a lookup
PIOP using a sparse sumcheck protocol. However, this construction relies critically on the
fact that the table is structured and can therefore its multilinear extension can be evaluated
efficiently—meaning it only applies to a restricted class of tables. The key idea in Campanelli
et al. [Cam+25] is to preprocess any table so that its evaluations can be performed efficiently,
in sublinear time with respect to the size of the polynomial (or table). This allows them to
employ generalized Lasso to design an efficient lookup PIOP even for unstructured tables. The
polynomial preprocessing technique builds on prior works [KU08; KU11], which, at a high level,
show that given a polynomial, one can preprocess it so that evaluations can be computed in
sublinear time while requiring only polylogarithmic storage. The authors note, however, that
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their approach is unlikely to be immediately practical due to the large constants involved in
the specific preprocessing scheme [KU11].

Lookup accumulation. Accumulation schemes are an efficient way to build recursive proof
systems such as Incremental Verifiable Computation (IVC) [Val08]. The use of lookup tables in
the context of recursive SNARKs is non-trivial. For example, using a lookup argument within
a single IVC step typically requires one of the following strategies: (I) Encoding the lookup ver-
ification directly into the step circuit. This can substantially increase the circuit size and cost,
especially when the underlying lookup verifier involves expensive operations such as pairings—
as is the case with KZG-based lookup arguments like cq. (II) Accumulating the lookup verifier
using a running accumulator. In this case, the verifier logic for the lookup argument is not
encoded in the circuit. Instead, only the verification logic for the accumulation lookup is en-
coded, which can significantly reduce overhead by, for example, avoiding pairing operations. In
Appendix H, we review existing techniques for accumulating lookup relations, namely Proto-
star [BC23], nLookup [KS24] and FLI [GM24], which enable the efficient integration of specific
lookup methods into the recursive proofs setting. An overview of these schemes is presented in
Table 3.

5 Considerations on Lookup Arguments in Practice

In order to use lookup arguments in practice, a first crucial consideration is compatibility
between the lookup scheme and the underlying proof system. This compatibility manifests itself
in two main ways. First, the lookup scheme and the proof system must operate over the same
finite structure, e.g. the same finite field. For example, a proof system such as Plonky2 [Pol22],
which operates over a small prime field, is not compatible with KZG-based constructions that
require a large prime field. Second, their composition must be structurally compatible: the two
systems should either share the same commitment when composed at the argument level, or
rely on the same polynomial commitment scheme when the PIOPs are compiled into arguments.
For example, if the lookup PIOP uses a univariate polynomial commitment scheme like KZG,
but the proof system relies on multivariate commitments, then composing these two may
require simultaneously committing to the same witness in both univariate and multivariate
forms. Proving that these two commitments correspond to the same underlying witness within
an arithmetic circuit can be highly inefficient, and general compilers [Zha+20; Boo+22] would
add some extra overhead. To address such challenges, recent works propose scheme adaptations.
For example, µ-seek [CFG25] enables cq to operate with witnesses committed via multilinear
polynomial commitments (see Appendix F.2), making cq compatible with proof systems based
on multilinear polynomials such as HyperPlonk. Another idea to solve this problem might be to
link the a univariate polynomial to a multivariate one at the commitment level; such relevant
primitive as been called dual polynomial commitment [GNS24] and leverage some properties12
of specific polynomials to map efficiently from a univariately committed witness to the same
one committed using a multivariate basis. We leave the study of this primitive in the context
of lookup compatibility to future work.

When selecting among compatible schemes, important considerations are the table size, its
potential for decomposition, efficiency of the scheme, and whether a lookup table offers greater
efficiency than a naive implementation.

Table size. A crucial factor in the efficiency of lookup protocols is table size. Many schemes
are designed under the assumption that the table is significantly larger than the number of
lookups. In such cases, the solution is to use table-efficient lookup arguments in which the
running time of the prover grows sublinearly in the table size. Existing table-efficient schemes
can be divided into two families (cf. Figure 1). The first family achieves table-efficiency relying
on some structure of the large table (e.g., if it can be reconstructed with sublinear computa-
tion from smaller tables). In this setting the family of constructions based on Lasso [STW24;
12 Such as a specific linear isomorphism between a univariate Lagrange basis over a set of roots of

unity and a multivariate Lagrange basis over the boolean hypercube.
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CFR25; ST25] offers the best tradeoffs between proving time and other performance metrics.
The second family achieves table-efficiency for arbitrary, unstructured tables, by means of a
preprocessing stage that produces auxiliary material which the prover can use to generate
lookup proofs in time sublinear in the table size. We observe a few patterns in the efficiency
profile of existing preprocessing-based lookups. One construction [Cam+25] obtains table effi-
ciency via preprocessing algorithms for polynomial evaluation; this construction is generic (e.g.,
they can be realized only from hash functions) but mostly of theoretical interest since prepro-
cessing and proving time have very large constants. Several schemes—whose state of the art
is represented by the cq family [EFG22; Cam+24; CFG25; ZSG24] of constructions—achieve
table-efficiency relying on specific properties of pairing-based cryptography, including a prepro-
cessing method for computing in quasilinear time the membership proofs of all the elements of
a committed table. These schemes have extremely fast provers but their preprocessing has con-
crete scalability limitations. For instance, for a table of size 232, preprocessing requires around
237 group operations—an effort that would take days even on a high-performance server13.
Finally, a different line of work achieves a better trade-off by committing to the table using
a lightweight accumulator (e.g., a Merkle tree), precomputing membership proofs for all ele-
ments, and then proving lookups by proving the existence of the relevant subset of membership
proofs with a general-purpose SNARK. These constructions are called non-black-box, since the
membership check must be encoded in the circuit; an early instance of this method appears in
Pantry [Bra+13].

This state of affairs raises several open questions in this line of work, such as whether
pairing-based performance can be replicated under alternative assumptions, or if one can design
black-box solutions that offer a balanced profile where both proving and preprocessing remain
feasible for larger tables.

Applications. Precomputed tables are a well-established technique in computer science to
accelerate computationally intensive operations. By storing the results of commonly used or
complex computations ahead of time, systems can replace expensive runtime calculations with
efficient table lookups. In proof systems, lookup tables serve a similar role: they reduce compu-
tation by replacing repetitive or complex operations with direct access to precomputed values.
Rather than embedding such operations directly into the arithmetic circuit, the prover can
read the result from a pre-defined lookup table. This strategy decreases both the size and
cost of the circuit, resulting in more efficient proof generation. However, this efficiency comes
at the cost of an additional requirement: the prover must now demonstrate that the lookup
accesses are valid. This trade-off is typically favorable for two key reasons. First, thanks to the
preprocessing explained in the previous paragraph, most of the work is pushed offline. Second,
lookup systems support batching, enabling multiple lookup operations to be verified in a single
invocation of the argument. This section provides an overview of how lookup tables are used
in practice.

We organize these applications into the following main categories: (I) The biggest applica-
tion of lookup tables in practice is for reducing constraint count for replacing non-native or
not arithmetic-friendly operations with lookup operations [Sze+23; Gra+22; AST24; Woo+25;
SLZ24; Xin+25; DCB25; Kan+22; Xio+22; Der+23; Lu+24; GFN24; Sou24]. Such non-native
or non-arithmetic-friendly operations may include operations such as bit decomposition, range
proofs, value comparison, floating-point operations and other functions that use such operations
as their primitives, such as hash functions. In this case, the table is often small or structured,
and the Lasso family of techniques shines. (II) Another less-explored application of lookup
arguments is set membership, where one proves that all elements in a commitment belong to
a given set or vector. This technique is advantageous in scenarios where you want to access a
large and unstructured set, e.g. a set of public keys. In this case, it is interesting to use a scheme
with the table-efficiency property. (III) Lookups are used in the context of memory correct-
ness [Zha+23; Dut+24] and state machines and finite automata [Ang+24; Di+24] too, e.g. to
prove that the execution of the machine adheres to its transition rules. In this case, the table is
big and unstructured, leaning towards indexed lookup arguments supporting precomputations.
13 https://zka.lc/
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Technique Scheme/Family Tprecomp |π| Tprove Tvfy Compatibility

Multisets Plookup [GW20] — const. (N+n) log(N+n) const. uni/multivar.
Halo2 [Zca25] — const. N logN const. univar.

Logup
Logup [PH23] — const. N logN const. multivar.

Logup+GKR [EFG22] — log(N+n) N+n log(N+n) univar.
cq† [EFG22; Cam+24] N logN const. n logn const. KZG

Subvector
Extractable

Caulk† [Zap+22a] N logN const. n2+n logN const. KZG
Caulk+† [PK22] N logN const. n2 const. KZG

Baloo† [Zap+22b] N logN const. n log2 n const. KZG
Lasso† [STW24; CFR25] — log2 n N+n, cn⋆ log2 n multivar.

Shout [ST25] — d logn cn⋆ d logn multivar.

Accumulator Flookup [GK22] N logN const. n log2 n const. KZG
Duplex† [Cam+22a; Han+25] N logN const. n logn const. Pedersen

N : table size n: number of lookups †: supports zero-knowledge ⋆: structured tables only
On compatibility: Pedersen ⊇ KZG, univariate ⊇ KZG (i.e., KZG is a special case of both)

Table 1: Asymptotic comparison of lookup argument schemes (Big-Oh is implicit). N is the size of the
table and n is the number of lookups. For Lasso, we consider costs as it is initiated with Dory [Lee20],
the prover time considers two different cases when the table is structured and unstructured.

It is interesting to mention that, as shown by Dutta et al. [Dut+24], when the memory also
supports write operations, known approaches fail because they require some updatable table.
How to build such a scheme with an efficiency that is close to the state-of-the-art for classical
preprocessing is still an open question. (IV) A theoretically interesting application of lookup ta-
bles is strengthening an extractor by proving the witness belongs to a finite set. Zinc [Gar+25]
employs a novel use of lookup PIOP to strengthen the extractor of its PCS. At a high level,
Zinc aims to build an argument of knowledge for an integer witness, while the underlying PCS
extractor is only capable of extracting bounded rational numbers. Since knowledge soundness
requires the extraction of an integer witness, Zinc composes its PIOP with a lookup PIOP,
ensuring that the witness indeed consists of integers. When combined with the PCS extractor,
this composition ensures the extraction of a satisfying integer witness.14

Projective ratio. One last key consideration in the use of lookup tables is the proportion
of the witness that benefits from the lookup argument. For instance, to prove a single range
proof with a lookup argument might introduce more overhead than the benefit it provides when
using a lookup argument. Verifying that a portion of the witness is contained in a table requires
projective lookups, which may still incur a cost linear in the total size of the witness—e.g. for
witness selection. Therefore, if the portion of the witness subject to lookup is relatively small
compared to the total witness size, employing a lookup argument may not yield a meaningful
efficiency gain.

6 Lookup Arguments vs Other Primitives

Set accumulator and vector commitments. Set accumulators [BM94; BP97; CL02] and
vector commitments [CF13] are cryptographic primitives that allow committing to sets and
vectors, respectively—and later proving the inclusion of elements or values. Possibly, they may
support batch openings, enabling a single proof to attest to multiple inclusions. These primitives
are closely related to the lookup relations. The key distinction between a lookup protocol
14 We stress, however, that the resulting complexity for computations with with a vector of integers

of size n, where each element is of size ≈ 2B yields a lookup argument where the verifier runs in
time Ω(max(2B/2,

√
n). For applications with large integers or those with “long” witnesses (large

n), this may not be practical. An alternative is offered by the work in [CHA24], which provides
a Spartan-like construction for integer relations with better asymptotics (growing with o(log2(B) ·
log2(n))) and it should be possible to extend it directly to lookup relations with similar asymptotics
following [STW24].
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and a set accumulator or vector commitment is the existence of duplicates. A lookup witness
may contain duplicate elements, whereas in set membership proofs or subvector opening, the
elements are unique, and duplication does not occur. Another important difference is that in
lookup relations, the verifier holds a commitment to the witness, rather than receiving it in
plaintext. In this sense, lookup relations generalize these primitives by introducing commit-
and-prove functionality on both sides of the relation. Moreover, in lookup relations the table is
commonly15 assumed to be public, whereas in set accumulators and vector commitments, the
underlying set or vector may remain private16.

Memory checking. A related concept to lookup tables is memory checking [Blu+91; Set+18;
ST25]. At a high level, memory checking allows a prover to demonstrate that a transcript of
memory reads and writes is consistent—for example, that every read returns the value from
the most recent write. One key difference from lookups is that memory checking supports write
operations, whereas lookup tables can be viewed as read-only memory. In some works, write
operations are leveraged to construct online lookup tables [Xio+22; Ros+24], for instance,
when the table depends on the verifier’s challenge. Memory checking is a broad research area,
and we do not cover it in detail here. For an overview of memory-checking techniques, we refer
the reader to Appendix B of Jolt [AST24].

Updateable lookup tables. A notable subclass of lookup tables, closely related to memory-
checking, is the class of updateable lookup tables [Dut+24; Han+24]. In contrast to conventional
preprocessing tables—where any modification invalidates the preprocessing phase—updateable
lookup tables are specifically designed to permit modifications after their initial construction.
It is important to distinguish updateable lookup tables from online lookup tables: while the
latter are constructed once during the online phase and remain fixed thereafter, updateable
lookup tables may be precomputed offline, yet can be modified multiple times during the online
phase.

15 See exceptions we discuss in Section 3.6.
16 The literature on accumulators and vector commitments is vast. Besides the works we cite in other

parts of the document, partial lists of relevant works are: for accumulators [BBF19; Lip12; CHAK23;
Sri+22; SGS20; CHAK24; PTT11]; for vector commitments [LM19; WW23; Lib24; Gor+20; PPS21;
Cam+22b; Cam+20; Bot+25; CEO22]
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A Table Size and Structure vs Performance

Whenever the table t has significantly more elements than the witness size, |t| can easily yield
to a bottleneck in proving performance (see also Figure 1). A class of lookup arguments that
are useful for the setting of large tables is that of table-efficient lookup arguments17, in which
the running time of the prover grows sublinearly with the tables. Table-efficient arguments
can roughly be divided into two families. The first family obtains table-efficiency by relying
on some underlying structure of the large table. For the sake of this discussion, the reader
can intuitively think of structured tables, as those that can be reconstructed in sublinear time
relative to their size18. In this setting, the family of constructions based on Lasso [STW24;
CFR25; ST25] offers the best tradeoffs between proving time and other performance metrics
(without relying on recursion).

The second family of schemes supporting large tables does not require any particular struc-
ture; instead, it relies on a preprocessing stage. The auxiliary material computed at this stage
is of size Ω(|t|), but the prover will require only a sublinear amount at the proving time. We
observe a few patterns in the efficiency profile of this last class of construction (see Fig. 1 for
a visual taxonomy). A first set of constructions obtains table-efficiency through the use of spe-
cialized proving arguments with native sublinear proving time [Cam+25] (e.g., for polynomial
evaluation). At the time of writing, these constructions are mostly of theoretical interest since
all the currently known instantiations yield very large constants both for preprocessing and
proving time.

A second class of constructions—those from the cq family [EFG22; Cam+24; CFG25;
ZSG24]—offers highly performant provers, but feature an expensive preprocessing stage. As
a consequence, they are mostly applicable to larger tables up to a threshold size, where the
preprocessing stage starts becoming infeasible (such a threshold depends on the underlying
machine being used).

The constructions that offer the best balance in terms of proving and preprocessing per-
formance are those that obtain lookups through a straightforward approach: use a lightweight
accumulator scheme (such as a Merkle Tree) to commit to the table, thus obtaining a digest
acc; at preprocessing time, precompute membership proofs for all the elements in the table
(e.g., all the internal nodes of the Merkle tree); when proving a lookup, use a general-purpose
SNARK to prove the statement “I know w and membership proofs π such that πi certifies the
membership of wi with respect to acc”. We refer to these constructions as “non-black-box” in
that they require explicitly encoding the membership verification as a circuit. Instances of this
approach are used, for example, in Pantry [Bra+13].

A.1 Research gaps on large tables

Efficient lookups based on polynomial preprocessing. Can we find instantiations of
sublinear polynomial commitment schemes (such as those in [Cam+25]) that are concretely
efficient?

Other useful structures in tables. Can we find other techniques, outside of the Lasso
approach, to exploit some forms of structure in tables?

Non-pairing efficient schemes. The best proving time and proof size are achieved through
pairings (by the cq family). Can we obtain similar performance from different assumptions?

Lightwight preprocessing. Can we construct black-box solutions (maybe from pairings
themselves) with a balanced proving profile (where preprocessing is feasible for larger tables)?

17 Also occasionally referred to as super-efficient lookup arguments [CFG25].
18 We describe this notion more precisely in Appendix G.3.
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B Deferred Definitions

Lemma 1 (Univariate Sumcheck). Let H ⊆ F be a multiplicative subgroup of size t. For
any univariate f of degree less than t, the following holds:∑

a∈H
f(a) = t · f(0).

B.1 Polynomial Commitment Scheme

Definition 10. [Polynomial Commitment Scheme] A Polynomial Commitment Scheme is a
tuple of algorithms

(
Setup, Commit, Open, Verify

)
such that:

– (vk, pk)← Setup
(
λ, k

)
: On input the security parameter λ and maximum degree k (number of

variables in case a multilinear polynomial), this algorithm outputs a pair of verifier key (vk)
and prover key (pk). This algorithm might require randomness as nondeterministic input
too.

– C ← Commit
(
pk, p(X)

)
: On input pk and a polynomial p(X), it outputs a commitment C.

This algorithm might take randomness as non-deterministic input too, but for simplicity, we
don’t consider it here.

– π ← Open
(
pk, p(X), x

)
: On input pk, p(X), and input x, outputs an evaluation proof π that

y = p(x).
– 1/0← Verify

(
vk,C, x, π, y

)
: On input vk, the commitment C, input x, evaluation y, and the

proof of the correct evaluation, it outputs a bit indicating acceptance or rejection.

A polynomial commitment scheme is said to be secure if it is complete and knowledge-sound
as defined below:

Completeness. It captures the fact that an honest prover will always convince the verifier.
Formally, for any efficient adversary A, we have:

Pr

VerifyPCS(srsPCS,C, x, πPCS, p(x)
)
= 1

∣∣∣∣∣∣∣∣
(vk, pk)← SetupPCS

(
λ, k

)
,

p(X)← A((vk, pk)),
C← Commit

(
pk, p(X)

)
,

πPCS ← Open
(
pk, p(X), x

)
 = 1

Extractability. Captures the fact that whenever the prover provides a valid opening, it knows
a valid pair (p(X), y), where p(x) = y. Formally, for all PPT adversaries A, there exists an
efficient extractor E such that the probability of the following event is negligible:

Pr

VerifyPCS
(
vk,C, x, πPCS, y

)
= 1

∧ p(x) ̸= y

∣∣∣∣∣∣∣∣∣∣
(vk, pk)← SetupPCS

(
λ, k

)
,

C← A
(
(vk, pk)

)
,

p(X)← E
(
(vk, pk),C, k

)
,

x← A
(
(vk, pk),C

)
,

(vk, pk), p(X), x
)


KZG polynomial commitment scheme. KZG [KZG10] is a polynomial commitment scheme
that forms the foundation of numerous lookup table constructions. Its popularity comes from
several key features: it supports batch openings of a single polynomial at multiple points, as
well as batch openings of multiple polynomials at multiple points [FK23; Bon+20a]. This effi-
ciency makes KZG a core component in SNARK frameworks such as Plonk [GWC19] and in a
wide range of lookup argument protocols [GW20; Zap+22a; EFG22; PK22; Zap+22b; GK22].
KZG enjoys desirable algebraic properties such as homomorphic commitment and fast amor-
tised proofs. A naive opening at a single point costs O(d) time, where d is the degree of the
polynomial. However, opening a set of d evaluation points can be achieved in O(d log2 d) time.
Moreover, if the evaluation points form a subgroup of the underlying finite field, the opening
can be performed in quasilinear time O(d log d) [FK23].
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B.2 Argument of knowledge

Definition 11 (Argument of Knowledge). Consider a relation R over public parameters,
structure, instance, and witness tuples. A non-interactive argument of knowledge for R con-
sists of PPT algorithms (G,P,V) and deterministic K, denoting the generator, the prover, the
verifier and the encoder respectively with the following interface.

– G(1λ)→ pp: On input security parameter λ, samples public parameters pp.
– K(pp, s)→ (pk, vk): On input structure s, representing common structure among instances,

outputs the prover key pk and verifier key vk.
– P(pk, u, w) → π: On input instance u and witness w, outputs a proof π proving that

(pp, s, u, w) ∈ R.
– V(vk, u, π)→ {0, 1}: On input the verifier key vk, instance u, and a proof π, outputs 1 if the

instance is accepting and 0 otherwise.

Completeness. A non-interactive argument of knowledge satisfies completeness if for any

PPT adversary A:

Pr

V(vk, u, π) = 1

∣∣∣∣∣∣∣∣∣∣
pp← G(1λ),
(s, (u,w))← A(pp),
(pp, s, u, w) ∈ R,
(pk, vk)← K(pp, s),
π ← P(pk, u, w)

 = 1.

Knowledge soundness. A non-interactive argument of knowledge is knowledge soundness if

for all PPT adversaries A there exists a PPT extractor E such that for all randomness ρ:

Pr

V(vk, u, π) = 1,
(pp, s, u, w) /∈ R

∣∣∣∣∣∣∣∣
pp← G(1λ),
(s, u, π)← A(pp; ρ),
(pk, vk)← K(pp, s),
w ← E(pp, ρ)

 = negl(λ).

A non-interactive argument of knowledge is succinct if the size of the proof π is polylogarithmic
in the size of the statement proven.

B.3 Accumulation scheme

Definition 12. [Accumulation Scheme] An accumulation scheme [Bün+21; BC23] for a pred-
icate ϕ : X → {0, 1} is a tuple of algorithms Πacc = (Setupacc,Pacc,Vacc,Dacc), all of which
have access to the same random oracle Oacc, such that:

– Setupacc(1
λ)→ srsacc : On input the security parameter, outputs public parameters srsacc. For

simplicity, we assume that all functions implicitly take srsacc as input.
– Pacc

(
st, π, acc1

)
→

(
acc, pf

)
: The accumulation prover implicitly given srsacc, statement st,

predicate inputs π = (π.x, π.w), and an accumulator acc1 = (acc1.x, acc1.w), outputs a new
accumulator acc and corrections terms pf.

– Vacc

(
acc1.x, acc2.x, pf

)
→ acc.x: The accumulation verifier implicitly given srsacc, and on

input the instances of two accumulators, and the accumulation proof outputs a new accumu-
lator instance acc.x.

– Dacc

(
acc

)
→ 1/0: The decider takes as input acc and accepts or rejects.

and satisfies completeness and soundness as defined below:

Completeness. For all fresh proofs π such that ϕ(π) = 1 and accumulator acc such that
Dacc(acc) = 1, the following holds:

Pr

[
Vacc

(
acc1.x, acc2.x, pf

)
= acc.x

∧ Dacc

(
acc

)
= 1

∣∣∣∣ srs← Setup(1λ)(
acc, pf

)
← Pacc

(
st, π, acc1

)] = 1
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Knowledge-soundness. For every PT adversary A, there exists a polynomial-time extractor
E such that the following probability is negligible:

Pr

 (Dacc(acc1) ̸= 1 ∨ Dacc(acc2) ̸= 1) ∧
Vacc

(
srs, acc1.x, acc2.x, pf

)
= acc.x

∧ Dacc

(
acc

)
= 1

∣∣∣∣∣∣
srs← Setup(1λ)

(acc, acc1.x, acc2.x, pf)← A(srs)
(acc1.w, acc2.w)← E(acc, acc1.x, acc2.x, pf)

 = 1

B.4 Preprocessing PIOP

Definition 13 (Preprocessing PIOP for Lookup Relation [Cam+25]). Let I := (S, n, t)
be a lookup index and OLKI be the corresponding relation. A PIOP for OLKI is defined by a
tuple (I,P,V) such that:

– Offline phase: I(I) is a deterministic algorithm that, given the index I, generates pre-
processing oracle polynomials p1, . . . , pi. We denote by ix the oracles to these polynomials
provided to the verifier, and by iw the actual polynomials pi, as held by the prover. For
simplicity, we assume that after this preprocessing step, the verifier and prover respectively
retain only their corresponding ix and iw, and no longer require access to I.

– Online phase: The prover P and the verifier V run an interactive protocol, compactly
denoted by ⟨P(iw,w),V(ix,x)⟩, where in each round the prover P sends oracle polynomi-
als, and the verifier V sends random challenges. The verifier can query all the oracles, the
ones sent by the prover and the ones generated by I, at arbitrary points. At the end of the
execution, V accepts or rejects.

Such a PIOP is complete, sound, knowledge-sound and zero-knowledge as defined later. Impor-
tantly, we assume that the offline phase is conducted honestly; that is, the oracles generated for
p1, p2, ..., pi are generated honestly, whereas the oracles generated in the online phase could
have been generated maliciously.

– Completeness: For any honest execution of the protocol ⟨P(iw,w),V⟩(ix,x), where (I,x;w) ∈
OLKI and (ix, iw)← I(I), the verifier accepts.

– δ-knowledge Soundness: A PIOP is δ-knowledge-sound if there exists a PPT oracle ma-
chine E (which can query all the oracle polynomials at arbitrary points) such that for any
adversary A and any (iw,x), the following probability holds:

Pr [⟨A(iw,x),V(ix,x)⟩ = 1 ∧ (I,x;w) ∈ OLKI |w← EA(iw,x)] ≤ δ.

– Zero-knowledge: As in standard definitions of PIOP, such an interaction is said to be zero-
knowledge if there exists a simulator that, given the index and the instance, can generate
a transcript that is computationally indistinguishable from a real PIOP transcript.

C Decomposability

One key technique for building efficient lookup arguments—independent of the specific lookup
protocol but rather a property of the underlying table—is called decomposability. This concept
was first introduced in Arya [Boo+18] for bitwise operations, and was later pushed to its limits
in Lasso [STW24] and Jolt [AST24], which construct lookup arguments for tables so large
(e.g., of size 2128) that they cannot even be materialized. At a high level, decomposability is a
property of a table t that allows a lookup of a value v in t to be reduced to lookups of related
values v1, v2, . . . , vk in smaller subtables t1, t2, . . . , tk. When such a reduction exists, we say
that t can be decomposed into {t1, . . . , tk}. This is particularly useful when the total size of
the subtables,

∑
|ti|, is significantly smaller than |t|. A simple example arises in smallness

proofs. Suppose we want to prove that a value v is less than 2128 over a large enough field.
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Directly checking membership in a table of size 2128 is infeasible—even if each table entry were
just one bit, the table would require billions of terabytes. Instead, we can decompose v into
four 32-bit limbs: v = v0 + 232 · v1 + 264 · v2 + 296 · v3 and then check that each limb vi is less
than 232. This requires only a small lookup table of size 232 per limb. We formalise the notion
of decomposability in Definitions 14 and 15.

Definition 14 (Decomposability of Tables). A table t ∈ SN is said to be decomposable
into tables ti ∈ SNi

i for 1 ≤ i ≤ k if there exists a map M : S→ S1 × S2 × · · · × Sk such that:

s ∈ S : M(s) = (s1, s2, . . . , sk) =⇒

s ∈ t ⇐⇒ si ∈ ti for all 1 ≤ i ≤ k.

Note that the tables ti are not necessarily distinct; for instance, they may all be identical, as in
the smallness test described above. The definition above can also be extended to indexed tables
(see Definition 15). We naturally extend the definition of the map Mset : S → S1 × · · · × Sk
to tuples by defining Mset : Sr → Sr1 × · · · × Srk, where the map is applied component-wise to
each entry of the input tuple.

Definition 15 (Decomposability of Indexed Tables). An indexed table t ∈ SN is said
to be decomposable into indexed tables ti ∈ SNi

i for 1 ≤ i ≤ k if there exists maps

Mset : S→ S1 × S2 × · · · × Sk and Mindex : [N ]→ [N1]× [N2]× · · · × [Nk],

such that:

∀ s ∈ S, j ∈ [N ] : Mset(s) = (s1, s2, . . . , sk),Mindex(j)→ (j1, j2, . . . , jk) =⇒

s = t[j] ⇐⇒ si = ti[ji] for all 1 ≤ i ≤ k.

How to concretely apply decomposition? Let us first review the lookup procedure. The client
holds a commitment C to the witness vector w and wants to verify that w ⊆ t, where t is a
public lookup table. To leverage decomposability, the vector w is transformed via the mapping
Mset into k vectors (w1, . . . ,wk). This mapping is applied entry-wise. The prover must now
demonstrate two properties for each subvector wi:

1. Lookup relation. That wi ⊆ ti, where ti is the corresponding public table for wi. This is
typically done via a lookup proof πi. For many tables of interest [AST24], tables ti are the
same.19 Now, if the lookup argument supports homomorphic proofs [EFG22], all the proofs
πi can be aggregated and verified together.

2. Correctness of decomposition. The subvectors (w1, . . . ,wk) are indeed the result of applying
the mapMset to w. In other words, the commitments (C1, . . . , Ck) to the subvectors must
be consistent with the original commitment C under the mapMset.

The verifier only receives the commitments Ci (without the corresponding openings). Therefore,
the prover must demonstrate that these commitments open to vectors whose entries satisfy the
following relation, under the entrywise application of the mapMset(·):

Mset(w) = (w1, . . . ,wk)

This decomposition check itself amounts to a commit-and-prove statement. If verifying this
relation requires recomputing commitments within an arithmetic circuit, it may undermine
the efficiency benefits that lookup arguments are designed to provide. Jolt observes that for
lookup tables of interest—such as those used for CPU operations—the corresponding mappings
Mset andMindex are linear functions. For example, in a smallness check where a 128-bit value
19 Even if the tables are identical, k separate lookups are still required in general, since given com-

mitments Ci to vectors wi, in most settings, it is non-trivial to compute a commitment to the
concatenation of these vectors w1||w2|| . . . ||wk.
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is decomposed into four 32-bit chunks (v0, v1, v2, v3), the relation is also linear: v = v0 + 232 ·
v1 + 264 · v2 + 296 · v3. If the underling commitment scheme supports linear homomorphisms,
this relation lifts directly to commitments:

C = C0 + 232 · C1 + 264 · C2 + 296 · C3.

This allows verifying the decomposition without opening any commitments. Even if the com-
mitment scheme is not homomorphic, it is still straightforward to evaluate such linear relations
non-homomorphically. For example, if a PCS is used to commit to the polynomials (vectors) wi

to obtain Ci, and the prover provides the openings of the Ci’s at a random point r (which the
verifier can check individually using the PCS verification), then it is sufficient for the verifier
to check that:

w(r) = w0(r) + 232 ·w1(r) + 264 ·w2(r) + 296 ·w3(r).

According to the Schwartz-Zippel lemma [DL78; Zip79; Sch80], this relation holds over the
entire domain with high probability if it holds at a randomly chosen point r, assuming the
degree of the polynomials is bounded. This allows taking advantage of decomposable tables
with non-homomorphic commitments, such as the hash-based ones.

D Existing Approaches: Multiset Equality Technique

D.1 Arya

Arya [Boo+18] was the first work to formally define a lookup relation (unindexed) to simplify
constraint systems. Let the table values be denoted by {ti}i∈[N ], and the witness values to be
looked up by {wi}i∈[n]. Arya defines polynomials T (X) and W (X), whose roots correspond to
these sets, as follows:

W (X) :=
∏
i∈[n]

(X − wi), T (X) :=
∏

i∈[N ]

(X − ti).

The lookup relation is equivalent to showing that these two polynomials share the same root
set, disregarding multiplicities. Formally, this amounts to demonstrating the existence of non-
negative integers {mi}i∈[N ] such that

W (X) =
∏

i∈[N ]

(X − ti)
mi . (1)

The prover commits to polynomials T (X) and W (X), and then demonstrates correctness of
Equation (1) given a challenge β sampled by the verifier:∏

i

(β − wi) =
∏
i

(β − ti)
mi .

This verification proceeds through a square-and-multiply approach: the prover commits to
the multiplicities mi by committing to their binary representations. The resulting protocol is
relatively involved and mainly of theoretical interest, but it achieves good asymptotic behaviour
in the broader context of proving RAM computations. A simpler and more practical protocol,
inspired by Arya, was later introduced in Plookup [GW20], which we describe next.

D.2 Plookup

Plookup [GW20] is a follow-up to Arya, the goal of Plookup is to prove that a multiset w :=
{w1, w2, . . . , wn} is contained in a table set t := {t1, t2, . . . , tN}. Without loss of generality, one
may assume that every element of the table also appears in the witness; this can be ensured
by defining the witness as w∪ t. The key observation is that if the witness multiset w is sorted
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relative to t, then w ⊆ t if and only if their successive difference sets (not multisets) coincide,
up to zero repetitions, i.e.:

{w2 − w1, w3 − w2, . . . , wn − wn−1} = {t2 − t1, . . . , tN − tN−1} ∪ {0}.

Witness being sorted can be enforced via a permutation PIOP similar to the permutation
PIOP described in Plonk [GWC19]. Given the observation above on difference sets, Plookup
introduces a PIOP for the lookup relation, constructed using univariate polynomials. While
their initial instantiation relies on KZG, the construction is generic and applies to any uni-
variate PCS, and even works over smaller finite fields [DCB25]. The approach in Plookup is
similar to the reordering-based read-write memory in vRAM [Zha+18], with some simplifi-
cations arising from the unindexed lookup argument setting. Another subsequent work, i.e.
HyperPlonk [Che+23] builds on Plookup, designing an equivalent lookup argument in the
multilinear setting, with the same underlying technique and characteristics.

D.3 Halo2

Halo2 [Zca25] constructs a lookup PIOP inspired by offline memory checking protocols, which
reduces a global subset check into local constraints. Consider a witness vector w ∈ Fn and a
table vector t ∈ Fn, and suppose we want to prove that w ⊆ t. If the witness and table have
different sizes, we can pad the table with arbitrary elements and the witness with elements from
the table. To transform this global condition into local constraints, we first permute {wi} into
a new array {w′

i} such that equal values are grouped together and aligned with corresponding
values in a permuted version of the table {t′i}. We then enforce the following local constraint:

(w′
i − t′i) · (w′

i − w′
i−1) = 0.

This condition guarantees that each entry in the permuted witness either matches a table
element (the first factor is zero) or is equal to the previous witness entry (the second factor is
zero), thereby ensuring the subset relation is satisfied locally.

E Existing Approaches: Accumulator-Based

One approach to constructing lookup tables is through the use of set accumulators that support
batch commit-and-prove openings. Batching is necessary because we want to generate a single
proof that an entire subtable is contained within the full table. The commit-and-prove aspect
arises from the fact that, unlike standard accumulators, the verifier only receives a commitment
to the subtable—not the subtable itself. At a high level, the idea is that in the preprocessing,
the verifier commits to the full table t and the prover additionally generates opening proofs
for each element. These precomputed proofs can later be used to efficiently generate a single
proof about t′ ⊆ t, for any committed subtable t′. Importantly, the time to compute this
proof depends only on the size of the subtable, not on the size of the entire table. When using
accumulators, the table and the subtables are treated and committed as sets. Therefore, to
obtain a full-fledged lookup argument, this approach requires additionally proving that each
witness’ entry wi ∈ t′, where w is a committed vector.

E.1 Flookup

Flookup [GK22] follows the accumulators approach, combined with prior approaches inspired
by Caulk and Caulk+. Specifically, Flookup commits to the table and the subtables, modeled
as sets, using a classical pairing-based accumulator [Ngu05], and then provides protocols to
prove the correctness of the subtable extraction and that the entries of the committed witness
are in the subtable.
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E.2 Duplex

Starting from accumulator-based techniques, Duplex [Han+25] builds a zero-knowledge lookup
argument where the table is committed as an element in groups of unknown orders. This setting
includes RSA groups as well as (in its transparent instantiation) class groups [BH11]. In contrast
to the bilinear pairing regime, groups of unknown order offer public parameters of constant
size. In order to support a witness committed through Pedersen commitments in a prime order
group—and since most SNARKs do not natively support commitments in unknown order
groups—the main technical challenge solved by [Cam+22a; Han+25] is to provide techniques
to efficiently link accumulators with commit-and-prove SNARKs and without encoding RSA-
style operations inside a circuit. While the approach in HARiSA [Cam+22a] explicitly obtains
a proof system for batch set membership (and may not guarantee security in the presence of
duplicate elements, Duplex extends its techniques to the lookup setting (where the witness
may contain duplicates).

F Existing Approaches: Logup-Based

Lemma 2 (Logup [Eag+24; Hab22]). Let F be a field of characteristic p > max(n,N).
Given two sequences of field elements {wi}ni=1 and {ti}Ni=1, we have {wi} ⊆ {ti} as sets (with
multiplicities ignored) if and only if there exists a sequence {mi}Ni=1 of field elements such that:

n∑
i=1

1

x+ wi
=

N∑
i=1

mi

x+ ti
.

We stress the importance of the characteristic of the underlying field, which must satisfy
p > max(n,N). This requirement immediately rules out fields with very small characteristic,
such as binary fields (characteristic 2). Nevertheless, it is still possible to work over relatively
small prime fields as long as their size exceeds both N and n. A concrete example is the
BabyBear field, defined as the prime field Fp with p = 231 − 1 [HLP24]. This field is already
used in Stwo zkVM [Sta25], where its lookup argument (Logup) operates over the BabyBear
field. Logup lemma is also extended to a vectorised version as described below.

Lemma 3 (Vectorized Logup [Hab22]). Let F be a field of characteristic p > max(n,N),
and let v ∈ N denote the vector length. Suppose we are given two sets of vectors {wi}ni=1 ⊆ Fv

and {ti}Ni=1 ⊆ Fv. Define the polynomials wi(y) :=
∑v

j=1 wi,j ·yj−1 and ti(Y ) :=
∑v

j=1 ti,j ·yj−1

where wi = (wi,1, . . . , wi,v) and ti = (ti,1, . . . , ti,v). Then, the set inclusion {wi}ni=1 ⊆ {ti}Ni=1

(ignoring multiplicities) holds if and only if there exists a sequence of field elements {mi}Ni=1

such that:
n∑

i=1

1

x+ wi(y)
=

N∑
i=1

mi

x+ ti(y)
.

As described in Section 3.4, an indexed lookup can be constructed from a vector lookup by
representing the table t as a collection of pairs (i, ti) and applying the vector lookup to this
representation [BC24; Sou25]. Next, we present a modification of the Logup lemma that enables
a projective variant. This is achieved by introducing a binary selection vector s, where each
entry si is set to 1 if the corresponding value wi is intended to be looked up in the table, and
0 otherwise.

Lemma 4 (Projective Logup). Let F be a field of characteristic p > max(n,N). Let
{wi}ni=1 and {ti}Ni=1 be two sequences of elements in F. Define a selector vector s = {si}ni=1

with si ∈ {0, 1} indicating whether wi is selected for lookup. Then, the set of selected values
{wi | si = 1} is a subset of {ti}Ni=1 (as sets, ignoring multiplicities) if and only if there exists
a sequence {mi}Ni=1 of field elements such that:

n∑
i=1

si
x+ wi

=

N∑
i=1

mi

x+ ti
.
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Proof. It directly reduces to the original logup lemma:

n∑
i=1

si
x+ wi

=
∑

i : si ̸=0

1

x+ wi
=

N∑
i=1

mi

x+ ti
.

F.1 Logup+GKR

To provide background, GKR protocol [GKR15], and its subsequent improvements [CMT12;
Tha13], are arguments of knowledge for layered arithmetic circuits. They are particularly well-
suited for uniform circuits—intuitively, where each layer admits a simple polynomial descrip-
tion that can be preprocessed. A notable property of GKR is that it requires commitments only
to the input and output layers, without committing to the intermediate wires. This reduces the
number of commitments, albeit at the cost of performing more field operations. However, since
field operations are significantly cheaper than group operations, this trade-off results in a more
efficient overall prover cost. The limitation is that the circuit must have a simple layered struc-
ture. An interesting application arises when combining GKR with the Logup lemma [PH23;
BC24], which checks that the sum of derivatives on both sides of the Logup equation are equal.
Given commitments to both the lookup vector and the table, and an additional commitment
to a multiplicity vector, one can prove that the Logup equality holds —with no extra com-
mitments. In this setting, GKR can be used as follows: the circuit receives all numerators and
denominators of the involved fractions, and at each layer, pairs and sums the fractions, halving
their number at each layer in a binary tree structure. This regular structure enables the efficient
application of GKR. A similar technique was used in Proofs for Deep Thoughts [BC24], where
it was applied in the context of an accumulation scheme and IVC, and extended to accumulate
the GKR verifier itself. Another recent work [Dor24] explores decomposable lookup tables in
the GKR+Logup setting.

In the GKR+Logup setting, on the negative side, the GKR circuit depends on the size of
the lookup table, as it requires all numerators and denominators of the fractions to be provided
as inputs. On the positive side, this technique does not rely on homomorphism and is therefore
compatible with hash-based commitments. It has already been applied in practice in zkVMs
such as Stwo [Sta25].

F.2 cq (cached quotients)

cq [EFG22] is the state-of-the-art for super-sublinear lookup tables. cq first reduces the lookup
statement into an equality of rational function sums using the Logup lemma. Through a pre-
processing step based on the batch KZG opening technique of Feist and Khovratovich [FK23],
this approach achieves a fast prover time of O(n log n), which is independent of the table size.
More precisely, translating {wi}i∈[n] ⊆ {ti}i∈[N ] via the Logup lemma yields:∑

i∈[N ]

mi

x+ ti
=

∑
i∈[n]

1

x+ wi
(2)

Replacing the variable x with the verifier challenge α, each side of this equation is then inter-
polated as a polynomial. Specifically:

– The left-hand side is interpolated over a subgroup Ω1 = {ωi}i∈[N ] of size N as a polynomial
p1 of degree at most N , i.e., p1(ωi) = mi

α+ti
.

– The right-hand side is interpolated over a subgroup Ω2 = {ωi}i∈[n] of size n, resulting in a
polynomial p2 of degree at most n, i.e., p2(ωi) = 1

α+wi
.

Given that KZG is a homomorphic scheme and the fact that committing to the zero polynomial
is essentially free, the prover can commit to both sides of the equation efficiently, i.e. linear
in n and independent of N . Then, using a univariate sumcheck protocol [BS+19], the prover
and verifier can jointly check whether the identity above holds. However, it is not enough to
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verify the equality alone; the prover must also demonstrate that the committed polynomials
p1 and p2 were constructed correctly. Checking that p2 is correctly formed is straightforward.
The verifier already has a polynomial commitment interpolating witness w(x) over a subgroup
Ω2 of size n, and can verify for all ω ∈ Ω2 that p2(ω) = (α + w(ω))−1 by existing standard
techniques. Checking that p1 is well-formed amounts to proving the existence of a quotient
polynomial q(X) such that:

∀ω ∈ Ω1 : p1(ω) · (t(ω) + α)−m(ω) = q(ω) · zΩ1(ω),

where t(X) is the interpolating polynomial over the table, m(X) is the interpolated numerator
of the rational expression, i.e., vector of multiplicities mi, α is the verifier’s challenge, and
zΩ1

(X) is the vanishing polynomial over the subgroup Ω1 of size N . This is equivalent to
showing:

∀ω ∈ Ω1 : p1(ω) · t(ω) = q(ω) · zΩ1
(ω) + r(ω),

for some remainder r(X) of degree less than N . If the verifier is given KZG commitments
to each of these polynomials, using a pairing check, it can verify the identity above. The
polynomials p1 and r are already sparse on Ω1, so the prover can compute their commitments
independently of N . The commitments to t and zΩ1 are precomputed, so it only remains to
compute the commitment to the polynomial q, which is not necessarily sparse. The novelty
of the paper is that computing a commitment to the polynomial q can be preprocessed by
computing commitments to some cached quotients such that computing the commitment to
q(X) only requires O(n) operations and is independent of the table size.

Prior to cq [Zap+22a; PK22; GK22; Zap+22b], KZG-based lookup arguments had a prover
time that included a term of O(n log2 n), where n is the size of the lookup witness. This
overhead was due to the need to compute the quotient subtable explicitly. As a result, all four
prior works were forced to perform polynomial interpolation and evaluation over arbitrary sets,
rather than over multiplicative subgroups. Algorithms operating over arbitrary sets generally
have O(n log2 n) complexity, in contrast to the O(n log n) achievable on structured domains
like subgroups. In contrast, cq avoids this bottleneck by reducing the lookup argument to a
sum of rational functions via the Logup lemma. This approach eliminates the need to extract
any quotient subtable, leading to a more efficient prover runtime.

Projective cq. Using Lemma 4, with a small modification, cq can support projective lookups.
This time, the polynomial p2, which interpolates the terms of the sum

∑
i∈[n]

1
x+wi

, is replaced
with a polynomial that interpolates

∑
i∈[n]

si
x+wi

. Given a public polynomial s(X) that in-
terpolates the vector s = {si}i∈[n] on Ω2, checking that p2 is well-formatted is equivalent to
checking

s(ω) · (α+ w(ω))−1 = p2(ω), ∀ω ∈ Ω2,

which can be done using standard polynomial checks. The rest of the protocol remains un-
changed. The only additional cost of this adjustment is that the prover also requires opening
the polynomial s(X) of degree n.

Multilinear cq. The original cq construction is based on KZG, a univariate polynomial com-
mitment scheme, which is not natively compatible with multilinear SNARKs such as Hy-
perPlonk. Campanelli, Fiore, and Gennaro [CFG25] observed that in Equation (2), only the
left-hand side relies on KZG—specifically to compute commitments to cached quotients dur-
ing preprocessing—while the witness w on the right-hand side polynomial p2 can instead
be committed via a multilinear polynomial commitment. In this case, verifying that p2 is
well-formed is replaced with polynomial checks suitable for the multilinear setting. The only
check requiring both sides of the equation is the equality check, which originally verified∑

ω∈Ω1
p1(ω) =

∑
ω∈Ω2

p2(ω), using a univariate sumcheck for both sides. In the modi-
fied version, the right-hand side is handled using the standard multilinear sumcheck, while the
left-hand side remains unchanged. This modification allows using cq with multilinear SNARKs
that commit to the witness via a multilinear polynomial.
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Other extensions to cq. Locq [ZSG24] is a related work that optimises cq, achieving improve-
ments in proof size and verification cost by replacing cq’s univariate sumcheck protocol [BS+19]
with a new sumcheck protocol, at the expense of requiring additional trusted setups beyond
the KZG setup. The work in [Cam+24] proposes several efficiency improvements to cq:

– cq+, an overall improvement over cq compared to which it reduces communications size.
This proof system, in turn, admits two additional variants, described below.

– cq++, which reduces even further the proof size of cq+ trading it against a modest addi-
tional overhead for the verifier (one additional pairing).

– zkcq+, a variant of cq+ with full zero-knowledge, that is it hides both the table and the
witness.

Both cq+ and cq++ admit a zero-knowledge version (achieving hiding of the witness, but not
of the table) with minor overhead in proof size. An overview of these variants can be seen in
Table 2.

Scheme Preprocessing Proof Size Proving Cost Verifier Cost Zero-knowledge
cq [EFG22] O(N logN) 8G1 8mG1 +O(m logm)F 5P ×

cq+ [Cam+24] O(N logN) 7G1 8mG1 +O(m logm)F 5P ×
cq++ [Cam+24] O(N logN) 6G1 8mG1 +O(m logm)F 6P ×

cq+(zk) [Cam+24] O(N logN) 8G1 8mG1 +O(m logm)F 5P ✓
cq++(zk) [Cam+24] O(N logN) 7G1 8mG1 +O(m logm)F 6P ✓

zkcq+ [Cam+24] O(N logN) 9G1 8mG1 +O(m logm)F 6P ✓✓
Locq [ZSG24] O(N logN) 4G1 + 1G2 6mG1 +mG2 +O(m logm)F 4P ✓✓

Table 2: An overview of the efficiency of different cq variants. P, G1, G2 and F denote pairing operation,
group operation on G1, group operations on G2 and field operation respectively. In the zero-knowledge
column, a single ✓ denotes that the proof hides only the witness but not the table, while a double ✓✓
indicates that the proof hides both the table and the variant.
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G Existing Approaches: Subtable Extraction

G.1 Caulk and Caulk+

Caulk [Zap+22a] introduced the first sublinear lookup argument, achieving a prover complexity
of O(n2 + n logN), which was later improved by subsequent work Caulk+ [PK22], to a com-
plexity of O(n2). These schemes satisfy a property called position-hiding linkability, meaning
that the proof doesn’t reveal any information about the elements within the witness.

The central idea of Caulk and Caulk+ is to construct a commitment to the polynomial
corresponding to subtable tI that includes all table elements that appear in the witness. By
computing the commitment to tI(X) efficiently through the subvector aggregation techniques
of Tomescu et al. [Tom+20], the prover’s cost becomes sublinear to the size of the original table
and instead scales only with |tI |, which is bounded by the size of the witness. To demonstrate
that tI(X) is a polynomial corresponding to a valid subtable, the prover must establish the
following identity:

t(X)− tI(X) = zI(X)qI(X),

where t(X) is the polynomial interpolating the full table, tI(X) is the polynomial interpolating
the subtable, zI(X) is the vanishing polynomial over the subtable indices I that has to be kept
secret, and qI(X) is the quotient polynomial witnessing that t(X) and tI(X) agree on all points
in I. In both Caulk and Caulk+, commitment to the quotient polynomial qI(X) is computed
via a linear combination of preprocessed commitments, which correspond to subtables that
exactly exclude one element.

Due to the position-hiding property, one of the main challenges is to convince the verifier
that zI(X) vanishes over the right roots of unity without revealing I, this is where Caulk
and Caulk+ differ. In a high-level, Caulk designs an arithmetic circuit to prove zI(X) is well-
formatted. We will not enter into the details, as Caulk+ greatly simplifies and improves upon
this. To ensure the correct computation of zI(X), Caulk+ reuses the preprocessing idea from
Tomescu et al. and proceeds as follows. Suppose the table is interpolated as a polynomial over
a group Ω. The prover first demonstrates that the vanishing polynomial zI vanishes over a
subset of Ω. Equivalently, this means proving the existence of a quotient polynomial Q(X)
such that

zI(X) ·Q(X) = zΩ(X) = XN − 1.

An attentive reader may observe that one drawback of this approach is that computing Q(X)
can require O(N) time. To address this, the prover relies on precomputations and aggregation
techniques, as described in [Tom+20], to build the quotient efficiently. Next, Caulk+ applies a
mapping that sends the indices I into a subgroup of order |I|, allowing the verifier to compute
its vanishing polynomial efficiently.

G.2 Baloo

Baloo [Zap+22b] builds directly upon the matrix–vector technique introduced at the beginning
of this section. Similar to Caulk and Caulk+, Baloo extracts an intermediate subtable tI , which
contains precisely those table elements that appear in the witness. By extracting tI efficiently
using preprocessed polynomials, Baloo ensures that the prover’s work remains independent of
the size of the original table. After extracting the subtable tI , the prover must show that there
exists an elementary matrix M such that M×tI = w. Rather than proving this relation directly,
inspired by prior work such as Marlin [Chi+20], the verifier samples a random vector r and, with
overwhelming probability, reduces the proof to verifying the scalar relation (r×M) · tI = r ·w,
thereby simplifying the original matrix–vector equation.

Remark 1. The main novelty of cq compared to Caulk, Caulk+, and Baloo lies in its use of
Logup rather than explicitly extracting the subtable tI . Logup enables a direct connection
between the original table and the lookup witness, making the prover’s work completely inde-
pendent of the table size.
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G.3 Lasso

Lasso [STW24] designs a lookup PIOP over structured tables—tables whose multilinear exten-
sions can be evaluated in sublinear time relative to their size. Beyond structured tables, Lasso
also supports decomposable tables, enabling efficient lookups in massive tables of size 2256 that
cannot even be materialized. In contrast to KZG-based schemes, Lasso requires no additional
setup beyond that of the underlying PCS. Although its prover cost scales linearly with the
(decomposed) table size, it remains practically efficient. Since Lasso employs a sparse PCS to
commit to the map matrix, it retains efficiency even when instantiated with non-homomorphic
PCS, such as the hash-based schemes, as demonstrated in Binius [DP25]. To get an under-
standing of Lasso, we first need to review Spark.

Spark [Set20]. Spark is a sparse multilinear polynomial commitment scheme in which both
the commitment and opening times depend only on the number of non-zero evaluation points,
and are independent of the size of the evaluation domain. It was introduced in the context of
the Spartan PIOP for R1CS, where, during setup, an honest indexer commits to the multilinear
extensions of the sparse matrices A, B, and C of the R1CS. Later, in the online phase, the prover
opens these sparse matrices at random evaluation points. In this setting, the matrices have size
O(n2) but contain only O(n) non-zero elements. For both the indexer’s setup phase and the
prover’s online phase, it is therefore crucial that committing to and opening the polynomial
can be done in O(n) time. For a polynomial f with N variables, its evaluation at a point x
can be written as:

f(x) =
∑

w∈{0,1}N

f(w) · eq(x,w) =
∑

w∈{0,1}N : f(w) ̸=0

f(w) · eq(x,w) (3)

The core idea of Spark is to commit to the positions of the non-zero elements. For instance, a
sparse matrix can be uniquely represented by the set of tuples {(rowi, coli, vali)} corresponding
to its non-zero entries. During opening, the prover computes Equation (3) inside the arithmetic
circuit. Although the summation therein involves only n terms, evaluating each eq(x,w) re-
quires O(logN) constraints. A direct encoding would therefore incur a constraint count of
O(n logN). To reduce this cost, Spark exploit the tensor-product structure of eq and uses
online-constructed lookup tables. Specifically, observe that:

x1,x2,w1,w2 ∈ {0, 1}
N
2 =⇒ eq(x1∥x2, w1∥w2) = eq(x1,w1) · eq(x2,w2).

Given an evaluation point x ∈ {0, 1}logN , split it into x1,x2 ∈ {0, 1}log
N
2 . The prover using

offline-memory checking techniques such as Spice [Set+18], constructs two tables:

T1 = {eq(x1,w) : w ∈ {0, 1}log N
2 } and T2 = {eq(x2,w) : w ∈ {0, 1}log N

2 }.

By splitting the input vectors, the computation of eq(x1∥x2,w1∥w2) can be reduced to two
independent lookups—one in T1 and one in T2. Each table has size 2

N
2 , in contrast to the 2N

entries required for a direct table containing all eq(x, ·) values. This idea generalizes naturally:
for x ∈ {0, 1}logN , we can partition x into c segments x1, . . . ,xc, each of length log N

c , and
build c separate tables, each of size 2

N
c . Specifically, by choosing c such that N = c · n, the

prover only needs to construct a constant number of tables of size n and perform c · n lookups
in the tables. This guarantees that the overall complexity of the prover remains O(n).

In Spartan, Spark is applied to commit to public sparse matrices during the setup phase.
Since these matrices are public, it is naturally assumed that the commitment to the sparse
polynomial is performed honestly, and the scheme is not zero-knowledge. In contrast, Lasso
employs Spark within its lookup PIOP during the online phase. As discussed in Section 3.2,
polynomials committed online by the prover may be committed maliciously. Lasso extends the
analysis of Spark and shows that the original scheme, without modification, also supports the
case of maliciously committed polynomials. Consequently, it becomes the first standard poly-
nomial commitment scheme for sparse multilinear polynomials with such security guarantees.
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However, this scheme still does not provide zero-knowledge, and therefore, Lasso lookups are
also not zero-knowledge, which was later addressed by Campanelli, Faonio, and Russo [CFR25].

How Lasso works based on Spark? Lasso models the lookup relation as a matrix-vector
multiplication Mn×N × tN×1 = wn×1 where M is an elementary matrix. Considering the mul-
tilinear extension of the above terms, this identity turns out to be equivalent, up to negligible
soundness error, to verifying that for a random r ∈ {0, 1}logn:∑

y∈{0,1}log N

M̃(r,y) · t̃(y) = w̃(r) (4)

Now, for a given table and witness t and w, the prover must prove the following compound
statement: the prover knows an elementary matrix M such that Equation (4) holds. Firstly, to
prove that Equation (4), by the sumcheck protocol [Lun+92], the summation can be reduced to
evaluations of M̃(r1, r2), t̃(r1), and w̃(r2) at random points r1 ∈ {0, 1}logN and r2 ∈ {0, 1}logn.
Here, w̃ is committed via a dense polynomial commitment and therefore the prover can provide
the verifier with the opening. The table t̃ is structured so that the verifier can evaluate it
directly, leaving only the multilinear extension M̃ . The prover commits to the sparse multilinear
extension M̃ , i.e. using Spark, the prover commits to the dense polynomials {(rowi, coli, vali)}
which specify the positions and values of non-zero matrix entries. For Lasso, all non-zero entries
are 1, so values need not be committed. Since row and column indices lie in [0, n) and [0, N),
the prover only commits to small field elements—critical in group-based commitment schemes,
where committing to small elements is roughly 10× cheaper than to random elements. The
prover then opens the polynomial at the given point using the Spark opening.

Finally to prove that M is an elementary matrix—each row containing exactly one 1—it
suffices, under the representation {(rowi, coli, vali)}, to verify that the set of row indices is
exactly [0, n). This ensures every row has exactly one non-zero entry, and explicit commitment
to row indices is unnecessary.

Generalized Lasso. The original work introduces a variant of Lasso, referred to as the gen-
eralized Lasso. In this setting, the table t may not be decomposable, although its multilinear
extension remains efficiently computable. Non-decomposability can increase the size of the
polynomials in the sumcheck Equation 4, particularly the map matrix M . To address this,
Lasso employs a sparse sumcheck protocol, which ensures that the prover avoids computation
over zero entries. After the sumcheck, the remainder of the protocol closely follows standard
Lasso. The lookup relation is reduced to random evaluations of M̃ , t̃, and w̃, where the prover
commits to M̃ using Spark and to w̃ using a dense polynomial commitment, allowing them to
open these polynomials at a random point for the verifier. Finally, t̃ can be efficiently evaluated
by the verifier itself, since we assumed its multilinear extension is efficiently computable.

Projective Lasso. It is straightforward to generalize the matrix–vector form of the lookup
relation to also support projective lookups. In this setting, for witness entries that are not
intended to be looked up, the corresponding row in the matrix consists entirely of zeros. We
allow the matrix M to contain only two types of rows: elementary rows—zero everywhere
except for a single entry equal to 1 and all-zero rows. In Lasso’s current formulation, since
each row is assumed to contain exactly one non-zero entry, the protocol does not commit to
the vector {rowi} of non-zero positions—this set is assumed to be exactly equal to [0, n). Under
our generalization, however, this vector must also be committed to. This commitment can be
performed during the setup phase, as the indices of the witness entries to be looked up are
already known during setup. The rest of the protocol remains unchanged. We emphasize that
this approach has not appeared in prior work. For example, in order to avoid projective lookup,
Jolt commits to witness in each step of the VM separately and checks the correctness of lookups
via explicit bookkeeping within the circuit.

Other related work. Lasso is the core component of Jolt [AST24]. At a high level, Jolt is a
companion paper demonstrating that it is possible to replace all the instruction set in RISC-5
with decomposable and structured lookups. By substituting RISC-5 instructions with Lasso
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lookups, Jolt constructs an efficient and open-source zkVM [a1625]. As mentioned earlier, Spark
employs an offline memory-checking technique to implement online lookup tables for the eq
function. However, the offline memory-checking technique is incompatible with binary fields
(fields of characteristic two), as it requires the field characteristic to be at least as large as
the number of lookups. Binius [DP25], a hash-based SNARK over a binary field, demonstrates
how to adapt the offline memory-checking technique so that Lasso becomes compatible with
their proof system. A related work is FLI [GM24], which aims to make Jolt compatible with
recursive proof systems. To this end, they design an accumulation scheme for Lasso lookups.
We elaborate more in Section H.3. The work in [CFR25] provides a zero-knowledge version of
Lasso and shows how to apply it to obtain zkVM proofs that are non-malleable.

G.4 Shout

Shout [ST25] is a family of lookup20 PIOPs that build upon the ideas of Generalized Lasso. A
key observation is that, although the map matrix M in Lasso consists only of 0s and 1s, Spark
requires committing to several random values per lookup due to its underlying offline memory
checking. This introduces a prover bottleneck both concretely and asymptotically.

Shout introduces a parameter d. In the simplest setting, Shout-1 is essentially the Generalized-
Lasso protocol without using the Spark sparse polynomial commitment scheme. Instead, the
prover commits to the map matrix. This can be done efficiently using a standard elliptic-curve-
based PCS such as Hyrax or KZH, since committing to 0’s and 1’s is 2–3 orders of magnitude
cheaper than committing to random elements. In this setting, the prover only needs to com-
mit to n number of 1s, where n denotes the number of lookups. However, elliptic-curve-based
schemes such as KZH require a setup that depends on the degree of the polynomial rather
than its sparsity. As a result, they are practical only for small tables, while large tables become
infeasible due to the linear-sized setup. On the other hand, with typical hash-based commit-
ments, committing to zeros is not free—it is concretely expensive to commit to a large, sparse
matrix.

Shout observes that the tensor structure used in Spark for eq functions can be applied
directly to the map matrix. Each row of the matrix is a basis vector—i.e., a vector that is zero
everywhere except for a single entry equal to 1. These basis vectors possess a natural tensor
structure and can be expressed as a tensor product of smaller vectors. For d > 1, Shout further
exploits that every one-hot vector (a vector in {0, 1}K with exactly one entry equal to 1) can
be decomposed into a tensor product of d smaller one-hot vectors, each of length K1/d. This
decomposition helps control the negative effects of a large matrix map, in particular, the size
of the commitment setup when using curve-based PCS and the total number of committed
bits when using hashing-based PCS. Shout-d therefore decomposes each basis vector into d
smaller vectors. The prover now commits to (d− 1) ·N1/d zero values and d ones per 1 entry
in the original matrix. This comes at the cost of higher-complexity constraints in the resulting
systems, which increase from rank-1 to rank-d.

H Existing Approaches: Lookup Accumulation

Incremental Verifiable Computation (IVC). IVC [Val08] is an argument of knowledge
that allows proving an iterative computation defined by a function F . IVC is a fundamen-
tal primitive with many applications, including verifiable virtual machines [Nex24], succinct
blockchains [Bon+20b], verifiable key directories [Tya+22; Haf+25], light clients [Che+20], and
more. IVC is generalized by the notion of Proof-Carrying Data (PCD) [CT10], which supports
verifying distributed computations over a directed acyclic graph (DAG) of computations, as
opposed to just a straight-line sequence. Traditional constructions of IVC and PCD relied on
recursive SNARKs [Bit+13], encoding the SNARK verifier circuit inside itself to achieve recur-
sion. However, this approach was concretely expensive, since the SNARK verifier circuit is rel-
atively large and inefficient. More recent works [KST22; Bün+21; BC23; Kad+25] introduced
20 The original paper mainly refers to lookup arguments as read-only offline memory checking.

43



the use of accumulation (folding) schemes to construct IVC and PCD. These constructions
achieve significantly lower recursive overhead and are much more efficient in practice, making
IVC and PCD more viable for real-world applications.

Accumulation (folding) scheme. An accumulation scheme [KST22; Bün+21; BC23; Kad+25]
(see Definition 12) is an interactive protocol between a prover and a verifier that reduces sat-
isfiability of two NP statements into a single, accumulated NP statement. In other words,
instead of verifying each statement separately, the verifier only needs to check the validity of
the accumulated statement. We say an accumulation scheme is non-trivial if the cost of veri-
fying the accumulated statement plus the cost of the accumulation verifier is strictly less than
the cost of verifying the two original statements independently. This notion ensures that the
verifier gains efficiency by using accumulation, as opposed to simply performing two separate
NP verifications. As discussed earlier, accumulation schemes can serve as a primitive to build
efficient IVC/PCD schemes. In particular, the BCLMS compiler [Bün+21] shows that, given
an accumulation scheme for a specific predicate, one can construct an IVC or PCD scheme for
that predicate.

Scheme Accumulator Prover Accumulator Verifier Accumulator Decider Assumption
Protostar O(n)G O(1)F, O(1)H, 3G O(N)G HVC
nLookup O(N)F O(n logN)F, log(n)H O(N)F —

FLI O(n)G, O(n)F O(1)F, O(1)H, 4G O(N · n)G HVC

Table 3: Comparison of accumulator costs across three schemes: Protostar, HyperNova, and FLI.
The accumulator prover denotes the cost incurred by the prover at each step of IVC. The āccumulator
verifier represents the recursive verification overhead that must be embedded within the circuit. The
accumulator decider corresponds to the cost incurred by the IVC verifier, typically at the final step.
“HVC” stands for homomorphic vector commitment. We use F to denote field operations, G for group
operations (e.g., scalar multiplication), and H for cryptographic hash evaluations. One important
observation is that the FLI accumulator prover requires O(n) group operations. Still, it commits only
to small witnesses, which is approximately 10× more efficient than committing to random elements,
which is the case for Protostar.

H.1 Protostar

Protostar [BC23] is a general-purpose compiler that constructs a generic accumulation scheme
for any special-sound protocol. At a high level, a special-sound protocol is an interactive protocol
that admits a special-sound extractor. These protocols are composable: the composition of two
special-sound protocols yields another special-sound protocol. Protostar observes that well-
known NP languages, such as R1CS and its generalization CCS [STW23], can be expressed as
special-sound protocols. Protostar first shows that a lookup relation, as defined in Definition 1,
can be transformed into a special-sound protocol using the Logup lemma. Consequently, their
general compiler can be applied to construct an accumulation scheme for such lookup relations.
To build an IVC scheme for an R1CS relation where the whole witness is required to appear
in a public table, Protostar constructs a composition of two special-sound protocols: one for
the R1CS relation, one for the lookup check. By the composability property, this combined
protocol is also special-sound. Protostar’s compiler then produces an accumulation scheme for
this composite protocol, which can be compiled into an IVC scheme via the BCLMS compiler.
However, as discussed in Section 3.3, we are typically interested in projective lookup—that is,
verifying that a subset of the witness is included in a public table. We observe that the projective
variant of the Logup lemma (Lemma 4) can also be formulated as a special-sound protocol. By
composing this protocol in place of the standard lookup protocol, Protostar naturally supports
projective lookups. We defer the full details to Appendix I. Proof of Deep Thoughts [BC24] is a
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subsequent work that extends Protostar by generalizing its lookup scheme—essentially a read-
only memory abstraction—to support write operations as well. As a result, it constructs an
accumulation scheme for a more expressive memory model that includes both reads and writes.
There are a few important technical points about Protostar that merit further discussion.

Protostar lookup is only efficient for IVC and not PCD. The cost of the Protostar
prover per IVC step is linear in the number of lookups and independent of the size of the table.
However, the Protostar lookup accumulation is efficient only for constructing IVC schemes,
and not for PCD: in their analysis in Section 4.3 of Protostar, the authors explicitly leverage
the fact that they are accumulating a fresh (non-relaxed) special-sound lookup protocol with
a relaxed one. This is the key reason why the prover’s cost per step remains independent of
the table size, i.e. building PCD with the same approach, the prover time is not necessarily
independent of the table size. The same limitation also applies to Proofs of Deep Thoughts:
the scheme is efficient for IVC but not for PCD.

Special-sound protocol composition. We have previously discussed two general strategies
for composing relations and lookups—namely, the commit-and-prove approach and PIOP-level
composition—the composition method used here is that of special-sound protocol composition.
We focus on PIOPs among the broader class of interactive protocols because most modern
proof systems follow the PIOP+PCS paradigm. However, Protostar takes a different route: it
first translates the relation into a special-sound protocol and then constructs an accumulation
scheme for it. Thus, the composition of the relation with the lookup check is achieved through
the composition of their corresponding special-sound protocols.

Support of gigantic tables. Protostar requires a Pedersen commitment setup proportional
to the size of the table, and the runtime of the accumulator decider (i.e., the IVC verifier) is
also linear in the table size, which may be problematic for large tables. However, FLI [GM24]
demonstrates that Protostar can be extended to support the accumulation of decomposable
tables, as introduced in Lasso. This is achieved by reducing inclusion in a large table to inclusion
in several smaller tables and then accumulating the inclusion proofs for the smaller tables.

H.2 nLookup (HyperNova)

HyperNova [KS24] introduces a simple and accumulation-friendly lookup PIOP over a finite
field F. At a high level, consider a lookup table t of size N = 2k, which we interpret as a function
t : {0, 1}k → F. This table can be uniquely extended to its multilinear extension t̃(x1, . . . , xk).
To perform m indexed lookups into this table, we are given m pairs {(qi, vi)}i∈[m], where each
qi ∈ {0, 1}k is a Boolean vector (an index into the table), and the value vi ∈ F is claimed to
be t̃(qi). The goal is to prove these lookup claims efficiently within a recursive proof system.
To do this, HyperNova uses a sumcheck-based folding scheme that reduces the problem of
checking m evaluations to checking a single evaluation at a random point. A notable difference
in this scheme—although it may not perfectly fit our definition of a committed lookup—is
that the verifier (implemented inside the circuit) does not receive a commitment to the looked-
up subtable. Instead, all entries are revealed in plaintext, similar to Definition 1. This design
choice enables an efficient extension to projective lookups, in particular, certain elements of
the witness can be selectively checked without committing to them, an approach adopted in
Reef [Ang+24]. Another advantage of this technique is that, unlike FLI and Protostar, which
rely on Pedersen commitments, it does not require a large prime field. The protocol costs are
as follows:

Verifier’s cost (recursive overhead). It includes the sumcheck verifier and consists of
O(logN) field and hash operations, along with O(m logN) field operations required to com-
pute certain eq polynomials used in the sumcheck protocol. The nLookup protocol implicitly
performs a smallness test by providing the indices qi as a Boolean vector, which ensures that
these indices lie within the range defined by the table size. However, this means that the prover
needs to enforce all entries of qi are Boolean points. Consequently, such a lookup table may
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offer limited savings for simple range-proof tables, as a naive bit-decomposition approach would
still require O(m logN) constraints in the circuit.

Prover’s cost (per step). It involves a linear number of field operations to carry out the
sumcheck prover.

Decider’s cost. As for the accumulation decider (IVC verifier), it must evaluate t̃(r) at a
random point r ∈ Fk, which in general requires O(2k) field operations. This cost may be reduced
if the table t exhibits additional structure. For example, if t̃ admits an efficiently computable
multilinear extension, then the evaluation of t̃(r) can be performed more efficiently than by
naive interpolation.

H.3 FLI

IVC (PCD) plays a crucial role in the continuation process for zk-VMs [Tha24]. This process
involves the prover dividing the program into smaller chunks, proving each one separately, and
then aggregating the individual proofs into a single proof. With the motivation of making Jolt
continuation-friendly, FLI [GM24] builds an accumulation scheme for Lasso lookups. Consider
a lookup table t ∈ FN and a witness vector w ∈ Fn. The lookup relation can be represented
as a matrix-vector product: M · t = w, where M ∈ Fn×N is an elementary matrix—that
is, each row of M contains exactly one entry equal to 1, with all other entries being 0. The
lookup relation in Lasso can be formalized as follows. Given an index I = (F, n, t), the lookup
instance consists of commitments com(t), com(w) and com(M). The lookup witness includes
the plaintext matrix M and the vector w, satisfying two constraints: (I) M · t = w, (II) M is
an elementary matrix. A key observation is that the first constraint is linear :{

M1 · t = w1

M2 · t = w2

=⇒ ∀α ∈ F : (M1 + α ·M2) · t = w1 + α ·w2.

Thus, given a homomorphic commitment scheme for matrices, these linear constraints can be
accumulated via linear combinations without introducing error terms. The second constraint—
that M is an elementary matrix—can be enforced algebraically through the identities:

M ·M = M and M · I = I where I = (1 1 . . . 1)

which are reminiscent of R1CS-style constraints. Using techniques inspired by Nova [KST22],
FLI builds an accumulation scheme that can handle such constraints efficiently. Finally, FLI
extends its accumulation approach to decomposable tables by decomposing large tables into
smaller base tables, allowing lookups to be accumulated across these smaller components as
well.

Requirement of homomorphic commitments. As discussed above and similar to Pro-
tostar, the commitment to the matrix M ∈ Fn×N—which contains n · N entries—must be
homomorphic. Using commitment schemes with a linear setup, such as Pederson, may impose
restrictions on the size of the table N .

Non-efficient decider time. Accumulating sparse matrices via linear combinations poses a
challenge: given two matrices M1 and M2 with n1 and n2 non-zero entries, respectively, their
sum may have up to n1+n2 non-zero entries. As a result, the accumulated matrix M gradually
loses its sparsity over multiple rounds of accumulation. This sparsity loss impacts the decider.
Specifically, the decider must recompute com(M) from the plaintext matrix M . However, since
M may contain up to min {

∑
ni, |M |} non-zero entries, the decider’s workload increases,

potentially making the scheme impractical for large matrices. Nevertheless, we believe that
this limitation does not hinder the main motivation of the paper, which is to construct an
accumulation scheme for Jolt-style lookups. In Jolt, instruction tables are decomposed into
relatively small lookup tables of size 216 [a1624]. Therefore, even with densification of M , the
decider cost remains manageable in this context.
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I Projective Protostar Lookup Accumulation

Prover(w, t, s) Verifier(t, s)

Compute mT such that

∀ i : mi :=
∑
i∈[n]

I(wj = ti) m,w

r sample r ∈ F

Compute h ∈ Fn and g ∈ FN s.t.

∀ i ∈ [n] : hi =
si

wi + r

∀ j ∈ [N ] : gj =
mj

tj + r

h,g

∑
i∈[n]

hi
?
=

∑
i∈[N ]

gi

∀ i ∈ [n] : hi · (wi + r)
?
= si

∀ i ∈ [N ] : gi · (ti + r)
?
= mi

Fig. 2: Special-sound protocol for projective logup

In Figure 2, we present the special-sound protocol for the projective logup. The terms high-
lighted in red indicate modifications from the original protocol. We assume that both the
prover and verifier already have access to the projective indices s, as these are typically gen-
erated during circuit preprocessing. This protocol is adapted from the version with negligible
completeness error, which suffers from undefined prover messages when wi+r = 0 or tj+r = 0
for some index. Following the suggestion in Protostar, the verifier’s checks can be modified to
achieve perfect completeness:(

hi · (wi + r)− si
)
· (wi + r) = 0,

(
gi · (ti + r)−mi

)
· (ti + r) = 0.

A proof of special-soundness is left to the reader.
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