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Abstract

Folding schemes are a powerful tool for building scalable proof systems. How-
ever, existing folding-based SNARKSs require embedding hash functions (modeled
as random oracles) into SNARK circuits, introducing both security concerns and
significant proving overhead.

We re-envision how to use folding, and introduce Symphony, the first folding-
based SNARK that avoids embedding hashes in SNARK circuits. It is memory-
efficient, parallelizable, streaming-friendly, plausibly post-quantum secure, with poly-
logarithmic proof size and verification, and a prover dominated by committing to
the input witnesses.

As part of our construction, we introduce a new lattice-based folding scheme
that compresses a large number of NP-complete statements into one in a single shot,
which may be of independent interest. Furthermore, we design a generic compiler
that converts a folding scheme into a SNARK without embedding the Fiat-Shamir
circuit into proven statements. Our evaluation shows its concrete efficiency, making
Symphony a promising candidate for applications such as zkVM, proof of learning,
and post-quantum aggregate signatures.
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1 Introduction

Succinct non-interactive arguments of knowledge (SNARKSs) allow a prover to con-
vince weak devices that a computation was performed correctly using only a short
proof. It has enabled new applications such as scaling and securing blockchain [Whil8;
Xio+23], digital provenance [NT16; DB22; KHSS22; DCB25], verifiable machine learn-
ing [CWSK24; YCBC24], verifiable delay functions [BBBF18], etc. While many effi-
cient SNARKs were introduced [BBHR18; AHIV17; Ben+19; Gol+23; ZCF24; Bre+25;
COS20; BS23; ACFY25], they require massive memory for proving large statements. A
memory-efficient framework is to split the computation into small steps and prove each
step separately. Two main strategies exist: streaming provers [BCHO22; PP24; Baw+-24]
and incrementally verifiable computation (IVCs) or proof of carrying data (PCDs). Early
IVC/PCD systems rely on recursive SNARKs [Val08; BCTV14], which embed a SNARK
verifier into each statement. The recursion imposes prohibitive overhead and remained
only of theoretical interest.

Recently, a new framework called accumulation or folding was introduced in Halo [BGH19]
and further developed in [BCMS20; Biin+21; BDFG21; KST22]. Folding is a public-
coin protocol that reduces the task of checking multiple uniform statements to checking
one, and can be made non-interactive via the Fiat-Shamir heuristic. Though weaker
than SNARKSs without the full succinctness, folding is more concretely efficient and still
suffices for IVC/PCDs [Biin+21; KST22].

Before our work, the standard (and the only) approach to use folding to obtain
succinct proof systems is by folding recursive statements. E.g., in an IVC, at each
iteration step, the prover folds an accumulated statement and an online statement to
obtain a new accumulated statement, and it generates a new online statement that
checks a step function and the correctness of the previous folding step. This technique
extends to folding trees (or DAGs) to obtain PCDs. Since folding verifiers are much
simpler than SNARK verifiers, this achieves significant speedups over recursive SNARKSs.
Compared to monolithic SNARKSs, folding is more streaming-friendly and allows one to
start proving without knowing all witnesses upfront. However, this strategy faces a few
key limitations.

Instantiating random oracles. Existing folding schemes require Fiat-Shamir for
non-interactivity, and hash-based folding schemes [BMNW25a; BMNW25b; BCFW25]
invoke even more hashes for Merkle openings. This leads to both efficiency and security
concerns.

Efficiency-wise, the folding verifier logic embeds heavy hashing gadgets: A standard
hash gadget takes thousands of R1CS constraints; even a SNARK-friendly hash takes
hundreds of constraints. To justify, the Fiat-Shamir circuit is dominant in lattice-based
folding schemes [BC24; BC25; NS25]; the verifier for hash-based 2-to-1 folding schemes
already takes tens of millions of R1CS constraints.

Security-wise, hash-based SNARKs and the Fiat-Shamir transform are only proven
secure in the random oracle model. If we instantiate the oracle with concrete hash



functions and embed it into proven statements, the scheme’s security relies only on
heuristic conjectures. Even worse, attacks exist [KRS25] for GKR-based SNARKSs if we
allow the proven statement to compute the Fiat-Shamir hash function itself.

Limited folding arity. Due to the cost of hashing gadgets, folding typically takes
only 2 or 3 inputs per step. Batch proving more input statements then requires deeper
folding trees, which degrades parallelism and security. For example, IVCs/PCDs from
rewinding-based folding is secure only if the folding depth is a constant, with known at-
tacks to certain schemes for super-logarithmic depths [L.S24; BMNW25a]. Some schemes
propose folding more inputs per step [Ngu+24; RZ22] but the embedded folding verifi-
cation circuit becomes more expensive. We thus ask,

Can we obtain memory-efficient folding-based SNARKs with streaming provers,
without deep folding trees or instantiating random oracles in SNARK cir-
cuits?

1.1 Owur Contributions

We re-envision how to use folding. For the first time, we move away from recursive folding
and advocate a high-arity folding approach. While previously deemed impractical, we
introduce a new framework that makes high-arity folding feasible and avoids instantiating
random oracles inside SNARK circuits.

First, we construct a new lattice-based high-arity folding scheme. It is plausibly
post-quantum secure, with a prover only dominated by computing the input witness
commitments, and the verifier is mainly just combining the commitments using a random
vector generated by the Fiat-Shamir heuristic.

Second, we develop a generic framework that converts a broad class of folding
schemes, including all group-based and lattice-based ones, into SNARKSs in the ran-
dom oracle model. Each input statement depends only on the application logic, not
the folding verifier. We do need an extra proof ensuring the correctness of folding, but
it does mot embed random oracle calls inside the proven statement. In Section 8, we
further extend the technique to support higher folding depths.

Evaluation and applications. In Section 7, we present a candidate instantiation for
our folding-based SNARKSs. It supports efficient proof generation for 2'6 standard R1CS
statements over a 64-bit field, each with over 2'6 constraints. We expect the resulting
proofs to be under 200KB (and under 50KB if post-quantum security is not required),
with verification in tens of milliseconds. The prover is memory-efficient, parallelizable,
and streaming-friendly, i.e., it can start working as soon as some proven statements are
known. (See Remark 4.1 for more details.) The prover cost is dominated only by witness
commitments, which takes about 3 - 232 multiplications between arbitrary elements and
low-norm elements over R, := Z,[X]/(X% +1). Further speedup is possible if the
R1CS witness already has a low £o.-norm. For instance, if the witnesses are 8-bit signed
integers, we expect another 8x speedup.



Our folding framework is useful in applications where computation decomposes into
many uniform statements. Examples include video editing provenance, post-quantum
aggregate signatures, zkVMs, and proof of machine learning.

1.2 Technical Overview

Lattice-based high-arity folding. We first review a standard framework for con-
structing folding schemes from linearly homomorphic commitments. Each input is a
committed R1CS statement': the instance consists of a public input Xj, and a com-
mitment ¢; the relation checks that a message-opening pair (m, o) is valid for ¢ and that
m satisfies the R1CS constraints. Our lattice-based folding scheme compresses £pp > 1
R1CS statements in three steps:

1. Commitment. The prover commits to the witnesses of the ¢,, statements using
a ring/module-based Ajtai commitment [Ajt96; PR0O6G; LMOG].

2. Sumcheck reduction. Standard techniques [Set20; CBBZ23] transform the
R1CS statements to a sumcheck claim. The prover and verifier then run a sumcheck
protocol [LFKN92] that reduces the claim to ¢4, linear evaluation statements.

3. Random linear combination. The verifier samples a low-norm vector 3. The
prover combines the witnesses using 3, and the verifier similarly combines the
instances. By linearity of the evaluation statements and the Ajtai commitments,
the committed linear relation is preserved after the random linear combination.

The key challenge, however, is in proving the low-norm property of the witness openings.
This guarantee is essential for the binding property of Ajtai commitments and for proving
the knowledge soundness of the folding scheme.

We combine random projection [GHL22; BS23; KLNO25] with the monomial em-
bedding technique [BC25] to obtain a range proof with near-optimal complexity:

Random projection. LaBRADOR [BS23] adapts the technique from [GHL22], re-
ducing the norm-check of a long vector w to that of a shorter vector Jw mod ¢, where
J € {0, :I:l})‘PJ X" is a random matrix. Yet, the verifier time is linear in the witness size for
generating J. Recently, Kloo et al. [KLNO25] introduces a refinement with sublinear
verifiers by using a structured projection J :=1I,,, ® J', where J € {0, +1}e x4 i a
narrower random matrix. While elegant, the resulting protocol has a sub-optimal prover
and the verifier checks certain relations over integers that are cumbersome to represent
as a circuit over finite fields.

Monomial embedding lookup. To prove that the projected vector w' = Jw mod
q is low-norm, we use the exact range proof from LatticeFold+ [BC25]. Let R :=
Z[X]/(X?+ 1) be a power-of-two cyclotomic ring, R, := R/qR, and define a table

! An R1CS relation is NP-complete and can capture arbitrary computation.



lookup polynomial ¢(X) := 3 ;cpy 4/2) - (X' + X% € R,. On input instance a commit-
ment to an integer vector f € (—d/2,d/2)", the range proof reduces the norm check of f
to a simple linear relation: the prover sends a commitment to a monomial vector g € Ry
(where for i € [n], g; ~ X% embeds f; onto exponent) and proves that the constant term
of g; - t(X) equals f; for all ¢ € [n]. The prover cost is approximately O(n) R4-additions.

LatticeFold+ actually proves the norm of a ring vector w € R™, which corresponds
to an integer coefficient matrix W € Z"*?_ A naive extension would require sending
d monomial commitments, leading to large communication and expensive verification.
LatticeFold+ addresses this via a commitment transformation technique, which is highly
complex and requires two extra sumchecks that cannot be batched with the one already
used for R1CS.

Our simplification. In our setting, we only need to check the norm of a projected
vector w' = Jw mod ¢q € Rg/eh, whose coefficient matrix W’ € ([—¢/2, q/2) N Z)"/th)xd
has smaller dimensions.” By flattening W’ into a vector, we directly apply the mono-
mial embedding protocol without commitment transformation. Moreover, the prover
only computes O(1) instead of d monomial commitments. After integrating the range
proof with the three-step framework above, the prover is mainly for computing witness
commitments (O(n) Rg-multiplications per input). The verifier circuit complexity is
dominated by the Fiat-Shamir heuristic and the random linear combination of the input
instances. However, the Fiat-Shamir circuit size is still large with high folding arity /,p.
This makes the standard IVC/PCD compiler infeasible.

Memory friendliness. As discussed in Remark 4.1, the folding prover can be imple-
mented in a memory-efficient way, requiring space roughly the same as the witness size
n of each input statement. As a tradeoff, the algorithm requires 2 + loglog(n) passes
over the input data. Designing a one-pass streaming algorithm with comparable prover
complexity in the non-recursive setting remains an open problem.

From folding to SNARKSs: The commit-and-prove compiler. We present a new
compiler that eliminates the Fiat-Shamir circuit. Before presenting the full scheme, we
consider a warm-up that compiles a single-shot folding protocol Ilsq into a SNARK:

1. Apply Fiat—Shamir to make the public-coin Il¢yy non-interactive.

2. The prover executes the non-interactive folding scheme FS[Ilt,4] to obtain a folding
proof m and a reduced instance X,. Using the corresponding witness W,, it gen-
erates a SNARK proof 7mgnark for the reduced relation (X,,W,) € R, and outputs
(7T7 Xo, 7Tsnark)-

3. The SNARK verifier checks the SNARK proof msnark against X, and runs the folding
verifier of FS[IIgq] to check proof 7 against X, and input X.

2As a tradeoff, we only achieve approximate range proofs. But this is sufficient in our framework
where the folding depth is a small constant.



This naive approach is simple but inefficient for large ¢n,. For £,, = 1000, the folding
proof 7 easily exceeds 30MB in size with lattice or hash-based schemes. An alternative is
embedding the folding verification circuit into the SNARK relation, which is impratical
either. For ¢, = 1000, the Fiat-Shamir transform circuit alone blows up to millions
of 2-to-1 hashes over cryptographic fields, with hash-based folding schemes being even
worse.

We overcome the bottleneck using commit-and-prove SNARKs (CP-SNARKSs) [Kil89;
CLOS02; CFQ19], a special class of SNARKs proving that a witness satisfies an NP-
relation and is a valid opening to the instance commitments. Crucially, the SNARK
statement does not encode the commitment-opening relation. Our final scheme below is
inspired by Protostar [BC23], but the underlying commitments IIcm need not be linearly
homomorphic.

1. Convert Ilgyg into an interactive protocol CM[Il¢y,, g, where in each round, in-
stead of sending message m;, the prover sends a commitment cgs ; = Ilcm.Commit(m;).
At the end, the prover further sends the openings (m;);. The verifier checks that
(m;); are valid openings to the commitments and simulates the verifier of Il¢qg
w.r.t. (ml)z

2. Apply Fiat—Shamir to make the public-coin CM[II¢y, Ilfoq] non-interactive. Let
FS[Iem, Hfola] denote the resulting scheme.

3. Convert FS[II¢y, foq] into a SNARK as follows:

e The prover computes commitments {css ; };, folded instance X,, and a SNARK
proof menark for (Xo,W,) € R,. Let mp, be a CP-SNARK proof of knowl-
edge for messages {m;}; checking that [(cfs;)i, (m;):] is a valid folding proof
(w.r.t. FS[IIem, o)) for x and X,. The prover sends {cfs}ti, Xo, Tsnark, and
Tep-

e The verifier checks mgnark against X,. It then derives folding verifier challenges
{r;} from the FS-transcript (X, {cfs,; }4) and checks 7, against (X, Xo, {¢fsis 75 }i)-

For Il.,, we can use Merkle commitments as in hash-based CP-SNARKSs or KZG com-
mitments as in pairing-based CP-SNARKs. Compared to the warm-up, this scheme
compresses > 30MB-sized folding proofs into log(n) Merkle (or KZG) commitments,
under 1KB for typical statement sizes.

Crucially, given the property of CP-SNARKSs, the CP-SNARK statement embeds no
Fiat-Shamir circuits instantiating random oracles, nor checking that {m;}; open correctly
to {cfs,i}i- Instead, it only proves O(¢np) multiplications over R, (for combining Ajtai
commitments). For large input instance X, verifying me, can be costly. Remark 6.1
describes an optimization that further compresses X.

Higher folding depth without recursive circuits. Our instantiation folds 2'°
RICS statements over R, = Z,[X]/(X% + 1), equivalent to 26 statements over Z,.
Recent hash-based SNARKSs can easily prove more than 224 R1CS constraints in a few



seconds. So we can handle more than 2%° constraints in total. In principle, even larger
arity is possible: e.g., a 2'-way folding batches over a million statements, enough to
prove a billion RISC-V instructions if each statement covers a thousand instructions.
However, higher arity increases norm blowup, forcing larger moduli or lattice dimen-
sions, and requires the CP-SNARK to prove more R, ,-multiplications. For extremely
large number of statements, we might want to increase folding depth modestly (e.g.,
depth two).

Our scheme extends to higher folding depths. After obtaining the first layer CP-
SNARK proof and the reduced statement (X,,W,) € R,, we further split (X,,W,) to
multiple uniform NP statements. Our high-arity folding scheme, combined with the
commit-and-prove compiler, then reduces these uniform statements again into a CP-
SNARK and a SNARK proof. The final output is two CP-SNARK proofs plus one
SNARK proof. Importantly, we still avoid embedding Fiat-Shamir heuristics in circuits.
In Section 8, we show how to split (X,,W,) when the Ajtai commitment parameter
satisfies a structural property. For general cases, we might use Mangrove’s uniformization
technique [Ngu+24] and we leave the detailed construction to future work.

1.3 Additional Related Work

The most relevant works are LatticeFold+[BC25] and the recent lattice-based SNARK
of [KLNO25] discussed in Section 1.1. We summarize other prior work below.

There are two main categories of plausibly post-quantum secure folding schemes.
Hash-based folding schemes [BMNW25a; BMNW25b; BCFW25] achieve asymptotically
fast provers but have expensive folding verifiers due to many Merkle openings. Lattice-
based folding schemes [BC24; BC25; NS25; FKNP24] have smaller verifier circuit, but the
circuit for the Fiat-Shamir transform is still a bottleneck, which forces them to use low
folding arity under the standard IVC/PCD compiler [Biin+21; KST22]. Unfortunately,
standard IVC/PCD compilers only allow for constant folding depth, meaning that the
resulting schemes can fold at most O(1) statements. Recently, Mangrove [Ngu+24]
introduces a more efficient SNARK compiler from folding schemes, but it still requires
embedding the entire folding verifier circuit (including FS) into each statement. Chiesa
et. al. [CGSY24] provides a tighter security bound for the PCD compiler from recursive
SNARKSs, though it only applies to SNARKSs with straightline extractors.

Several works [CCS22; Che+23] show how to construct PCD in oracle models without
instantiating the oracles. However, they rely on the existence of relativized SNARKs,
which do not exist in the random oracle model [BCG24].

1.4 Organization

We provide necessary background in Section 2. In Section 3, we introduce a toolbox of
protocols that serve as building blocks for our folding scheme. Section 4 presents our
high-arity folding scheme that compresses a large number of R1CS statements. Next,
Section 6 presents a generic compiler that converts the high-arity folding scheme into a



succinct argument. Section 7 gives a candidate instantiation. In Section 8, we extend
our scheme to support folding depth two.

2 Preliminaries

In Section 2.1, we provide necessary background about cyclotomic rings, norms, and the
techniques of monomial embedding and random projection. Section 2.2 reviews the no-
tion of binding commitments and the instantiations over lattices. Section 2.3 reviews the
tensor-of-rings framework, which is useful for interleaving between sumcheck and folding
operations. Section 2.4 reviews the notion of reduction of knowledge that captures both
SNARKSs and folding schemes. Section 2.5 interprets the sumcheck protocol as a special
reduction of knowledge. Finally, Section 2.6 recalls (commit-and-prove) SNARKs.

Notation. A € N is the security parameter. A function f(\) is poly(A) if there
exists a ¢ € N such that f(A) = O(X°). If f(A) = o(A7€) for all ¢ € N, we say f())
is in negl(A) and is negligible. A probability that is 1 — negl(\) is overwhelming.
We use logarithm log(:) to denote logy(-). For I,r € Z, I < r, (I,r) denotes the set
{l+1,l1+42,...,r—1}. Wedenote by [I,r) := (I—1,7), [l,7] :=[l,r+1), and [n] := [1, n].
Z, denotes the ring of integers modulo ¢ with unique representatitves in [—¢/2, ¢/2) N Z.
For a set S that supports element subtraction, S — S is the set of differences between
any two distinct elements in S. An indexed relation is a set of triples (i, X, W) where
the index i is fixed at the setup phase, X is the online instance and w is the witness. We
omit i when clear in context.

2.1 Algebra Background
We follow the notation from [BC25] and provide necessary algebra background.

Vectors and matrices. A vector is a column vector by default and a ring is always
commutative. For a vector f of length n and every i € [n], we denote by f; or f[i] the
ith element of f. For vectors f,g of the same length, their inner product is denoted
as (f, g). I, denotes the identity matrix of rank n. Let R be a ring. For vectors
uy,...,u; € R, we denote by [ug,...,u;] € R** and (uy,...,u;) € R™ the horizontal
and vertical concatenations. Row vector concatenations are defined similarly. For a
matrix M € R™™, {M;. € R™};cp, and {M,; € Rn}jefﬁﬂ denote the rows and
columns of M, respectively. flt(M) := (My,,...,M, ) € R™ denotes the vertical
concatenation of its rows.

Cyclotomic rings. R := Z[X]/(X%+ 1) denotes the power-of-two cyclotomic ring
of dimension d = 2*. Let ¢ > 2 be a prime, R, := R/qR = Z,[X]/(X?+1) de-

notes the residual ring of R with respect to ¢q. For f = Zz‘e[d] X € Ry, we
use cf(f) == (f1,...,fa) € Zg to denote its coefficient vector, and ct(f) := fi is the
constant term. For £ € R, we define cf(f) := (cf(f1)",...,cf(f,)7) € Z2*? and



ct(f) = (ct(f1),...,ct(fn)) € Zy is its first column. Conversely, given f € Zg and
F e Z3*4, cf1(f) € R, and cf (F) € Ry are the ring element and vector such that
cf(cf~1(f)) = f and cf(cf~1(F)) = F.

Z’I’LXm

Norms. The />-norm and /,,-norm of a matrix F € are defined as

1/2

o Rl= > Fi

i€[n], j€|m]

= max F;
ie[n],je[m](| 4

¥l

The norm of a ring vector f € R" is the norm of cf(f) € Z"*?¢. The norm of F € R"*™
is the same as the norm of flt(F) € R™™. For ease of exposition, we abuse the notation a
bit and define norms for matrices over R, (and Z,) as the norms of their canonical
lifting matrices from R, (and Z,;) to R (and Z). The operator norm of a € R is

Ha' y||2 (1)

yER ”yHZ

and the operator norm [|S||,, for a set S C R is ||S||,, := maxges|[all,,- Similarly, we
define the operator norm for set S over R,, where fora € § C R,, y € R, we denote
by a-y € R the multiplication over R between y and the canonical embedding of a in R.

In our instantiation, we use the folding challenge set S in LaBRADOR [BS23],
where R, := Z,[X]/(X% + 1), and each element in S has coefficients in {0, +1, 42} and
operator norm at most 15. Moreover, elements in S — S are invertible over R, [LS18,
Corollary 1.2].

Gadget decomposition. Let ¢ € N be a modulus and 2 < b < ¢ an integer base. Set
k =1+ [log,(q)]. For a vector f € Z7, we define the base-b decomposition decompy, ;(-)
of f as follows: for each i € [n], decompose f; € Z, as g; € Z’; such that ||g;||,, < b/2
and f; = (g;, (1,b,...,b"1)). Then set decomp,, 4 (f) := (g1....,8n) € Z2*.

Monomial embedding. We review the monomial embedding framework from [BC25],
which encodes a bounded integer to a monomial. Define the d-monomial set

M = {0, 1,X,...,Xd*1} C Z,[X]. 2)
Sometimes we also write M C R, to denote the natural embedding of {0, 1,X,....X d_l}

to the ring R,. And a € M denotes that a € R, is in the embedding set of M in R,.
Note that X¢ = —1 over R,. We define the table polynomial

HX)i= > i (X'+X )= > i (X'-X")eR,. (3)

i€[1,d/2) i€[1,d/2)

10



For a € (—d/2,d/2) C Z,, sgn(a) € {—1,0,1} is the sign of a and sgn(0) := 0. We
define Exp(a) := sgn(a)X® € M C R, for a # 0 and Exp(0) := {0,1, X%?}. For
M € (—d/2,d/2)™ ", define

Exp(M) := (Exp(Mi,5))ic[m), jefn] € M™". (4)
We review the following lemma.

Lemma 2.1 (Lemma 2.2 [BC25)). For all a € (—d/2,d/2) and b € Exp(a) C M, we
have ct(b - t(X)) = a. Conversely, for all a € Zy, if ct(b-t(X)) = a for some b € M,
then a € (—d/2,d/2).

Random projection. We review the random projection lemma from [BS23; GHL22],
which states that the fo-norm of a vector is preserved after random projection.

Lemma 2.2 (Corollary 3.3 of [GHL22], Lemma 4.2 of [BS23]). Let x be a distribution
over {0, %1} where Pr[xy =0] =1/2 and Pr[xy = —1] =Pr[x = 1] =1/4. For allv € Z",

Pr [[{u, v)| > 9.5]lv],] £ 271 (5)

u+—x"

Moreover, let g € N. For all B < q/125 and vector v € [—q/2,q/2)" with |jv||, > B,

Pr [HJV mod ¢||, < V30B| <2712, (6)

J¢y256%n

Coordinate-wise special soundness. Fix £ € N and let S be a finite set. For two
vectors a, b € S, we say that a =; b for i € [(] if a; # b; and a; = b; for all j € [¢]\ {i}.

Lemma 2.3 ([FMN24], Lemma 7.1). Define challenge space U := S* and output space
V. Let U :UxY — {0, 1} be any predicate. For every probabilistic algorithm A:U — )Y,
let
ew(A) == Pr [¥(u, A(u)) =1].

uty
There is an oracle algorithm & such that E4(wg,y0), on input ug < U, yo +— A(ug),
with probability at least

ey (A) —£/IS], (7)

outputs £ + 1 pairs (ui,yi)fzo such that U(w;,y;) = 1 for all i € [0,4], and u; =; ug for
alli € [€]. € calls A for 1+ { times in expectation.
2.2 Lattice-based Binding Commitments

We recall the notion of binding commitment schemes. Later, we instantiate it with the
module-variant of the Ajtai binding commitment [Ajt96; PR0O6; LMOG6].

Definition 2.1 (Binding Commitment). A binding commitment CM = (Setup, Commit, RVfyOpen)
with message space M*, commitment space C and opening space O consists of algorithms:

11



° Setup(l’\) — PPem © O inpul securily parameter 1’\, output parameter ppeny-

o Commit(ppcm,m) — (c,0) : on input parameter pp., and a message m € M*,
output a commitment ¢ € C and an opening state o € O.

e RVfyOpen(ppm, ¢, m,0) — b : on input the parameter pp.y,, commitment ¢ € C,
message m € M*, opening o € O, output a bit b indicating whether (m,o) is an
opening of ¢ w.r.t. Ppem-

CM satisfies the following properties:
Perfect Completeness: For all A and m € M*,

PPcm ¢ Setup(1?), 1=
Pr [ (c,0) <. Commit(ppe, m) RVfyOpen(ppem, ¢, m,0) =1 | =1.

Binding: For all expected poly-time adversary A,

PPem < SetuP(l)\)’ mia 7é meo A Vi € [2] :

Pr mi,01), :
(o forla) ) A RVGOen(p o) =

< negl(A).

We instantiate the binding commitment below.

Construction 2.1. Fix set S C Ry, a bound Bphq € R to be specified later and let
Bibnd 1= 2Bpnd- Set commitment space C := Ry where k = k()), opening space O :=
Oy, X (8§ —8) where

OB = 1F € By ¢ |[Vlly < Brond } 8)
and let the message space be
M :={meR] :3(f,s)e0:s-m=f}. (9)
The commitment® CM = (Setup, Commit, RVfyOpen, VfyOpen) works as follows:
e Setup(1) = ppg, @ Output ppg, = A «$ Ry™.
e Commit(ppcy,, m = f/s € M*) — ¢: Output ¢ := Am and o := (f, s).
e RVfyOpen(ppcm, ¢, m,0 = (f,s)) = b: Output 1 if and only if

Af=s-c NoecO ANs-m=f. (10)

e VfyOpen(ppey,, ¢, m,0 = (f,5)) — b: Output 1 if and only if s = 1 and
Af =c A |f||, < Bpna Am=Ff. (11)

We simply write VfyOpen(ppgy,, ¢, f) = 1 in this case.

3We add a strict opening verification interface VfyOpen(-) to distinguish strict and relazed openings.
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Completeness is straightforward. Let T denote the operator norm of S. As noted
in [BS23], the scheme is (relaxed) binding if the Module-SIS assumption MSIS, . », 47B,,,.4
holds (Definition 2.2). In the following, assuming that MSIS, . ,, . holds for some fss,
we fix

Bipnd == /BS|S/(4T) . (12)
Definition 2.2 (Module SIS [LS15]). Let ¢ = q(\), k = k(A\), n = n(\) and Bsis =
Bsis(A). The MSIS, . n ggs assumption states that for all expected polynomial-time ad-
versary A,
A & R

Pr x € R + A(A)

(Ax=0) A (0<|x]y <PBsis) | < negl(N).

Fine-grained commitment opening relation. Sometimes we need a more fine-
grained check on opening vectors. Let auxiliary parameters be £, € N and B € R, with
Cn | n. We say that VfyOpen,, p(ppcm;c,f) =1 if

Af=c A V(i j) € n/t] x[d] : [Fijll, < B. (13)
Here F; ; € Zgh“ is the submatrix of cf(f) € Zng. That is,
F171 A Fl,d
cof(f) =1 S
Frowa o Fujnd

Note that VfyOpen,, p(ppcm;c,f) =1 == VfyOpen(ppcy,c,f) = 1if B - /nd/l, <
Bhnd-

2.3 Tensor of Rings

We review the Tensor-of-Rings framework from [BC25; DP24; NS25]. Given an ex-
tension field K = F,¢ and a ring Ry = Z[X]/(X? + 1), define the tensor

E:= Ko, Ry. (14)

An element e in E can be represented as a matrix over Z’;Xd. Moreover, there are two
alternative ways to understand e € E:

e By viewing each column of e as a K-element, e = [eq, ..., e4] € K% is an element
in the vector space K% Thus we can perform scalar multiplication between a € K
and e € E, that is, a - [e1,...,eq] =[a-e1,...,a - eq].

e By viewing each row of E as an Rg-element, e = (€], ..., €;) € R is an element in

the Rq—module4 of dimension t. Thus we can perform scalar multiplication between
ec Eand be Ry, thatis, (¢),...,e;) - b=(b-¢|,...,b-€}).

Looking ahead, the K-vector space interpretation will be convenient for running sum-
checks over K; the R,-module interpretation will be convenient for folding witnesses via
low-norm challenges over S C R,.

“Modules are generalizations of vector spaces where scalars are ring elements.
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Multiplication between R, and K. Given the tensor E defined above, we define
multiplication between an Rj,-element and a K-element: Take a € K with coefficient
vector cf(a) € Z} and b € R, with coefficient vector cf(b) € Zfll, we define a-b € E as the
E-element represented by the matrix

cf(a) @ cf(b)" € ZL*?.
There are two ways to interpret the multiplication above:

b

0
e Welift b e R, toe, := | .| € E (where the 1st row is b and the following ¢t — 1 rows

0
are zeros) and perform scalar multiplication between a € K and e, (by viewing ey
as an element in the K-vector space).

o We lift a € K to e, := [a,0,...,0] € E (where the 1st column is a and the next
d — 1 columns are zeros) and perform scalar multiplication between e, and b € R,
(by viewing e, as an element in the R,-module).

2.4 Generalized Reduction of Knowledge

We generalize the notion of reduction of knowledge (RoK) [KP23]. The completeness
requirement is relaxed to allow honest provers to fail with negligible probability. The
knowledge soundness is modified to allow witness extraction for a relaxed input relation.
We follow the notation from [BC25] verbatim.

Definition 2.3 (Generalized Reduction of Knowledge). Let Ry, R}, Ra be indexed
relations. A reduction of knowledge II from Ry to Ra (with relazed input relation R )
consists of PPT algorithms below:

e G(1Y) = i: on input security parameter A output index i.

o P(i,x1,W1) — (Xo,Ws): take index i, a statement (X1,W1) such that (i,X1,W1) € Ry,
interact with the verifier, and output a statement (X2, W2) such that (i, X2, W2) € Ra.

o V(i,X1) — Xo: take index i, an instance X; for Ri, interacts with the prover, and
output an instance Xo for relation Ro. V outputs L if rejects early.

We denote by (P(wy), V) [i,X1] — (X2, W2) the interaction between P and V with common
input (i,X1). By default, (i) the reduced instances output by P and V are the same, and
(i) L ¢ L(R2). For notational convenience, we omit index | when clear in context.

The reduction of knowledge satisfies the properties below.
Definition 2.4 (e-Completeness). For all PPT adversary A,
i« G(1")
Pr (X1, wy) « A(i)
(X2, W2) <= (P(w1), V) [i, x1]

(i,Xl,Wl) ERL A

. <
(i, %o, Wo) ¢ Ro | =€

14



Definition 2.5 (k-Knowledge Soundness w.r.t. R}). There exists a function k(-) such
that for all expected polynomial time adversaries P* with non-negligible success probabil-
ity, there is an expected polynomial time extractor Ext, given i + G(1%), (x1,st) + P*(i),

Pr[(i, (P*(st), V) [i,x1]) € Ra] — Pr | (i, x1, Ext™ (i, x1,st)) € R’l} < k(N).

When Ry = R1, we simply say that it satisfies k-knowledge soundness.

Definition 2.6 (Public reducibility.). There is a deterministic polynomial time algo-
rithm f such that for all PPT adversary A and expected polynomial time adversary P*:

i+ G(1%)
Pr (X1,st) < A(i) c fiyX,tr) =x9 | =1.
(tr, X2, Wa) < (P*(st), V) [i, X1]

Here tr denotes the transcript of the interaction (P*(st),V) [i,X1].

2.5 The Sumcheck Protocol

Let K = F,: be an extension field. For vector r € K¥, we define its tensor ts(r) as

k

ts(r) = (eqy(r) )peqo,1yr € K* (15)

where eqy(r) = [ [(1 = b)(1 —r;) + bir;]. For a multilinear polynomial® f(X) €
K[X1, ..., Xiog(n)], we denote by its evaluation vector f as

f= (f(b))be{07]_}log(n) € Kn .

Observe that the evaluation f(r) at point r € KI°8(") satisfies that

f)y= > f)-eqr) = (£ ts(r)).

bc{0,1}1os(n)

Let g(X) € K[X1, ..., Xjog(n)] denote a multivariate polynomial over K of constant degree
D. We use ¢ = Commit(g) to denote that ¢ is a “virtual commitment” to the polynomial
g. The classical sumcheck protocol [LFKN92] can be understood as a special reduction
of knowledge from

X = (e, v € K),
Rsum = (X,W) o W= g(X) s.t. . (16)
¢ = Commit(g) A Zb€{071}1og(n) gb)=v
to the relation
X = (¢ r € K5O 4 € K),
Reval := (X,W) : W:g(X) s.t. . (17)
¢ = Commit(g) A g(r)=v

A multilinear polynomial is a multivariate polynomial with individual degree < 1.
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The protocol has linear-time prover and polylogarithmic verifier. The knowledge error
is €sum := D1og(n)/|K| + €pind Where €ping is the binding error of the commitment.
When ¢(X) is of the special form ¢(X) = h(f1(X),..., fr(X)) for some polyno-
mial h and multilinear polynomials fi, ..., fx, we instantiate the commitment ¢ as the
commitments to the evaluation vectors (f;)*_,, and checking g(r) = v is equivalent to:

(Vi e [k] = (£, ts(r)) =uw;) A h(ug,...,u) =v. (18)
By letting the verifier check h(uy,...,ur) = v, Reval can be simplified to a linear relation

X = ((Ci)le’ re Klog(n)j (ul € K)f:l)v
(xow) : w=(f); st . (19)
Vi€ [k] : (£, ts(r)) = u;) A ¢; = Commit(f;)

/ I
eval *—

Sumcheck batching. Given k sumcheck statements over K w.r.t. polynomials g1, ..., gx €
K[Xq,..., Xlog(n)], we can reduce them to a single sumcheck statement for the polynomial

Zle gi - &'~ 1, where a ¢ K is a challenge sampled by the verifier.

2.6 (Commit-and-Prove) SNARKs
We review and generalize the notion of SNARKSs and commit-and-prove SNARKSs.

Definition 2.7 (SNARKs). Let GenR(1) — (R, R’,i) be an algorithm that outputs
the description of a relation R, a relazed relation R’, and an index i on input the
security parameter. We simply write GenR(1}) — (R,i) when R = R'. A succinct
non-interactive argument of knowledge (SNARK) I w.r.t. GenR consists of algorithms:

Setup(R,i) — (pk,vk) : take relation description R and indez i, output proving parame-
ter pk and verifier parameter vk. We omit input i when clear in context.

Prove(pk, R,X,W) — 7 : take proving parameter pk, relation R, instance-witness pair
(X, W), output a proof .

Vf(vk, R, X, m) — b: take verifier parameter vk, relation R, instance X, and proof w,
output a bit b indicating accept (b = 1) or reject.

A SNARK satisfies properties below:

Completeness: For all PPT adversary A,

(R,R,i) + GenR(1%), (pk,vk) < Setup(R,i) (i,x,w) e R A

Prl o w) « AR, i), 7« Prove(pk, R, X, W) VF(vk, R,%,7) = 0

< negl(A).

Succinctness: The bitlength of proof m is poly(A,log(|w|)) and the wverifier time is
poly(A, X[, log(wl)).
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Knowledge soundness w.r.t. R': For all PPT adversary P*, there exists an expected
PPT extractor Ext such that

Pr (R,R,i) + GenR(1"), (pk,vk) < Setup(R,i)  (i,x,w) ¢ R' A
(X, m) < P*(pk,R), W« Ext(pk,vk, R, R',i) = Vf(vk,R,x,7) =1

Next, we review the notion of commit-and-prove SNARKs [Kil89; CLOS02; CFQ19].
Informally, given an instance X and a commitment ¢, it proves knowledge of W := (w7, W)
such that (Xx,w) € R and w; is an opening to the commitment c.

Definition 2.8 (CP-SNARKSs [Kilg89; CLOS02; CFQ19]). Let GenR(1*) — (R,i) be a
relation generator as in Definition 2.7 where the witness space is M] X - -x My x Mg. Let

CM = (Setup, Commit, RVfyOpen) be a commitment scheme. Define relation generator
GenR.(11):

e Run (R,i) + GenR(1*) and pp., <+ Setup(1?).

o Output i :== (ppem, 1) and relation

g .
R/ o ;(/__([:())[ZCTé;)Z’ ) . (i,X,W = (W1> <oy Wy, W*)) ER AN
L L ) 1)i=1)» . : . . . -) —=
W = (W, 00, W) Vi € [¢] : CM.RVfyOpen(ppem, Cis Wi, 0) = 1

(20)

A Commit-and-Prove SNARK (CP-SNARK) for CM and GenR is a SNARK w.r.t. GenR..
In practice, its instantiation is roughly as efficient as a SNARK for GenR.

3 A Toolbox of Reduction of Knowledge

In this section, we introduce several reductions of knowledge that will serve as building
blocks for our folding schemes.

Relation parameters. All relations in this paper share the public parameters:
= (ppcma qu K, E) (21)

where R, := Z,[X]/(X? + 1) for a prime ¢, ppe, = A € RE*™ is the MSIS matrix for the
lattice commitment CM (with commitment space C := Ry), K := Fg, and E := R;®z, K
is the tensor ring. In the following, we omit index i in relations for simplicity.

3.1 Generic Committed Linear Relation

We introduce generic committed linear relations, which serves as an anchor between
our folding scheme and a SNARK. Later, we will see how the folding scheme reduces
multiple R1CS statements into two efficiently provable statements in this linear relation.

17

< negl(A).



Set parameters aux = (nj, € N,(M; € Zg“m)fil), M = max;cp,1{m;} where
(mi)fil are powers of two and n > nj,. Define relation

X=(ceC,xeRyr, re Klos M 'y ¢ Ek=)
w=feRr; st

x =f[l.nin] A VfyOpen(ppcm,c,f) =1
A Vi € [ky] = (ts(r)[1..m;], MGE) = v;

aux
lin

= (X,w) : (22)

In words, the witness f is a valid opening to the commitment ¢ and matches the public
input x; moreover, for i € [k;], v; equals the inner product between M;f and ts(r)’s
prefix, where the tensor vector ts(r) € KM is defined in Eq. (15).

3.2 RoKs for Hadamard Relations

We reduce checking a batched Hadamard product relation (common in R1CS) to a
generic linear relation. The idea is similar to that in Neo [NS25] and LatticeFold+[BC25].
Fix parameters aux := (nj, = 0, (M; € Z;”X”)g’:l) where m is a power-of-two. The input
relation is

an._ J(y w) x=ceC, W:FGZng St
had *— y . (MlF) ) (MQF) = MSF A nyopen(ppcm’ c, Cfﬁl(F)) -1 )

(23)
where o denotes element-wise multiplication. The output relation is®
X=(ceC,reKem yvcE3),
. — & (X, W) w=f¢e Rg s.t. . (24)
VfyOpen(ppem, ¢, f) =1 A Vi € [3] 1 ((M;f), ts(r)) = v;

The reduction protocol Ilj,q is described in Figure 1.

Proposition 3.1. Ilp.g in Figure 1 is an RoK from Ry (Eq. (23)) to Riw* (Eq. (24)).
Proof. We show that IIj,q is perfectly complete and ((d+log(m))/|K|+ €sum)-knowledge
sound, where €gm is the knowledge error of the (committed) sumcheck RoK in Sec-
tion 2.5.
Completeness. If the input (X = ¢,w = F) € R{%, the sumcheck claim in Eq. (25)
holds. By the completeness of the sumcheck RoK, the verifier’s check in Eq. (26) passes,
and the output is in Rj™.
Knowledge soundness. Consider an adversary P*. The extractor simulates the pro-
tocol with P*, and from P*’s output w, = f, it returns F := cf(f).

Suppose (Xo,W,) € R, i.e., cf ~1(F) is a valid opening to c and the linear evaluation

statements hold. If F does not satisfy the Hadamard product check in RSy, then exists

SWhen computing M;f € R7", M;’s entries are interpreted as R,-elements.

18



Parameters: aux := (nj, = 0, (M; € Z;"™*™)2_))
Input: X:cECandW:FEZng
Output: x, = (¢, r € KI¢™ v c E3) and w, = f € Ry
The protocol (P(x;w);V(x)):
1. V — P: Send challenges s < KI°¢™ and o +s$ K
2. P < V: Run a sumcheck protocol for the claim

d

oD )| =0 (25)

be{0,1}logm \ j=1

where the polynomial f;(X) € K[X1,..., Xiogm] (1 < j < d) is defined as

[i(X) = eq(s, X) - (91,5(X) - g2,;(X) — g3,;(X))

and g; ;(X) (1 < < 3) is the multilinear extension of M;F, ; € Zi".
The protocol reduces to an evaluation claim

d
D ot fir) =e
=1

where r < KI°¢™ is the sumcheck challenge and e € K
3. P — V: Send values U € K3*? where U, ; := g, ;(r) for i € [3] and j € [d]
4. V : Compute eq(s,r) € K and check

d

Zaj_l . eq(s,r) . (Ul’j . UQJ‘ — Ugvj) ; €. (26)
j=1

Abort if it fails, otherwise output X, := (¢, r,v € E?) where® for i € [3]

d

v, = Z(Xj_l) . UiJ eE.
j=1

5. P : output W, := cf }(F)

“Here X7~' € M C R, for j € [d]. The multiplication between R, and K is defined in Section 2.3.

Figure 1: The protocol II,,q to reduce R3Ly to R

lin
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a column j € [d] where the Hadamard check fails for F, ;. Thus, with probability at
least 1 — (log(n)/|K|) (over random s),

> i) #0.

bc{0,1}os(m)

Conditioned on this, with probability at least 1 —(d/|K|) (over random «), the sumcheck
claim in Eq. (25) is false. By the soundness of the committed sumcheck RoK, the
knowledge error is bounded by €sym + (d 4 log(n))/|K]. O

Proposition 3.2. Ily,q in Figure 1 runs a single degree-3 sumcheck protocol over K of
size m. The additional complexity beyond the sumcheck is as follows:
e Prover cost T;ad(m): 3d inner products between Z7* C K™ and K™ (for comput-
ing U), and the cost for computing’ (M;F)3_,.
e Verifier cost T'd(m): O(d + log(m)) K-ops.
e Verifier randomness T4 (m): O(log(m)) K-elements.

3.3 RoKs for Monomial Relations

LatticeFold+[BC25] introduces an RoK for monomials, which checks that each com-
mitment opening is a monomial vector, i.e., each entry lies in the monomial set M :=
{0,1,X,..., X491} C R, (Eq. (2)).

Lemma 3.1 (Lemma 4.2 of [BC25]). For parameters kq,mn € N where n is a power-of-
two, there exists a reduction of knowledge lmon from relation

_ (D) kg — (o(d) ny\kg
Rimon 1= {(x,w): x=(" €0y, w=(gh € )L, st } (27)

Vi € [kg] : VfyOpen(ppem, c!?,g?) =1 ngd e M"
to relation®

X = (reKeen [¢) eC,ul) e E]fil),
Rbatchlin = (Xv W) W= (g(z) € Rg)fil s.t.
Vi € [ky] : VfyOpen(ppem, ¢, g@) =1 A (g0, ts(r)) = ul
(28)
Besides a single degree-3 sumcheck over K of size n, the prover’s complexity T"°" (kg, n) is

O(nky) K-additions (for computing (u(i))fil) and O(n) K-ops. The verifier’s complezity
T;""(kg,n) is O(kgd 4 log(n)) K-ops.
3.4 Approximate Range Proofs for Ring Vectors

We reduce checking the norms of a ring vector to statements in generic linear relations.
The protocol combines the exact-norm proof idea from [BC25] and the random projection

Tt takes O((m + n)d) Zs-multiplications when M,’s are sparse R1CS matrices.
8The multiplication between R, and K is defined in Section 2.3.
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techniques from [BS23; KLNO25] to achieve near-optimal efficiency. As a tradeoff, the
protocol provides only an approximate range proof, i.e., the extracted witness may have
a slightly larger norm than specified in the completeness relation. Looking ahead, this
is sufficient in our setting, where the folding depth is a small constant (e.g., 1 or 2).

Let n € N denote the witness length, and ¢, € N, A, := 256 denote the projection
input and output length, with ¢, | n. Set norm bound B € R and d’ := d — 2. Let k4 be
the minimal integer such that

Bag, = (d/2) - (1+d +---+d* 1) >95B. (29)

Define input relation

(30)

R‘%B-—{(xw)- x=ceC w=feR! st }
aoB = L (x,w) .

VfyOpen,, 5(PPcm; ¢ f) =1 (Eq. (13))

X?’L)

Denote by aux; := (nin = 0,M; := L, ®J € Z((Im\pj/gh) for some random J <«

% For simplicity, assume that m = nXpj/ln is a power of two and md = n. (The

scheme naturally extends to more general parameter choices.) The output relation is
Ri* X Rpatchlin Where Rpatchiin is defined in Eq. (28) and

lin
X=(ceC,reKem ycE),
’Rlaizxj =< (X,w) : w=fe¢e RZ’ s.t. . (31)
VfyOpen(ppem, ¢, f) =1 A (Myf), ts(r)) = v
The reduction protocol Il is described in Figure 2.

Remark 3.1. Compared to LatticeFold+[BC25], our approximate range proofs require
fewer monomial commitments and therefore avoid the added complexity of folding the
so-called double commitments. Compared to LaBRADOR [BS23], our construction im-
proves the verifier complexity from linear to polylogarithmic.

Theorem 3.1. II,; in Figure 2 is a RoK from Rfé“B to Ri X Rpatchlin W.7-t. relazed

input relation ng’B/ where B' = 16Bq, /v 30. The completeness error is € = nyd/({p-
9141,

Proof. We show that II4 is e-complete and knowledge sound w.r.t. ng’B/.

Completeness. If the input (x =c,w=f) € Rfé“B, it suffices to show that

e P*aborts in Step 2 with probability at most e. This holds because ||H||, < 9.56B <
By, with probability 1 — ¢, by Eq. (29) and a union bound on Eq. (5).

e In Step 5, utgi) = (ts(s), v()) for all i € [k,]. This holds because

— v(® = HOTts(r) by definition.
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Parameters: (, € N, B € R, d’' := d—2, m := n\y/{, with md = n, Bqy, in Eq. (29),
t(X) € R, in Eq. (3), and index i in Eq. (21)

Input: Xx=ce€Candw="f € Ry

Output instance: X, = (X*, Xpat) Where X* = (c,r € KI°¢™ ¢ € E), and

Xbat = (r' := (r,5) € K12" [c) e C, u® € E]f7,). (32)

Output witness: w, = (f € Ry, (g e M”)fil)
The protocol (P(x;w);V(x)):
1. V — P: Send projection matrix J < y»i*‘n
2. P: Let H := (I, ®J) x cf(f) € ZI"? Abort if [|HJ|,, > Bgy,. Otherwise,
decompose H as
H=H®Y +7dH® 4+ ... £ gk~ 1H(kg) (33)
where |[HO||_ < d'/2 for all i € [ky). Flatten (H®)M, to (W@ = fit(H®))2,
3. P— V: Fori€ [k, send ¢ := A x g() € C where g()) := Exp(h(?)) € M"
4. P < V : Run protocol IIhen in Lemma 3.1 on input ((c(i))kg (g(i))fil)

i=1
e At the end of round log(m), upon receiving the sumcheck challenge r <
Klog(m) P sends v(®) := HO Tts(r) € K? for i € [ky]

o Let s <3 K!°2? be the last log(d) challenges, and for i € [ky], let u(® :=
(ts(r||s), g@) € E. IImnon reduces to checking

(ot = ((r,9). 9 w12, ) (89012, ) € Roatchin - (Eat (28))
5. V: For i € [ky], compute u(? - ¢(X) € E and write it as the K-vector space form
[ut&i), ol ut[(;)} e K4,
Reject if there exists ¢ € [kg] such that utgi) # (ts(s), v(), where v(¥) is the value

received at Step 4 (that is supposed to be H®) Tts(r))
6. V: Set X* := (¢,r,v € E) where v’s K-vector space representation is

vi= <v(1) +dv® 4 ... d'kf’_lv(kf’))T e Kixd, (34)

Output X, := (X*, Xpat)
7. P :output w, = (f € Ry, (g" e M")fil)

Figure 2: The protocol II,4 to reduce ng“B to Riw7 X Rpatchlin-
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— u® = (ts(r||s), Exp(h®)) € E by definition. Hence, by viewing E as an
R,module, u¥ - (X) equals (ts(r||s), Exp(h®)) - t(X)).

— By viewing E as a K-vector space, the first column utgi) of u(® - t(X) equals
(ts(r]ls), ct(Exp(h?) - £(X))).

— By Lemma 2.1, for all i € [k,], ct(Exp(h®) - ¢(X)) = flit(H®). Thus,

utf? = (ts(r]ls), ct(Exp(h®) - (X)) = (ts(x]ls), fit(H))
= (ts(s), HO Tts(r)) = (ts(s), v{¥).
((¢,r,v),f) € R . Since ¢ is the commitment to f, it suffices to prove the
linear statement ((Mf), ts(r)) = v where M, := I, ,, ® J. Towards this, for
H := (L), ®J) x cf(f), it suffices to check H'ts(r) =v' € K* (by viewing v € E
as an element in K'*?). This holds because v{?) = H®Tts(r) for all i € [k,] by
Step 4. Then v' = H ts(r) follows from Eq. (33) and Eq. (34).

(Xbat (g(i))fil) € Repatchiin. This holds by assignments of ¢, u() in Step 3, 4.

Knowledge soundness. Consider an adversary P*. The extractor simulates the pro-
tocol with P*, and from P*’s output w, = (f, (g(i))fil), it returns f. Let E denote the
event the verifier checks pass and (X,,W,) is in the output relation, but (¢, f) ¢ ng’B,
where c is the input commitment chosen by P*. Observe that E occurs only if at least
one of the following bad events occurs.

The norm check in VfyOpen,, p/(pPpem; ¢, ) (Eq. (13)) fails for B’ = 16 B4, /v/30,
but the random projection H := (I,,/;, ®J) x cf(f) has infinity norm |[H||, < By, -
Recall Ay := 256 and write

’

Hl,l R H,,
H = : : :

Hyg1 - Hpyagd
where H;; € Zy” for i € [m/Ay),j € [d]. |[H| . < Bay, implies that [|H, ], <
Vi - Bak, = 16Bg, = V30B' for all i € [m/Ay],j € [d]. Since f is bound to ¢

(as (X0, W,) is valid by assumption), by Eq. (6) of Lemma 2.2, this event happens
with probability at most 27128,

P*’s output (g(i))fi , are not monomial vectors. By Lemma 3.1, this happens with
negligibile probability.

The random projection H has infinity norm ||H||, > Bg, and (g(i))fil are mono-
mial vectors. For i € [k,], define H® € Zg”d such that

fit(HY) = ct(g? - (X)) € Z. (35)
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@] < d'/2 for all i € [ky]. Since |[H||,, > B,
H+HY + dH® 1 ... 4 gk~ THEF) | (36)

We first claim that (ts(s), H®Tts(r)) = (ts(s), v()) for all i € [k,]:

Since (X, W,) is in the output relation, u(® = (ts(r||s), g@) for i € [k,].
— By viewing E as an R,-module, u() - #(X) equals <ts(r|| ), g - t(X)).

By viewing E as a K-vector space, the 1st column utl is (ts(r]|s), ct(g® - t(X))),
which is (ts(r||s), fit(H®)) = (ts(s), H?Tts(r)) by Eq. (35).

- ut(li) = (ts(s), v(¥) by the check at Step 5. Thus the claim holds.

Thus, with overwhelming probability over s, we have H®Tts(r) = v(® for all
i € [kg]. Since ((c,r,v),f) € R{> by assumption, H'ts(r) = v' for H :=

(L/e, @ J) x cf(f), and by the verifier check in Eq. (34), we have
H'ts(r) =v' = (v(l) +dv® ... d/kg—lv(kg)>
= (H(mts(r) +dH Tts(r) + - - d”“g‘lH(’fg)Tts(r))

= (H(l) +dH®P ... d’krlH(kg)>T ts(r) .

Note that g(® (1 < i < kg) is bound to ¢®_ which is sent before sampling r.
By Eq. (36), the above equation holds with negligible probability over r.

Thus, E occurs with negligible probability and knowledge soundness holds. O

Proposition 3.3. Il in Figure 2 runs a single degree-3 sumcheck protocol over K of
size n. The additional complexity beyond the sumcheck is as follows:
o Prover cost Ty (kg, n): ndXy; low-norm Z-additions (Step 2), O(kgtn) Ry-additions
(Step 3), O(n) K-ops (Step 4), and T;"°"(kg,n).
o Verifier cost T,%(ky,n): kgt Ry-ops and d K-ops (Step 5), kyd scalar multiplica-
tions between Z, and K (Step ()) and T;"°"(kg,n).
o Verifier randomness [ (kg,n): Apjly bits plus the randomness for mon.

4 High-Arity Folding for NP-Complete Relations

In this section, we present a high-arity folding scheme for committed NP statements.
Section 4.1 introduces the generalized committed R1CS relation that captures real-world
computations. Section 4.2 then describes a folding scheme that compresses a large
number (e.g. 1024) of generalized R1CS statements.
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4.1 Generalized Committed R1CS Relation

In this section, we define the generalized committed R1CS relation Rg1cs. The
definition naturally extends to customizable constraint systems (CCS) [STW23].
Formally, setting auxiliary parameters

aux := (Nin, Ny, N := Nin + Ny, by, € N, B € R, (M; € Zglxn);)’:l). (37)
The generalized R1CS relation is defined as follows:

Xx=(ceCXjezZm*l) w=WezZmd st
F'=[X;,, W'l]ezn sit.

(M; xF)o(Ma xF)=M3 xF
A VfyOpeny, p(ppem, ¢, cf " (F)) =1

glrJi(cs = (X7 W) :

(38)

We can view this as checking d R1CS statements over Z, in batch. However, the witnesses
in RG1cs must be low-norm. To handle standard R1CS statements over Z, with arbitrary
witnesses, we apply the following standard trick.

Let ¢ be a prime, choose a base b € N, and set ks := 1+ |log,(q)|. Given the original

R1CS matrices (M; € ZJ"*™)7_,, we define the new R1CS matrices as
(M; :=M; ® [1,b,..., 0571 e Z )3,
where n := nike. Given the original instance-witness pairs (x(i) € Zg‘",w(i) € Zg“’)le,

in
an honest prover sets the converted instance X and witness W as

in in

X 1= (c, X, = [decompbykcs(:ﬁ(l))ﬂ . decompb,kcs(x(d))} S ZZ‘"Xd>
w:=W = {decompbykcs(w(l))ﬂ ... || decompy, . (W(d)):| € ZZde,

where (nin, ny) = (Nin, Nw) - kes and ¢ is the commitment to F as in Eq. (38). It then

proves the relation gf{‘cs where the parameter aux is defined as

Nin = Ninkes, Mw = Mwkes, M = Nin + N, €, € N, B = 0.5b+\/ 4}, (MZ);%:1

First, if the prover is honest, the converted statement will be in Rgy . because
1. Each entry of F is bounded by b/2, so the commitment opening relation holds for
bound B. '
2. Denote by fU) := (xi(g),w(j)) for all j € [d]. The Hadamard product condition

preserves since for every i € [3], j € [d],
M; x £0) = (M; ® [L,b, ..., 6" 1]) x decompy (7)) = M; x F. ;.

On the other hand, if we know a witness” W for (¢, Xj,), where the Hadamard product

condition (under Rgy ) holds and the opening F' := [X/] W] is bound to commit-

ment ¢, then we can recover a witness for the original R1CS statements by combining
every kes rows of W with the coefficients [1,b, ..., bFes—1].

9The low-norm W is not necessarily of £o-norm less than b/2.
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4.2 The High-Arity Folding Scheme

Parameters: (M, € Z;”X")?:l, my = nAp/ly, with m; <m <n
Input: X = (c € C, X, € ZJn*?), w=W ¢ Zpwxd
Output instance: X, = (X*, Xpat) where

X* = (c, zin € R v = (r € K80 5) € K8 v ¢ E*) (39)
Xpat = ((E,5,s) € K€" [¢) e C, ul® € E)f4)) (40)

Output witness: w, = (f € Ry, (g® € M”)fil)
The protocol (P(x;w); V(x)):
1. V— P : Send challenges below:
o J <> in Step 1 of I, (Figure 2)
o s’ «sK°8(™) o 5K in Step 1 of ITjag (Figure 1)
2. P — V : Send helper commitments (¢ := A x g(i))fil in Step 3 of I1, (Figure 2)
3. P < V : Run two sumcheck protocols in parallel® for
e the sumcheck claim from Eq. (25) in Step 2 of Ij,q
e the sumcheck claim from Ilmen in Step 4 of II4
The first sumcheck has log(m) rounds, the second has log(n) rounds.
The two protocols share the sumcheck challenge

(F € Klo8(m)) 5 ¢ Klog(m/my) g ¢ Klog(n/m))

4. P <+ V : Execute the rest of Ilh,q and Ilg.
e Il}.q outputs

Xhad,o = (C, r.= (f‘,g),V, € E3), Whad,o = fe RZ (41)
e II,; outputs

Xigo = [X = (¢,7,0 € E), Xoar = ((1,5,9), [V, ul? € EJ2,)]  (42)

)

Wego = (F, (87 € M™MF)) (43)

5. V: Output X, = (X*, Xpat) where X* = (¢, zin := f 1(Xin),r, v i= (V/,v)) and Xpat
is in Eq. (42)
6. P : Output w, = Wz,

“We can further combine the two sumcheck instances to one via random linear combination. We
omit this optimization for simplicity.

Figure 3: The protocol Ilgr1cs to reduce Rgis to R X Rpatchlin-
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We present a folding scheme that compresses £, = poly(\) (generalized) R1CS state-
ments.

Single-instance reduction. To build intuition, we first describe a reduction for a
single R1CS instance before presenting the full folding scheme.

Fix R1CS parameter aux from Eq. (37). We construct an RoK from R3¢ (Eq. (38))
to Riw“* X Rpatchlin Where Rpatchiin is defined in Eq. (28). The parameter auxc is given
by:

auxcs := (nin, (Mi)iz1), (44)

where nj,, (Mi)?zl are the same as in aux, and My :=I,, /y, ®J for a random J < i xln
Denote by m and m; the number of rows of (Mi)?zl and My, respectively. WLOG, we
assume that they are all powers-of-two and my < m < n. The scheme naturally extends
to more general choices of parameters.

The protocol Ilgncs is described in Figure 3. Informally, it interleaves the approxi-
mate range proof Il,; (Figure 2) with the Hadamard proof Ilp,g (Figure 1).

Lemma 4.1. Let aux be the R1CS parameter defined in Eq. (37). Define aux’ as aux
except that the norm bound B is replaced with B' = 1GBd’kg/\/30. grics tn Figure 3
is a reduction of knowledge from R2Y% . (Eq. (38)) to Ri X Rpatchlin, with the relazed

grlcs lin

mput relation Raux Here, Rpatchiin 1S from Eq. (28) and auxcs is defined in Eq. (44).
grlcs

The completeness error € matches that of Theorem 3.1.

aux’

Proof. We show that Ig1cs is e-complete and knowledge sound w.r.t. R3ic..

Completeness. Let (X := (¢, Xj,),W := W) be the input. Set F' := [X;| W] and
f := cf }(F). Denote by the output as
Xo 1= (X" = (c,cf 1(Xin), 1, v i= (v €E% v € E)), Xomr), W 1= (F, (8)}2,).

i=1

If (x,w) is in Rarics, then (¢, F) is in Rp2y and (c,f) is in Rfé“B. By the perfect com-
pleteness of II,g (Proposition 3.1) and e-completeness of Il (Theorem 3.1), with prob-
ability 1 — ¢, it holds that ((c,r,v’),f) is in R (Eq. (24)) and (((¢,r,v), Xpat), Wo)
is in R X Rpatchiin (Eq. (31) and Eq. (28)). This implies that the output is in
R X Rpatchlin as desired.

Knowledge soundness. Consider an adversary P*. The extractor simulates the pro-
tocol with P*, and from P*’s output w, = (f, (g(i))fil), it parses cf(f) as cf(f)’ =
[XT, W] and returns W e Z >4,

Let (Xo,W,) denote the output instance and witness. If (Xo, W) is in R " X Rpatchlin,
then by the knowledge soundness of I,y (Proposition 3.1), II,; (Theorem 3.1), and by
definition of R{Ye (Eq. (44)), with overwhelming probability, we have

lin

(c.f) € RPN ((c,cf(F) € R A (X =Xin).

Thus, the extractor outputs a valid witness for Rg‘r‘fés as desired. O
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Proposition 4.1. Ilg1cs in Figure 3 runs two degree-3 sumcheck protocols over K, one
of size n and the other of size m. The additional complexity beyond the sumcheck is:

e Prover cost: Tﬁrlcs(kg,n, m) := T} (m) + T8 (kg, n).

e Verifier cost: TErlcs(kg,n, m) :=Thad(m) + T28 (kg, n).

e Verifier randomness: F%rlcs(kzg,n,m) i= Thad(m) + 128 (g, n).
T;ad(m), Thad(m), Thad(m) are defined in Proposition 3.2; Tyt (kg,n), Tof (kg,n), T (kg, 1)
are defined in Proposition 3.5.

Multi-instances reduction. Figure 4 describes the high-arity folding scheme ITl¢yq:

Step 1-3: Ilfq executes ¢, parallel instances of Igrcs (Figure 3) with shared random-
ness. To improve efficiency, the 2¢,, sumcheck instances are merged into two via
random linear combination.

Step 4-6: The verifier samples a low-norm challenge vector 3 +$ S‘. The commit-
ments, evaluations, and witnesses are then folded with respect to 3.

Remark 4.1 (Memory Efficiency). We describe a prover algorithm for Il¢q where the
memory cost is about the same for running a single Ilg 1.5 instance with witness size n.
As a tradeoff, the prover takes 2 4 loglog(n) passes to the input data.

1. The algorithm starts by computing the f,, input commitments in a stream and
obtains the first-round random challenges.

2. Once getting the random combiner «, the prover executes the sumcheck using the
algorithm from Section 4 of [Baw+25]. For each of the loglog(n) passes over the
input data, the prover computes the sumcheck evaluation table by linearly com-
bining the table of each instance. The sumcheck prover takes time O(nloglog(n))
plus the cost of combining the /,, evaluation tables, where the latter is dominant.

3. After executing the sumcheck and deriving the folding challenge 3, the prover
streams the input witnesses again and combines them into a single folded witness.

Theorem 4.1. Let aux, auxcs be the parameters defined in Eq. (37) and Eq. (44). Define
aux’ as aux except that the norm bound B is replaced with B’ = 1GBd7kg/\/%. Assume
that Construction 2.1 is relazed binding w.r.t. opening space O x (S —S8) (Eg. (8)),
where |S| = w(poly(X)), S — S is invertible over Ry, and

Brbnd/2 = and > an . HSHOP . max(B . \/nd/ﬁh, \/ﬁ) . (50)

For £y, = poly()), g in Figure 4 is an RoK from ( ;chs)fnp (Eq. (38)) to Ry x
Rbatchlin (Eq. (28)), with the relaxzed input relation ( Z;‘fés)é"". The completeness error

is Unp - € with € being the completeness error of llgrcs (Lemma 4.1).

Remark 4.2. Eq. (50) is a worst-case bound. In practice, the folding challenge 3 is
sampled from a symmetric distribution, the folded witness is expected to have a much
lower norm. We leave the concrete probability analysis for future work.

Proof of Theorem 4.1. We show that Ilfoq is £np-e-complete and knowledge sound w.r.t. ( ;‘i‘és)enp.
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Parameters: (M, € Zg”xn)?zl, my = nApj/l, with m; <m <n

Input: X := {X; = (¢ € C, X[, € Zn*H) 1™ | w = {w, = W’ € Zpwxd}

For ( € [{np], denote by £ :=cf ' ([X{T, WIT]T) € R
Output: X, = (X*, Xpat) (defined in Eq. (39)) and w, = (£* € R7, (g) € M™}))
The protocol (P(x;w);V(x)):
1. P <> V: Run /¢, parallel instances of Ilg1cs (Figure 3), where the -th (1 < ¢ <
np) instance takes input (Xg, Wy). It further applies optimizations below:
e The parallel executions reuse the same challenges J,s’, o in Step 1 of Ilgics
e The 2/, parallel sumcheck claims are merged into 2 claims:
— The 1st claim is of the form

lnp
(=1

Lnp

Z Za(ffl)-d+jfl . f@,j(b) -0 (45)

be{0,1}logm \ £=1 j=1

where f49(X) € K[X1,..., Xjogm] (1 < j < d) is defined as
FHX) = eq(s', X) - (917(X) - 57 (X) = 957 (X))

and gf’j(X) (1 < i < 3) is the multilinear extension of M; x cf(ff),; €
Zm
— T(ile 2nd claim is the random linear combination of the ¢,, sumcheck
claims in the monomial check IImon in Step 4 of Il,g, with powers of «
being the random combiners
The 1st sumcheck has log(m) rounds, the 2nd has log(n) rounds.
The shared sumcheck challenge is

(f‘ S KlOg(mJ)’ s e KlOg(m/mJ)7 sc Klog(n/m))

e The 1st and the 2nd sumcheck protocols reduce to evaluation values e* € E
and u* € E, respectively
2. P < V: The (-th (¢ € [(qp]) execution of Ilg1cs reduces to (Xo¢ := (X}, Xbat,r), Wo 0):

X5 o= (co, of (XL, (5,5), v €EY) Xpare = ((F,5,9), [, ul) € E]F,) (46)
W, = (£, (g")f,) (47)

where cgi) (1 <i < k,) is the monomial commitment to g’ sent by the prover

3. V: check that evaluations (Vz)ﬁzl and (ugi))ie[kglle[gnp} are consistent with e*, u*
according to Eq. (45) and the randomly-combined claim for 11,0, above

Figure 4: The protocol Ilzg to reduce (R34 ) to R X Rpatchiin: Part L.

grlcs lin
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4. V — P : Send low-norm challenge 3 +$ St
5. V:Set x* := (c* € C,zj; € Ry, (T,8) € Kloe(m) v* ¢ E*) where

lnp

(¢, @, V") =Y Be - (o, of (X)), vH).
/=1
Set Xpat := ((£,8,5), [¢) € C,u® € EJF,) where for i € [k,

(@, u®) =3 By (!, ully. (48)

Output X, := (X*, Xpat)
6. P : Output w, = (f* € R7, (g € R?)¥ ) where

Knp an
= Bt gV=) Brg (49)
=1 =1

Figure 4: The protocol IIg to reduce (R2% . ) to R3S x Rpatchiin: Part IL

grlcs lin

Completeness. By the e-completeness of Ilgcs (Lemma 4.1) and the perfect com-
pletenes of sumcheck batching, with probability at least 1 — ¢,p - €, Step 3 passes, and
each statement in (Xo,g,WO7g)§n:pl (Step 2) is in R{™ X Rpatchlin-

Next, we show that the folded statement is also in R X Rpatchiin:

o After linearly-combining the instances and the witnesses using 3, the linear rela-

tions under Ry and Rpatchiin still holds.

e The folded witnesses are valid openings to the folded commitments: Each input
witness f* (1 < ¢ < lnp) has ly-norm < B - /nd/l; each monomial vector ght
(i € [kg], € € [€np]) has f3-norm < /n. Thus, the norms of the folded witnesses f*
and (g(i))fil are bounded by lnp[|S||o, B+ /nd/ Ly and lnp-[|S||,, /7, Tespectively.
By Eq. (50), the folded witnesses are valid (strict) openings w.r.t. bound Bppq.

Knowledge soundness. We first describe the extractor. WLOG, assume that the
adversary P* is deterministic. Define folding challenge space U := S‘. Let ) be
the domain of (tr, (X,,W,)) where tr is the protocol transcript and (X,,W,) is the output
instance-witness pair. Define predicate ¥(u € U,y := (tr, (Xo,W,))) that outputs 1 if and
only if (i) tr is an accepting transcript (with folding challenge 8 = u) and (ii) (X,,W,) €
R X Rpatchiin- For folding challenge u and the extra verifier randomness r,,, define
Ap, (1) as the adversary that simulates the execution of P* with verifier randomness r,
and folding challenge u. Let Extey,ss be the oracle extractor from Lemma 2.3.
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Extractor Ext™ :

1. Sample folding challenge ug <% S and extra verifier randomness r,

2. Run extractor Extﬁj;’guo). Abort if it fails. Otherwise, let the output be

14
£\l nP
= (trg, X, W
(ufvyf (tre, %o, o)>€:0,
where ¥(uy,y,) =1 for all £ € [0, £np], and u; =, ug for all £ € [¢np]

3. For every £ € [{yp), parse w5 = (F¢, (g 4)) ?.), compute!’

£ o= (FF — £9) /(u[€] — wo[(]) € RY, (51)
Vi € [ky] : b= (g0 — g9 /(wyf] — uo[4) € Ry (52)

Parse fg as fz = Cf—l ([XET WZT] ) e jo abort if XZ 7& Xlén
4. Output w := {WE Wt e anxd}ﬁnp

Success probability. Fix verifier randomness r, (that excludes folding challenge 3).
By Lemma 2.3, Step 2 succeeds with probability ey (Ay,) — np/|S| where

€v(Ar,) = Pr [¥(u, A, (u)) = 1].
us—u

Let (cz) b, denote the input commitments and (cé ) )i€lky],0€ty,) the monomial commit-

ments. The extracted openings (f¢, (h® Z)f“’l)g""l satisfy:

e For ¢ € [lyp], f¥ is bound to ¢y, with relaxed opening (£*¢ — £9 u,[¢] — uo[¢])

(Eq. (10)).
e Fori € [ky], ¢ € [€np], h¥* is bound to céi), with opening (g(**) — g0 u,[0] —ug[f)).

e For ¢ € [lyp], let X, ¢ be the reduced instance from Eq. (46), and set W,, :=
(f¢, (hi’z)fil) " . Define Ra“X , Rbatchiin as the relaxed relations of R Rpatchlin
where the strlct opening check VfyOpen is replaced with the relaxed ones from Eq. (10).
SAince U(ug,yr) = ¥(ug,yo) = 1, and uy =4 ug, we get that (X, s, Woz) € Rﬁﬁx“ X
Repatchlin-

Let ep+ be the prover P*’s success probability. Thus, with probability at least epx —
(lnp/|S]) (over ry,, up and Exte,ss’s randomness), the extractor outputs (Wo,0) refen,) at

Step 3 satisfying the relaxed relation (RE"“XCS X Rbatchhn)g w.r.t. (X oé)e ,- By the same
soundness argument as Lemma 4.1 (relying on relaxed b1nd1ng, Eq. (10), instead of strict
binding, Eq. (11), of Construction 2.1), and by a union bound, the extractor succeeds
with probability

eps — (bnp/|S|) — lnp - negl(A) = ep+ — negl(A),

. 14 . .
and produces a witness W := {w, = W*} oy i ( ;‘rjf;s)ﬁw as required. O
19¢¢ is well-defined as u.[f] — ug[f] € S — S is invertible over R, by assumption.
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Proposition 4.2. Tlg,g (Figure /) runs two degree-3 sumcheck protocols'' over K, with
size n and m respectively. Additional complexity beyond sumchecks is:
e Prover cost T;°'d(€np,kg,n,m):
— nlnp multiplications between S and Ry (to compute £*),
— kgnlnp Tlnultz'plz'cations between S and M C R, (to compute (g(i))fil),
— lnp - T (kg,n,m).
o Verifier cost T$°'d(€np,nin, kg,m,m):
— (1 + kg)lnp multiplications between S and C := Ry (for commitments),
— Unp - Nin multiplications between S and Ry (for public inputs),
— (4 + kg)tlnp multiplications between S and Ry (for evaluations over E),
1
— lnp - T8 (kgym,m). .
o Verifier randomness: Ff?'d(ﬁnp, kg,m,m) =T %(kg,n,m) + lnplog(|S]).
Tpgrlcs(k:g, n,m), Tgrlcs(kg,n,m), and F%rlcs(kg,n, m) are defined in Proposition /.1.

5 The Fiat-Shamir Transform

Ilfo1g can be made non-interactive via the Fiat-Shamir transform. More precisely, we
transform an RoK into a non-interactive argument in two steps.

The Commit-and-Open transformation. Let IT,ox be a (2rnd + 1)-message public-
coin RoK from R to an output relation R,, with relaxed input relation R’. Let II¢m
be a binding commitment scheme with public parameter pp.,. (Later in Section 6, T
will be the polynomial (or vector) commitment scheme used in the commit-and-prove
SNARK.) We denote by CM[II¢p, o] & variant of Il,ok, where each prover message m;
(¢ € [rnd]) is replaced with the commitment ¢; := Ilcm.Commit(ppem, ™), and at the
end of the protocol, the prover further sends the opening messages (mi);”:dl. The verifier

(i) runs the original RoK verifier w.r.t. (m;)""4 and its own verifier challenges, and (ii)

checks that (m;)"% are the valid openings to the commitments (c;)". With a similar
argument as in Protostar [BC23], it is clear that CM[Il¢y, k] is an RoK if I, is,

where the input, output and relaxed input relations are the same.

The Fiat-Shamir transform. Next, we denote by FSH[II.y, IT,o] the Fiat-Shamir
transformation of CM[II¢y, IT,ok], where verifier challenges are derived via a hash function
H modeled as a random oracle. The transcript is initialized with X, and the challenge
r1 is set to H(X). For each round i € [rnd], the challenge 7; and the commitment
¢i = Hem.Commit(ppey,, mi) are appended to the transcript, where m; is the prover
message. The next challenge 7;11 is then derived from the transcript. Note that in
practice, instead of taking the entire transcript as an oracle input, we can use the Merkle-
Damgard framework to fix the input length of the hash function.

"The sumcheck protocol complexity is independent of £, after batching.
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We emphasize that the folding proof of FSH[Hcm,H,ok] contains opening messages
{m; ;”:dl to enable folding verifications. But later in Section 6, the SNARK proofs
in Construction 6.1 do not include {m;}m9.

Next, we present a variant of Theorem 4.1, which shows the security of FSH e, Mol

Theorem 5.1. Let Il be a binding commitment scheme that is further straightline
extractable.'? Let H be a hash function modeled as a random oracle. Define aux, auXes,

aux’ and other parameters as in Theorem 4.1. FSH[Hcm, Iok] is an RoK from ( ;E{‘CS)E”P

(Eq. (38)) to R2¥ X Rpatchiin (Eq. (28)), with the relazed input relation (R ).

lin grlcs

Proof. The proof is similar to that of Theorem 4.1. Intuitively, the statement holds
because (i) the committed sumcheck protocols are still sound after the Fiat-Shamir
transform above [Can+19; CMS19] (formally proved in Lemma A.2), and (ii) we can
replace Lemma 2.3 with a variant in the random oracle model, adapted from Section 8.2
and Figure 13 of [FMN24]. We defer the full proof to Appendix A. O

Remark 5.1. Compared to Ilgg, the knowledge error of FSH[Hcm, II,0k] is increased by a
factor of () — the number of random oracle queries. This is common in known security
proofs of the Fiat-Shamir transform. To achieve the same security level, one can enlarge
the extension field K = F + and the folding challenge set S. This has only a minor impact
on the efficiency of the batched sumcheck protocol and the random linear combinations
of the R, -witness vectors, which are insignificant compared to the cost of committing to
the ¢, input witnesses.

6 SNARKS in the ROM from High-Arity Folding

In this section, given the Fiat-Shamir transform (Section 5) of the high-arity folding
scheme from Section 4, and a Commit-and-Prove-SNARK (Definition 2.8), we construct
a succinct proof system in the random oracle model that batch-proves many R1CS
statements. Unlike prior folding-based IVC/SNARKS, our approach avoids instantiat-
ing random oracles in SNARK circuits and requires only a single folding step. The
scheme inherits plausible post-quantum security from the underlying SNARKs. When
instantiating with a hash-based (or pairing-based) SNARK, the proof size is indepen-
dent of the number of R1CS statements and poly-logarithmic to the witness size per
statement.

From (Non-Succinct) RoKs to SNARKs. We start with a modular compiler that
transforms a reduction of knowledge into a SNARK. Let GenR(1") — (R, R/,i) be a
relation generator that outputs relation R, relaxed relation R/, and index i on input 1*.
We omit index | when clear in context.

12Straightline extractability means that an extractor can derive the opening simply from the commit-
ment and the adversary transcript (that includes the queries to the idealized oracle).
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Let Il,ok be a (2rnd + 1)-message public-coin RoK from R to an output relation
R,, with relaxed input relation R’. Denote by (X,w), (X,,W,) the input and output
instance-witness pairs, respectively. Here rnd = poly(log(\)) and

[Xo| = poly(A, [x], log(|w])) . (53)

Denote the i-th prover message by m; € M, (1 <4 < rnd) and the i-th verifier
challenge by r; € Mj ; (1 <4 <rnd +1). By the public reducibility of RoKs, there is a
deterministic function f such that

Xo 1= F (%, ()2, ()25 (54)

Define the CP-SNARK relation R¢p with input

ch = (X7 (Ti);n:d1+17 (Cfs,i)zr'n:dhxo)v W= (WCP = (mi);ldh We) (55)
which checks Eq. (54) and that c¢ts; = Icm.Commit(ppey,,m;) for all i € [rnd]. The
commitment scheme Il must be straightline extractable but need not be linearly ho-
momorphic. E.g., Merkle commitments used in hash-based CP-SNARKSs and KZG com-
mitments used in pairing-based CP-SNARKSs both suffice.

Denote by FSH[Hcm,Hmk] the Fiat-Shamir transformation of CM[II¢pm, o] defined
in Section 5. Again, we emphasize that the folding proof of FSH[Hcm,Hrok] contains
prover messages {mi};“:dl to enable folding verifications, but the SNARK proofs in Con-
struction 6.1 do not include {m;}9.

Construction 6.1. Let H be a hash function modeled as a random oracle. We construct
a SNARK IT* for R (with relaxed relation R') using (i) a SNARK Ilghak for R,, and (ii)
a CP-SNARK Il for Rep w.r.t. the commitment Ilcm.

Setup: Setup(R) — (pk™, vk™):
- PPem ¢ Tlem.Setup (1)

(pkcp,vkcp) + Icp.Setup(pPems Rep)
(pk, vk) ¢ TIgpark-Setup(R,)

. Output pk* := (ppem, pkcp, pk), vk* := (PPcm, VKep, VK)

i e

Prover: ProveH(pk*,R,X,W) T

1. Initialize transcript tr := X
. For i € [rnd]:
e Derive challenge r; from tr and the hash function H
e Run II,,x and obtain prover message m;
e Append tr with (r;, ¢fs; := Ilem.Commit(ppepm, m;))
Derive rynq4+1 and run IT,ox to obtain (X,, W,)
Compute W, such that (Xcp, (Wep, We)) € Rep With (Xep, Wep) defined in Eq. (55)
Tep Hcp.Prove(pkcp, Reps Xeps Wep, We)
7 4 Hgnark-Prove(pk, Ro, X0, W)

[\V)

o Gk W
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7. Output 7* := (7ep, 7, (¢s1) MY, Xo)
Verifier: Vf7(vk*, R, x,7*) = b :

1. Parse m* = (mp, T, (Cfsﬂ');n:dl,xo)

2. Recompute (r;)"5™ from X, (cf;)"9 and H
3. Derive X¢p = (X, (ri);”:dlﬂ, (cts.4)9, Xo) as in Eq. (55)

4. Output Hep VF(vkep, Rep, Xep, Tep) A snark-V(vk, R, X0, )

Remark 6.1 (Instance Compression). If X is large, verifying 7, against X might be costly.
To improve efficiency, we replace X with a vector commitment cfs g := Iem.Commit(ppey, X).
The CP-SNARK, when proving Eq. (54), treats cfso as the instance and treats X as a
witness. When verifying the CP-SNARK proof, the verifier replaces X (in Xcp) with cfs .
crs,0 is only 32 bytes with Merkle commitments and 48 bytes with KZG commitments.

In Iy where X contains commitments (clg)?“’l and public inputs (an) ¢, the verifier also

checks the consistency between (an) ¢ and cgs o outside the circuit.

Remark 6.2 (Optimizing proof sizes). To achieve smaller proof sizes, one option is to
generate a single CP-SNARK proof that proves both (Xcp, (Wep, We)) € Rep and (Xo, W,) €
Ro, thus removing the need of an extra SNARK proof 7.

Theorem 6.1. If the RoK Tl satisfies that S\ |r;] = poly(X, x|, log(|w])) where
r;’s are the verifier challenges, then Construction 6.1 is a SNARK w.r.t. the relation
generator GenR (Definition 2.7).

Proof. We show the succinctness, completeness, and knowledge soundness of IT*.

Succinctness. The proof is 7 = (7ep, T, (¢1s.4) "%, Xo). We first scrutinize the proof
size: (i) mcp, 7 are succinct by the succinctness of the SNARKS Icp, Hsnark. (ii) The set
of commitments (Cfs7i);“:dl is succinct since rnd is polylogarithmic and the commitments
are succinct. (iii) X, is succinct by assumption (Eq. (53)).

Next, we check verifier complexity: (i) computing (7"1-);-”derl takes a transcript of
sublinear size since commitments are succinct and Z;":dfrl |r;| is sublinear by assumption.

(ii) Verifying mcp, 7 takes sublinear time by the succinctness of Ilcp, gnark-

Completeness. By the SNARK completeness of Il gy, and the completeness of 11,
with overwhelming probability, we have (X,,W,) € R, and Ighamk.VF(vk, Ro, X0, ) = 1.
Likewise, by the SNARK completeness of Ilc, and Eq. (54), (Xep, (Wep, We)) € Rep and
IIep.VF(Vkep, Reps Xep, Tep) = 1. Thus, the verifier accepts with overwhelming probability
if the prover is honest.

Knowledge soundness. Let P* be a malicious prover for II*. We first construct an
adversary A against the RoK FSH[Hcm, ITok] (where A depends on P*):
1. Run the extractor of I, to obtain witness (Wep, We). Let Xep := (X, (7:)"4™, (c15.6)5m9 5 Xo)
be the CP-SNARK instance, where X is the SNARK instance, (cfw);”:dl, X, are parts
of the SNARK proof 7*, all output by P*. The challenges (ri);":dlﬂ are derived
from X, (cgs,;)"4 and the hash function H. Abort if (Xep, (Wep, We)) & Rep

35



2. Run the extractor of Ilg,,k to obtain witness w, w.r.t. the instance X, underlying
Xep- Abort if (X,,W,) ¢ R,
3. Output instance X,, witness W,, the round commitments (Cfs’i);n:dl, and the opening
prover messages (m;) underlying Wc,
Let epx be the success probability of P*. We show that A is an expected polynomial time
adversary for FSH [Ty, IT,o] with success probability ep- —negl(\): Step 1 and 2 succeed

with probability ep- — negl(\) by knowledge soundness of Ilc, and Ignak. Therefore,

((Xep, (Wep, We)) € Rep) A (X0, Wo) € Ro)

which implies that, with probability € 4 := epx—negl()\), the folding proof [(Cf57i);n:d1, (mi);”:dl
(for FSH[Hcm, IT,0k]) is valid w.r.t. the input instance X and output instance X,, and W,
is a valid witness for X, w.r.t. R,.

Let Ext:ék be the RoK extractor for FSH Mem, k] w.r.t. adversary A. The SNARK
extractor for IT* simply runs Ext;‘ék. By knowledge soundness of FSH[Hcm,Hmk], with
probability € 4 — negl()\), it outputs a valid witness w for X w.r.t. the relaxed relation R'.

O]

Scalable SNARKs from High-Arity Folding. By plugging the RoK Ilf,g (Fig-
ure 4) and its Fiat-Shamir transform FSH[IIem, Igo] (Section 5) into Construction 6.1,
and instantiating I, and Igna with SNARKS in the random oracle model (or algebraic
group model if we use pairing-based SNARKS), we obtain the following corollary.

Corollary 6.2. Let aux, aux’ be the R1CS parameters defined in Theorem J.1. For
lhp = poly(N) that satisfies Eq. (50) in Theorem /.1, there exists a SNARK (in the

- . . /
random oracle model) for relation (Rg;’fcs)gm’ with relazed relation ( gf{cs)énp.

Proposition 6.1. Let Cgs and Ceoq be the commitment domains used in the Fiat-Shamir
heuristic and folding. The SNARK from Corollary 6.2 achieves:
Prover time:
e Folding cost T;"'d(ﬁnp, kg,m,m) from Proposition j.2.
e SNARK proving cost for Ilc, and Ignark.
o Commitment cost (over Cgs) for prover messages mu, ..., Mynd-
Verifier time:
o SNARK wverification for I, and gnark.
o Fiat-Shamir transformation cost with transcript being log(n) + O(1) Cgs-
elements and randommness FZ"'d (bnp, kg,n,m) from Proposition /.2.
Proof size: log(n) + O(1) Cgs-elements, 1+ ky Cioiq-elements, 4 + k, E-elements, ni,
Rg-elements, and two SNARK proofs Tep, Tsnark-

7 Instantiation

Table 1 presents a candidate instantiation for the folding-based SNARKSs in Corollary 6.2,
with MSIS parameters set according to the lattice estimator [APS15] at 117-bit security.
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Variable Description Instantiation
q prime modulus 64-bit prime
d ring dimension & R1CS batching factor 64
K MSIS rank 12

Bsis fo-norm bound for MSIS hardness 237

K extension field for sumcheck F2

Lop folding arity 210

Ly projection input length 214

Apj projection output length 28

n R1CS witness length per instance 216

m number of R1CS constraints per instance 216

kes decomposition factor for R1CS witnesses 16

b decomposition base for R1CS witnesses 24

n generalized R1CS witness length Akes = 220

S folding challenge set as in [BS23]
Bipnd norm bound for relaxed openings Bsis/(4][S|lyp) = 231
Bpnd norm bound for strict openings s.t. Eq. (50) holds Brpnd/2 = 2%

kg number of monomial vectors in the range proof 3
B, {s-norm bound for range proof 121117 (Eq. (29))

B input witness norm bound, 0.5b1/¢}, < B < dekg/9.5 210

B’ relaxed input norm bound, 16Bd’k9/\/% < B' < Bsis/(y/nd/ly) 353806

Table 1: Parameters and candidate instantiations

The sizes of the extension field K and the folding challenge set S are set to be larger
than'? 2128, We leave the concrete implementation as future work, but we provide rough
estimate for prover/verifier complexity and proof size to highlight its efficiency.

Prover complexity. The commitment opening relation is not embedded in the CP-
SNARK circuit by definition. If we instantiate the SNARK Ilg,, with a lattice-based
scheme (e.g. [BS23; NS24]), the corresponding SNARK statement does not embed the
lattice commitment opening relation either.

By Proposition 4.2, the CP-SNARK circuit is dominated by the folding verifier cost
T5°'d (€nps Nin, kg, m,m). Under Table 1 parameters, this requires about 216 ~ 217 multi-
plications between S and R,.

The SNARK circuit for Ilshark, defined by R~ X Rpatchiin, is dominated by kg
inner products between M™ and K" (Eq. (28)), 3 inner products between R;* and K™,
and 1 inner product between R;' and K™7, where m; = nAy /ln. With Table 1
parameters, this is about 22 constraints over field Z,. Effectively, they are just 7
polynomial evaluation proofs, whose structure might enable more direct and efficient

13We need to scale the set sizes by a factor of Q (the number of random oracle queries) to match the
security bounds achieved by non-interactive folding schemes.
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constructions.

By Proposition 6.1, the proving cost is dominated by the high-arity folding scheme,
whose cost is dominated by the committing cost for input witnesses. Under Table 1, this
is knlnp = 3 - 232 multiplications between arbitrary R,-elements and bounded elements
(with eo-norm at most 0.5b = 8).

Overall, with the proving cost above, we can batchly prove fn, - d = 216 R1CS
statements over Z,, each with 216 constraints. This is about 232 total R1CS constraints.

Remark 7.1. When the original R1CS witness already has a low-norm (e.g., in large lan-
guage models), the decomposition factor kes can be smaller, leading to further speedup.
For example, if the witness consists of 8-bit signed integers, we obtain an extra 8x
speedup.

Proof size. For simplicity, assume the public input length n;, = 0. By Proposi-
tion 6.1, with Table 1 parameters, the proof size is dominated by two SNARK proofs,
4 elements over Ry, and 7 elements over E. The most succinct post-quantum SNARKSs
(e.g. WHIR [ACFY25], LaBRADOR [BS23]) have proof sizes in range 50-100KB. Thus,
we estimate the proof size to be below 200KB. When post-quantum security is not
needed, we can use pairing-based SNARKSs such as Hyperplonk+KZG [CBBZ23], which
leads to a proof size below 50KB.

Verifier complexity. By Proposition 6.1, the verifier is dominated by the two SNARK
verifications and the Fiat-Shamir transform. With Table 1 parameters, the Fiat-Shamir
randomness is dominated by the random projection matrix that requires no more than
20y, - Apj = 22% random bits (~ 1MB). Generating this randomness with a standardized
hash function such as SHA-3 typically takes less than a millisecond.

8 Two-layer Folding by Splitting Linear Statements

In this section, under a slightly stronger MSIS assumption, we reduce a generic linear
statement of witness size n = n’-£ into £ generic linear statements, each with witness size
n’. Here both n’ and ¢ are powers-of-two. As shown in Section 1.2, this reduction allows
us to further split Ilgq4’s (Figure 4) output statement (that lies in the linear relation
Ro = R X Rpatchiin) into multiple uniform linear statements, so that we can apply
the high-arity folding scheme again.

Let i := (A, Ry, K,E) be the index defined in Eq. (21). We further assume that the

MSIS matrix A € R’;X” has the structure
A:[Tl-Al,...,Tg-Al] (56)

for some random rq,...,ry «$ R, and A’ < R;X“/.
Consider parameter aux := (nj, € N, (M; € ZZ”iX”)fil) and a generic linear relation

i defined in Eq. (22). Our goal is to reduce a statement in R{»* into multiple
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statements in a simpler linear relation. For simplicity, we assume n;, = 0, k, = 1 and
denote M := M. Our approach naturally extends to the general case.

WLOG, assume that M € Z,(Jm%)x(n%) is of the foom M = I, ® M’ for some
M e ZZ”IX"/, where m’ is a power-of-two. (Looking ahead, in our two-layer folding-
based SNARK, M’ will correspond to a R1CS (or projection) matrix for the 2nd-layer
witnesses, which can no longer be split.) We can write Ri* as

X=(ceC, (reKlel sc Klogm'), v € E)
= q(w) : w="f:=(fi,....f) € RV’ sit. . (57)
VfyOpen(ppem, ¢, f) =1 A (ts(r||s), Mf) = v

Define relation

X:(CGC,SEKbgm/,UEE)
R=(xw) : w=feR" st . (58)
VfyOpen(A',c,f) =1 A (ts(s), M'f) = v

A statement (X, W) € Ri»* can be reduced to ¢ statements in R’ via the following reduc-
tion of knowledge:

1. P— V: For all i € [{], send ¢; := A’f; and v; := (ts(s), M'f;)
2. V: Check that ¢ = 325_ 7 - ¢; and (ts(r), (vy,...,v)) = v. Abort if it fails
3. V: For all i € [{], output X; = (c;, s, v;)

4. P: For all i € [¢], output w; = f;

Two-layer folding. Using the splitting RoK above, we describe a two-layer folding-
based SNARK that batch-proves ¢, -  statements in the generalized R1CS relation

(Eq. (38)).

e Each individual statement has witness length n’ and R1CS matrices (M € Z;”/X"/)?:l.
In the 1st layer, every ¢ consecutive witness vectors (fy, ..., f;) is packed into a sin-
gle witness vector. The MSIS matrix A is defined as in Eq. (56) and for i € [3],
the R1CS matrix M; is set to M; := I, @ M.

o Let Ry := R X Rpatchiin, and define R, as identical to R, except that (i) each
witness has length n instead of n' - ¢, (ii) the MSIS matrix becomes A’, and (iii)
(M; = I, ® M), are replaced with (M});. After finishing the 1st-layer folding, we
split the folded statement (X,,W,) € R, into ¢ linear statements in R, using the
splitting RoK above.

e The witnesses of the ¢ linear statements may have relatively large norms after
the 1st-layer folding. Directly folding them in the 2nd layer would require larger
moduli or higher lattice dimensions. To address this, we use the decomposition
RoK from [BC24; BC25] to reduce the ¢ statements into ¢ - k;, statements with
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much lower norms. In practice, k;, < 4 suffices. Now, each of the £ - k; statements
lies in R’, which is almost identical to R, except that the commitment opening
check VfyOpen(-) is replaced with a more fine-grained check VfyOpen,, p/(-) for a
lower norm bound B’.

e Given the £ - k;, linear statements in R’, we use the high-arity folding scheme and
the commit-and-prove compiler again to compress them into a CP-SNARK proof
and a SNARK proof. Since the input statements are already linear, the high-arity
folding scheme does not need to run the Hadamard protocol (Figure 1). Moreover,
in addition to the folding-verifier logic, the CP-SNARK relation also ensures that
the verifier checks in both the splitting RoK and the decomposition RoK pass.
With the commit-and-prove technique, the CP-SNARK circuits only checks linear
combinations, not the Fiat-Shamir heuristic or commitment opening relations.

Compared to the single-layer folding-based SNARK, the CP-SNARK statements in the
two-layer scheme only checks O(¢np + ¢) Rg,-multiplications, rather than O(¢,p - £) mul-
tiplications as in the single-layer scheme. The norm blowup is also significantly smaller,
enabling smaller moduli and lower lattice dimensions. As a tradeoff, the two-layer scheme
relies on a slightly stronger assumption where the MSIS assumption holds even if the
matrix A has the form of Eq. (56). Furthermore, although most 1st-layer sub-protocols
remain memory-efficient and streaming-friendly, the sumchecks become /¢-times larger.
Naively running them would incur either high computational cost or high memory cost.
Fortunately, again, we can use the technique from Section 4 of [Baw+25] to run the
sumcheck prover in time O(n'floglog(n'f)), space O((n'€)*/*) with O(k + loglog(n'f))
passes over the input data.
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A Proof of Theorem 5.1

The completeness proof is identical to that of Theorem 4.1. We focus on the knowledge
soundness proof.

We first review a variant of Lemma 2.3 in the random oracle model, adapted from
Section 8.2 and Figure 13 of [FMN24]. For ease of exposition, we assume that there
are two random oracles H, Hegq, where Hgg : {0,1}F — S% is used to sample the folding
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challenge 3 given the L-bit transcript prefix, while H is used to generate other verifier
challenges. In practice, one can use a single hash function to instantiate both H and Hgg
via domain separation.

Lemma A.1 ([FMN24], Section 8.2). Define U := S*, output space Y, predicate U :

UxY —{0,1} as in Lemma 2.3. Define prefix;, : {0,1}* — {0,1} as the function that

outputs the first L bits of its input. Let H and Heg : {0,1}F — St be random oracles.
For every oracle algorithm'* AN making at most Q oracle queries and outputting

y €Y, define
ep(A) :=Pr [y — AH’H“, u 1= Heg(prefixz, (v)) : ¥(u,y) = 1] )

where the randomness is over the random oracles.
There exists an oracle algorithm E*, which invokes A at most 1+ £ times in expec-
tation, such that with probability at least

ev(A) —(Q+1)-£/[5], (59)

it outputs a tuple (y € {0, 1}, (Wi, yri)i,) satisfying that (i) w; =; ug for all i € [€],
and (ii) for all i € [0,4]:

(P (s, 4 = (yr,yra)) =1) A (= AP Helvnwd),

Here, Heqlyr, uo] = Heq is the original sampled oracle, and Heqlyr, u;] (1 < i < {) denotes
the programmed oracle of Heq where Heg(yr) == u;.

We also need a non-interactive variant of Lemma 4.1 in the random oracle model.
The proof is non-trivial, because compared to the proof of Lemma 4.1, we can no longer
use the soundness of the interactive sumcheck protocol to argue the soundness of the
Fiat-Shamir transformed protocol.

Our proof relies on the notion of round-by-round soundness [Can+19; CMS19].
A protocol is round-by-round sound if there is a state function over partial transcripts
such that (i) if the instance x is not in the language, then the initial state is doomed; (ii)
in each round, if the current transcript is in a doomed state, then for any next prover
message, with overwhelming probability over the verifier’s challenge, the next state will
still be doomed; and (iii) if the final state w.r.t. the entire transcript is doomed, the
verifier rejects.

Lemma A.2. Define parameters aux, aux’ as in Lemma 4.1. Let Ilgr1cs be the RoK
in Figure 3. Let Ilem be a binding commitment scheme that is further straightline ex-
tractable. Let H be a hash function modeled as a random oracle. FSH[Hcm,nglcs] s an
RoK from R . (Eq. (38)) to Ri™* X Rpatchiin, with the relazed input relation aux’

grlcs lin grlcs®
Here, Rpatchiin s from Eq. (28) and auxcs is defined in Eq. (44).

MWLOG, assume that A has no internal randomness, as we can convert a randomized A into a
deterministic one (by choosing the optimal randomness) such that ey (A) does not decrease.
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Proof. Let Ilg,; be the interactive proof version of Ilgncs (where every instance and

prover commitment also attaches a message opening). As shown in [Can+19; CMS19],
sumcheck protocols are round-by-round sound. Thus, it is straightforward to argue that

is also round-by-round sound. Let State, €, = negl(\) be the state function and

/
grlcs®

!
grlcs
round-by-round soundeness error of 11

Next, we reduce the adaptive soundness of FSH[Hcm,nglcs] to the round-by-round

soundness of IIg ;. and the security of Ilem. Suppose for contradiction that a cheating

PPT prover A for FSH[II.n, Igr1cs), with non-negligible probability €, outputs an instance
X and a tuple (tr, (X,, W,)) such that (i) (Xo,W,) € R, is the output instance-witness pair,
(ii) x and the witness opening W (deterministically derived from W,) is not in the input
relation, and (iii) tr = [(cgs,4)5", () "4, (mi)d] is an accepting transcript, where
(¢fs,i)i are the round commitments, (7;); are the hashed challenges, and (m;); are the
opening prover messages. Note that w, also includes valid openings (g(i) € M”)fi , to

the prover commitments (c(i))fi , sent in Ilgrcs.

From A, we obtain a cheating PPT prover A’ with same success probability. The
adversary A’ simply simulates the execution of A and for each prover commitment ¢(*)
(¢ € [kq]) included in prover message m;, A" also attaches the corresponding opening g
from w,. Let m} denote the updated message. We say that A’ succeeds if A succeeds
and [(X, W), (r1|m}[r2[ma| - - - [Mmd|rmd+1), (Xo, Wo)] is a valid transcript for TTg,; .

By the binding property of Il and the definition of round-by-round soundness,
either we break the binding of Iy, or there is an index i € [rnd], such that with

probability at least ¢’ = (¢ — negl(\))/rnd, the output of A" satisfies that
State((X, W), tr;) = reject and State((X, W), tr;+1) = accept, (60)

where tr; := (ri|m}|ralmae|...|mi—1|r;) and trizq == (ri|mf|ralmel| ... |rimi|riz1). We
argue that €' is at most &~ @ - €,y = negl()\), contradicting with the assumption that e is
non-negligible.

Claim 1. € < Q - (e + negl(N)).
Proof. Note that A above must have queried H on input (71|cgs 1] - . . |ri|css,i), otherwise
it can never predict r;41 with non-negligible probability. WLOG, we assume A always

outputs the same input instance X. Given index 4, and the Q-query adversary A, consider
a mental experiment as follows: (The experiment can be simulated in polynomial time.)

1. Simulate the execution of A until it succeeds. Let w be the input witness deter-
ministically derived from the vector f € Ry in the output witness w,

2. Sample a query index q <5 [Q)]

3. Simulate the execution of A again with fresh randomness. Given the gth oracle
query input s, the experiment aborts if s has been queried before or s is not of the
form (rq|cgs] - - - |rilces,i); otherwise, it extracts the message m; underlying cg ; for
j € il
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4. Given challenge 71 (that includes random projection matrix J), compute the mono-
mial vectors (g(i))fil from the projected matrix (I, ® J) x cf(f) and attach

(g(i))fil into my to obtain updated message m/
5. Sample uniformly random r;y; afterward'®

6. Outputs 1 if and only if Eq. (60) holds w.r.t. tr; := (r1|m}|ra|ma| ... |mi—1|r;) and
tripr i= (ro|mf|re|mal. .. rilmg|rise)

By definition of round-by-round soundness, the success probability of the experiment
is at most €. On the other hand, by definition of ¢ and the binding property of the
lattice commitment, the experiment outputs 1 with probability at least ¢’/Q — negl()).
Thus, € < Q- (e + negl())) as desired. O

In sum, A’s success probability ¢ must be negligible, and thus FSH[Hcm,nglcs] is
adaptively sound. This also implies knowledge soundness as the extracted witness open-
ing is deterministically derived from the adversary’s output. O

Remark A.1. The straightline extractability requirement of I, seems to be a proof ar-
tifact. We conjecture that the binding property suffices and leave it as an open problem.

Next, equipped with Lemma A.1 and Lemma A.2, we prove the knowledge soundness
of FSH’ Hia [Hcma Hfo|d] .

Knowledge soundness. We first describe the extractor. WLOG, assume that the
adversary P* is deterministic. Define folding challenge space U := S’». Let ) be
the domain of (7, (X,,W,)) where (X,,W,) is the output instance-witness pair, and © =
[(¢fs,i,m;)™4] is the folding proof where cg;’s are the round commitments and m;’s are
the opening prover messages. Define predicate U(u € U,y := (m, (Xo,W,))) that outputs
1 if and only if (i) 7 is an accepting proof (with derived folding challenge 8 = u)
and (i) (Xo,Wo) € R X Rpatchiin- For folding challenge u and the extra verifier
randomness r,, define A, (u) as the adversary that simulates the execution of P* with
verifier randomness r, and folding challenge u. Let Ext.,ss be the oracle extractor

from Lemma A.l.

Extractor Ext™ :

1. Sample folding challenge ug <% S and extra verifier randomness r,

2. Run extractor Exté;gs(“()). Abort if it fails. Otherwise, let the output be

V4
. £\l e
(ufaYZ = OTK’XO’WO))E—O )

where for all ¢ € [(np], uy =; up and

(Y(ug,ye = (yL,ij)) =1) A (ye= AHvad[yLyuz]).

151t is important to sample r;;1 after extracting m} and (mj)§~:2, otherwise r;4+1 may be correlated
with the prover messages.
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3. For every £ € [(np], parse W = (£*£, (g(i’f))fil), compute

£ o= (£ — £9) /(ug[l] — wo[(]) € R}, (61)
Vi € [k] : 0= (g0 — g00) /(uyle] - uo[0]) € Ry (62)

Parse ' as £ := cf 7! (X7, W*T]T) € R?, abort if X* # X!
4. Output w := {Wg =Wfe ZZde}ﬁl’l
Success probability. Fix verifier randomness r, (that excludes folding challenge 3).
By Lemma A.1, Step 2 succeeds with probability ey (Ay,) — (Q + 1) - €np/|S| where

ep(Ay,) = Pr[y — _ArHU, Hfd’ u = Heq(prefix; (y)) : U(u,y) = 1] .
Let (Cg)gzl denote the input commitments and (Cy))ie[kg}’gewnp} the monomial commit-
ments. The extracted openings (f?, (hi7é)fil)§:1 satisfy:
e For ¢ € [lnp], £* is bound to ¢y, with relaxed opening (£*¢ — £*9 u,[¢] — uo[f])
(Eq. (10)).

e Fori € [ky], £ € [lnp], h** is bound to céi), with opening (g(“* — g0 u,[] —ug[€]).

e For ¢ € [lyp], let X,¢ be the reduced instance from Eq. (46), and set W,y :=
(£¢, (hi’e)fil)?‘:”l. Define ﬁﬁﬁx“, Rbatchiin as the relaxed relations of R, Rpatchlin
where the strict opening check VfyOpen is replaced with the relaxed ones from Eq. (10).
Since ¥(uy,yr) = ¥(ug,yo) = 1, and uy = ug, we get that (X, s, W) € ﬁﬁﬁxﬁ X

Rbatchlin .

Let ep+ be the prover P*’s success probability. Thus, with probability at least epx —
((Q@ + 1) - £np/|S]) (where the randomness is over r,, ug, H, Hey, and Exteyss), the
extractor outputs (Wo,¢)se(r,,] @t Step 3 satisfying the relaxed relation (Rj* x Rbatch“n)ﬁp

w.r.t. (Xo7g)§:1. By the same soundness argument as Lemma A.2 (relying on relaxed

binding, Eq. (10), instead of strict binding, Eq. (11), of Construction 2.1), and by a
union bound, the extractor succeeds with probability

epr = (@ +1) - lnp/IS]) = bnp - @ - negl(X) = ep- — negl(}),

aux’

grlcs)fnp as required. O

. bop .
and produces a witness W := {Wg = We}ezp1 in (

o1
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