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Abstract

Permutation and multiset checks underpin many SNARKS, yet existing techniques either incur super-
linear prover time or rely on auxiliary commitments with soundness error that grows linearly in the input
size. We present new arguments with linear-time provers and logarithmic soundness, without auxiliary
commitments.

Prior work achieving logarithmic soundness error arithmetizes the permutation as a product of several
multilinear polynomials, a formulation chosen for compatibility with the classic Sumcheck PIOP. A
simpler alternative treats permutations as multilinear extensions of their permutation matrices. While
this formulation was previously believed to require quadratic prover time, we show that this overhead can
be eliminated by taking a linear-algebraic perspective. This viewpoint has a key advantage: partially
evaluating the multilinear polynomial of the permutation requires no additional field operations and
amounts to applying the inverse permutation to the verifier’s challenge vector. This makes the step
essentially free in terms of algebraic cost, unlike in prior approaches. Compared to concurrent work
BiPerm (Biinz et al., ePrint Archive, 2025), our scheme requires no permutation preprocessing and
supports prover-supplied permutations.

We show a sparsity-aware PCS like Dory (Lee, TCC, 2021) can compile our PIOP to a SNARK such
that the resulting SNARK prover still runs in time O(n). Our construction is the first logarithmically-
sound SNARK with an O(n)-time prover for both permutation and multiset checks. We further prove
a matching optimal prover lower bound, and we identify specific permutations that can be evaluated
by the verifier in O(polylog(n))-time. The ability to evaluate these permutations in O(polylog(n)) time
allows the verifier to avoid relying on prover-supplied commitments or evaluation proofs. As a result, we
obtain the first logarithmically sound, field-agnostic SNARK with an O(n)-time prover in this setting.
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1 Introduction

Succinct non-interactive arguments of knowledge (SNARKS) allow a prover to convince a verifier that an
agreed-upon algorithm was executed correctly on a prover-supplied witness. They enable the verifier to
validate the claim without re-running the entire computation. A zero-knowledge SNARK (zkSNARK) ad-
ditionally hides the prover’s witness. Thanks to decades of research, SNARKSs are now efficient enough for
real-world applications including ZKML [1], ZKVM [2], and ZK-Rollups [3].

Permutation and multiset checks are core building blocks in many SNARKSs [4,5]. These primitives
ensure that two collections of field elements agree up to reordering (and, for multisets, multiplicities), which
is essential for enforcing copy constraints [4], wiring relations [6], and lookup arguments [4,7]. Despite their
importance, existing techniques suffer from notable drawbacks: they either have superlinear prover time [4,8],
or they require commitments to large auxiliary data and incur a soundness error that grows linearly with
the input size [4]. Concurrent work BiPerm [8] presents a permutation check with a logarithmically-scaling
(in the size of the two collections) soundness error and a linear-time prover. However, BiPerm requires the
permutation to be preprocessed by an indexer (i.e., a party that runs a setup algorithm before the interaction
between the prover and the verifier), and it does not support structural checks over the permutation (it
provides a Booleanity check but lacks a bijectivity check). Consequently, when preprocessing is disallowed or
when the permutation is part of the prover’s witness, there is no known way to obtain a linear-time prover
in this setting without extra commitments and poor soundness.

In pursuit of a logarithmically-sound permutation check, prior work [4,8] arithmetizes each n by n permu-
tation as the product of multiple multilinear polynomials. This approach is intuitive, because it allows one
to invoke an efficient subroutine, Sumcheck [9], which is designed to work on multivariate polynomials. For
instance, HyperPlonk [4] proposes to view a permutation as a product of logn (logn + 1)-variate multilinear
polynomials. In [8], BiPerm (resp. MulPerm) treats each permutation as the product of two 3logn/2-variate
multilinear polynomials (resp. the product of y/logn (logn + v/log n)-variate multilinear polynomials).

It is natural to consider whether it is possible to arithmetize a permutation with only one 2log n-variate
multilinear polynomial, which is exactly the multilinear extension of the n by n permutation matrix. At first
glance, this seems impossible. Sumcheck [9] requires us to partially evaluate the 2logn-variate multilinear
polynomial in its first logn variables, and this will cost O(n?) time in general.

In this work, we reformulate the above partial polynomial evaluation as a matrix-vector product between
the transpose of the permutation matrix M and a verifier-provided challenge vector. Since a permutation
matrix is orthogonal, we have M T = M~!. Therefore, multiplying M T by a vector simply permutes its
entries according to 1. This takes no field operations instead of the usual O(n?) cost.

Based on this insight, we propose new permutation and multiset checks that achieve the best of both
worlds: a linear-time prover without committing to auxiliary data, and a soundness error that grows only
logarithmically with the input size. Compared to BiPerm, our formulation has several advantages. First,
it requires no preprocessing of the permutation. This yields, to our knowledge, the first logarithmically-
sound SNARK for the multiset check with a linear-time prover, since the witness permutation linking two
multisets is unknown to the verifier. Second, prior approaches typically convert the permutation into the
product of multiple multilinear polynomials [4,8]. This arithmetization introduces both algebraic overhead
and commitments to the resulting polynomials. In contrast, our prover never constructs such a polynomial.
Instead, it works with the permutation directly in its natural representation (i.e., to permute a length-n
vector, a permutation o can be represented by {(4,7) | o(i) = j, Vi € {0,1,...,n—1}}). In certain cases, we
can even eliminate the permutation commitment and therefore obtain a field-agnostic permutation check.
Finally, we improve both prover and verifier time concretely for permutation checks: BiPerm invokes a
linear-time Sumcheck polynomial interactive oracle proof (PIOP) [4,9] over a product of three multilinear
polynomials, whereas ours uses two; BiPerm requires the verifier to query four oracles, whereas ours uses
three. These choices concretely reduce prover/verifier time and proof size.



Technical overview

Let a bijective permutation be o, which can be applied to any two length-n vectors A, B such that Ay ;) =
B;, Vi€ {0,1,...,n—1}. We begin by building a PIOP for permutation check. We arithmetize it directly as
a matrix-vector product B = M A, where M is an n by n permutation matrix defined by M;; = 1,if o(i) = j
and M;; = 0, otherwise. Viewing them as multilinear extensions (i.e., log n-variate multilinear polynomials
A(y), B(x), and 2log n-variate multilinear polynomial M (z,y)), the classic O(n)-time Sumcheck PIOP [4,9]
checks if B = M A by checking whether

B(ry= Y M(r,y)Aly)

y€{0,1}loen

where r € F'°8" is the challenge given by the verifier. It then reduces verification to queries to each of the
three oracles of these multilinear extensions. Before invoking Sumcheck, we can see that the prover must
compute B(r) and M (r,y), and computing the latter costs O(n?) field operations in general. However, given
a length-n challenge vector s computed from r € F'°8™ in O(n) time using a known algorithm [10], we show
that this computation is equivalent to computing B(r) = s B and M(r, y) can be viewed as s T M = (M Ts)T.
Leveraging the property of a permutation matrix (i.e., M T = M~1), computing M s = M ~1s costs no field
operation because the prover simply permutes s according to o~ !.

To support permutations as part of the prover’s witness (e.g., in multiset check), we add structural checks
to certify that the matrix is a permutation. Following the linear-algebraic definition [11] and building on
structural checks from [12], we obtain O(n) prover time thanks to sparsity-aware Sumcheck techniques [13].
Since there exists sparsity-aware polynomial commitment schemes (PCSs) such as Dory [14], we can compile
our PIOPs with them to obtain SNARKs with O(logn) soundness error and O(n)-time provers. Beyond the
general case, we show that certain special permutations require no commitment to the permutation matrix
because the verifier can evaluate its multilinear extension in O(polylog(n)) time. This makes the permutation
SNARK field-agnostic, allowing the use of concretely efficient polynomial commitment schemes such as [15]
and enabling small-field optimizations like [16] in our permutation check. To our knowledge, this is the first
logarithmically sound, field-agnostic SNARK with an O(n)-time prover in this setting.

Our contributions are threefold:

1. We design logarithmically-sound SNARKSs with linear-time provers for both permutation and multiset
checks, which concretely outperform the concurrent BiPerm construction across prover time, verifier
time, and proof size.

2. We prove a matching lower bound showing that the resulting prover complexity is optimal.

3. We show that permutation checks can be made field-agnostic and concretely efficient for certain special
permutations.

2 Preliminaries

This section reviews the tools and models used throughout the paper. Section 2.1 sets up notation. Sec-
tion 2.2 introduces multilinear extensions, which form the algebraic backbone of our constructions and serve
as the data carriers in Sumcheck-based proving systems. Sections 2.3-2.6 summarize the proof frameworks we
build upon, including interactive proofs, polynomial IOPs, and their compilation with polynomial commit-
ment schemes, which together reflect the standard approach to constructing modern SNARKSs. Section 2.7
reviews the classic Sumcheck PIOP, the fundamental building block of our permutation and multiset PIOPs.
Section 2.8 shows how permutation checks can be expressed within this framework. These definitions and
abstractions will be used directly in our construction and analysis.



2.1 Notation

We use A to denote the security parameter. For a,b € N, the notation [a, b] denotes the set {a,a+1,...,b}.
A function f(A) is in poly(A) if there exists ¢ € N such that f(A) = O(A°). A function f(X) is negligible,
written f(\) € negl(A), if for every ¢ € N, we have f(A) = o(A™¢). A probability of the form 1 — negl(}\)
is said to be overwhelming. We use F to denote a finite field of prime order p, where log(p) = Q(\). Our
technique may be used on top of non prime order field such as binary field [17], but this is out of the scope
of this paper.

A multiset is a set-like collection in which each element has positive multiplicity. Two finite multisets
are equal if and only if they contain the same elements with corresponding multiplicities.

An indezxed relation is a set of triples (i;x;w), where i is an index, x is the public input, and w is the
prover’s witness. The index i is fixed during setup.

In describing the syntax of our protocols, we follow the convention that public values (known to the
prover and the verifier) are distinguished from the private witness (known only to the prover).

Throughout the paper, we use n to denote the size of the input to the permutation. Unless stated
otherwise, we assume the permutation is bijective, so the output size is also n. When encoding a length-n
vector as a multilinear extension, it has log n variables (see Sec 2.2 for details) by construction. All logarithms
in this paper are base 2.

Any non-negative integer j can be written in binary as (ji, jo, - - -, jlogn), Where j1 is the least significant
bit and jiogr is the most significant bit. Hence, we freely move between the equivalent views

j S [O,TL — 1} and ] - (j17j25 s 7jlogn) € {0’ 1}10gn'

For readability, we typically omit the binary tuple when the meaning is clear.
We denote the oracle corresponding to a polynomial f by [[f]], which Sec. 2.4 describes in more detail.
Following [12], any field multiplication and addition is considered to take O(1) time.

2.2 Multilinear Extensions

We introduce multilinear extensions, along with their definitions, properties, and common use cases, as they
will be needed throughout the paper.

Definition 1 (Multilinear polynomials). A p-variate polynomial g : F* — T is said to be multilinear if g’s
degree in each variable is at most one.

Lemma 2.1 (Multilinear extensions). For any function f : {0,1}# — F, there exists a unique multilinear
polynomial f : F* — F such that f(a:) = f(z) for all x € {0,1}* (i.e., boolean hypercube) [12]. The
multilinear f 1s called the multilinear extension of f. This implies that for any two multilinear polynomials
g and h, if g(x) = h(z), Yo € {0,1}*, then g and h are the same polynomial.

Lemma 2.2 (Schwartz-Zippel Lemma). Let f : F* — F be a non-zero polynomial of total degree d. Let S
be any finite subset of IF, and let m1,...,7, be p field elements selected independently and uniformly from S.
Then p

Pr[f(rl,...,ru)zo]gﬁ

We next review several useful multilinear extensions.
Multilinear extension for Lagrange basis of multilinear polynomials. The first special multilinear

extension €q is the multilinear extension of the function eq : {0,1}* x {0,1}* — F defined as follows:

1 ifz=y

eq(z,y) = {

0 otherwise

eq can be explicitly expressed as :



o
éa(z,y) = [ (@i + (1 —2:) (1 — w)) (1)
i=1
eq(r,r’) can be evaluated at any point (r,r’) € F¥ x F¥ in O(u) time. Following prior work [12,13], any
O(log n)-variate polynomial that can be evaluated in O(logn) time (instead of O(n)) is structured, hence eq
is structured. _
Based on eq, any p-variate function f and its multilinear extensions f have the following relations:

)= > fb) &b,y
be{0,1}+

The above holds because (1) both f(y) and > pc (g 130 f(b) - €4(b,y) are multilinear polynomials in y, and
(2) they agree on all Boolean inputs y € {0,1}*. Because of the relation, €q is often called the Lagrange
basis of multilinear polynomials [18].

Multilinear extensions for vectors. Given a vector v € F”, one can construct its unique multilinear
extension v. Specifically, let v; denote the j-th element in v, ¥j € [0,n — 1]. We can represent the extension
naturally by v(j1,j2, ..., Jlogn) = vj, where (ji,J2, ..., jlogn) is the binary representation of j. We can use
€q to express v explicitly:

y)= Y, vy (2)

j€{0,1} e

Given a fixed y € F'°8" the multilinear polynomial eq(j,y) = Hiozgln (Jiyi + (1 — 7;) (1 — y;)) is the j-th
multilinear Lagrange basis polynomial for every j € {0,1}!°¢". It is well known that given a random point
r € F1°" we can evaluate all Lagrange basis polynomials (i.e., éq(j,r), ¥4 € {0,1}'°8™) with only n field
multiplications [10].! Therefore, given a vector v € F" | it takes 2n field multiplications to compute (r) (i.e.,
n multiplications for computing all Lagrange basis polynomials and n multiplications for the inner product
between v; and eq(j,r), Vj € {0,1}°8").

Multilinear extensions for matrices. Given an m by n matrix M € F"™*™ one can use M as its unique
multilinear extension. Similar to how we encode vectors as multilinear extensions, Vi € [0,m—1],j € [0,n—1]

we can encode M by M(il, oy blogm, J1s -+ - Jlogn) = M;j;. It can also be expressed explicitly using eq:

7;6{0,1}1(’% m je{()’l}log n

2.3 Interactive Proofs and Arguments of Knowledge

Definition 2 (Interactive Proof). A pair of interactive machines (P,V) form an interactive proof (IP) for
a relation R with completeness error € and soundness error § (0 < e,0 < 1) when the following properties

hold:

e Completeness: for every x such that x € R holds, then Pr[V outputs 1] > 1 —e. An IP has perfect
completeness when € = 0.

e Soundness: for any x such that x ¢ R and for any prover P*, then Pr[V outputs 1] < 6.

Given a relation R, we can define a circuit C such that C(z) =1 iff x € R; and C(z) = 0, otherwise. In
this context, we say an IP is succinct when the verifier time and the proof size are both O(polylog(|C], |z|)).

We next define interactive proofs of knowledge, which consist of (1) a non-interactive preprocessing phase
run by a third-party trusted setup algorithm, often called the indexer [4], and (2) an interactive online phase
between the prover and the verifier.

1We refer readers to Appendix A for the detailed algorithm.



Definition 3 (Interactive Proof and Argument of Knowledge (adapted from [4])). An interactive protocol
IT = (Setup,Z, P, V) is an argument of knowledge for an indexed relation R with knowledge erroré : N — [0,1]
if the following conditions hold. Given an indez i, public input x, and prover witness w, the deterministic
indexer computes

(v, pp) < Z(i),
and the verifier’s output is the random variable
(P(pp,x, W), V(vp,X)).

e Perfect Completeness: for all (i,x,w) € R

gp < Setup (1)‘)
(vp,pp) < Z(gp.i)

Pr | (P(pp,x, w), V(vp,x)) =1

e §-Soundness (adaptive): Let L(R) be the language corresponding to the indexed relation R such
that (i,x) € L(R) if and only if there exists w such that (i,x,w) € R. II is §-sound if for every pair
of probabilistic polynomial time adversarial prover algorithm (A, As) the following holds:

(As(i, x,st), V(vp,x)) =1 | gp « Setup (1*)
Pr AL x) & L(R) (i,x,st) < Ai(gp) | < o([i] +[x]) (4)
(vp, pp) <= Z(gp,i)

e §-Knowledge Soundness: There exists a polynomial poly(-) and a probabilistic polynomial-time ora-
cle machine & called the extractor such that given oracle access to any pair of probabilistic polynomial
time adversarial prover algorithm (Ay, As) the following holds:

(A2(i, x,st), V(vp,x)) = 1 | gp < Setup(1*)
Pr A, x,w) ¢ R (i,x,st) < Ai(gp) | < a(Ji| + [x]) (5)
w <« EAA2(gp i x) | (v, pp) + Z(gp, i)

A protocol is an argument of knowledge if § is negligible in A. If the adversary is computationally
unbounded (i.e., the adversary is not restricted to polynomial time), the protocol is called an interactive
proof of knowledge.

e Public coin: An interactive protocol is public coin if every verifier message (including the final output)
is a deterministic function of a publicly sampled random string.

e Zero knowledge: An interactive protocol (P,V) is zero knowledge if there exists a PPT simulator
S such that, for every PPT adversary A = (A;, As) and every auxiliary input z € {0,1}P°YN) | the
simulated and real transcripts are computationally indistinguishable.

We use both soundness and knowledge soundness. Knowledge soundness implies soundness, since the
existence of an extractor guarantees (i,x) € £(R). Moreover, in Lemma 2.3 we recall that, for certain oracle
arguments and relations, soundness in fact implies knowledge soundness.

2.4 Polynomial Interactive Oracle Proofs

We now define polynomial interactive oracle proofs, an information-theoretic proof model tailored to poly-
nomial relations.

Definition 4 (Polynomial Interactive Oracle Proof (PIOP) (adapted from [4])). A PIOP is a public-coin
interactive proof for a polynomial oracle relation

R ={xw)}.



The relation is an oracle relation in the sense that i and x may include oracles to p-variate polynomaials over
a field F. For each oracle, the arity p and the degree in each variable are known. The verifier may query
such an oracle at any point in F* to obtain the evaluation of the underlying polynomial at that point. The
actual polynomials are contained in the prover’s parameters and witness. In every message, the prover P
sends new multivariate polynomial oracles, and in every round the verifier sends a random challenge.

Following [4], we evaluate the efficiency of a PIOP in terms of:

e Prover time: the total running time of the prover.
e Verifier time: the total running time of the verifier.

e Query complexity: the number of oracle queries made by the verifier.

Proof of knowledge. A PIOP satisfies perfect completeness and unbounded knowledge soundness with
knowledge error §. The extractor may query polynomials at any desired points; in particular, this allows
efficient recovery of the entire polynomial by interpolation when needed.

From interactivity to non-interactivity. Public-coin interactive arguments can be made non-interactive
via the Fiat—Shamir transform [19], which replaces the verifier’s random challenges with hashes of the
transcript so far.

Lemma 2.3 (Sound PIOPs are knowledge sound [4]). Let R be an oracle relation, and consider a 6-sound
PIOP for R such that for every (i;x;w) € R, the witness w consists only of polynomials whose oracles appear
in the instance (i,x). Then the protocol has § knowledge soundness, and there is an extractor running in
time O(|w]).

2.5 Polynomial Commitment Schemes

A polynomial commitment scheme (PCS) [14,18,20] allows an untrusted prover to succinctly commit to
a polynomial f, and later provide the verifier with an evaluation f(r) at a point r chosen by the verifier,
together with a proof that this value is consistent with the committed polynomial [4,12]. This is precisely
the cryptographic primitive needed to transform a polynomial IOP into a succinct argument as described in
the next subsection. Instead of sending the full polynomial f to the verifier, as in a PIOP, the prover in the
argument system commits to f and later reveals only those evaluations that the verifier needs in order to
carry out its checks.

Several existing PCSs [18, 20, 21] support committing to a (logn)-variate multilinear polynomial f with
linear prover time and sublinear verifier time in the total number of evaluations of f(z) over x € {0,1}!°8™.
In this work, we focus on PCSs where the prover time depends only on the sparsity of f, rather than on the
full hypercube size. The concrete design of sparsity-aware PCSs is an active research direction since [12],
which is out of the scope of this paper.

Following [8,12], we use Dory [14], a pairing-based, transparent PCS. If m is the number of nonzero
evaluations of f over its domain {0,1}'°8", then:

e committing to f costs O(m) time,
e opening at a point r € F'°8" costs O(y/n) prover time,
e both the proof size and verifier time are O(logn).

To use Dory, the field must be compatible with a pairing-friendly elliptic curve, such as BLS12-381 [22]
or BN254 [23].



2.6 PIOP Compilation

PIOP compilation transforms an interactive oracle proof into an interactive argument of knowledge (without
oracles) II. The compilation replaces each oracle with a polynomial commitment, and every verifier query
is replaced with an invocation of the Eval protocol at the query point z. The compiled verifier accepts if
the original PIOP verifier would accept and if all Eval calls return 1. If IT is public-coin, it can be further
compiled into a non-interactive argument of knowledge (NARK) using the Fiat—Shamir transform. If the
proof size is sublinear and the verifier runs in time sublinear in the size of the witness, then the resulting
system is a SNARK (i.e., a succinct NARK).

Theorem 2.1 (PIOP Compilation (adapted from [4])). If the polynomial commitment scheme T’ has witness-
extended emulation, and if the t-round polynomial IOP for R has negligible knowledge error, then the compiled
protocol I1 is a secure (non-oracle) arqgument of knowledge for R. The compilation preserves zero-knowledge:
if T is hiding and Ewval is honest-verifier zero-knowledge, then II is also honest-verifier zero-knowledge. The
efficiency of 11 is determined jointly by the PIOP and T':

e Prover time: the sum of (i) the prover time of the PIOP, (ii) the oracle length times the commitment
cost, and (i) the query complexity times the prover cost of T.

e Verifier time: the sum of (i) the verifier time of the PIOP and (i) the query complexity times the
verifier cost of T'.

e Proof size: the sum of (i) the message complexity of the PIOP times the commitment size and (ii)
the query complexity times the proof size of T'. If the proof size is O(polylog(|w|)), we call it succinct.

Batching.  Prover time, verifier time, and proof size can be further reduced using batch openings of
polynomial commitments. After batching, the proof size depends only on the number of oracles plus a single
polynomial opening.

2.7 The Sumcheck PIOP

The Sumcheck protocol is the fundamental building block of many efficient PIOPs, e.g. [4,12]. We start
from the description of the protocol, and then we show the existence of several efficient prover algorithms
and the corresponding applications.

Definition 5 (Sumcheck Relation). The relation Rsyn is the set of all tuples (x;w) = ((H, [[f]]); f) where
feFEY and Ybeqoyn f(b) = H.

Given f as a p-variate polynomial over a finite field F, the goal of the Sumcheck protocol is to prove to
the verifier that the following sum is correctly calculated:

H:= Y f(z) (6)

z€{0,1}#

The verifier can compute H by evaluating f at all 2# points in {0, 1}* and sum the results, but this is
expensive. As shown in Protocol C, the Sumcheck PIOP allows the verifier to offload this work to the prover
through multiple rounds of interaction. The rounds it takes is p, which is the number of variables in f. At
the end of the protocol, the verifier should additionally check if the evaluation of the original polynomial f
at some random point 7 = (r1,72,...,7,) equals to the prover’s claim (i.e., f,(r,) in Protocol C).

Theorem 2.2 (Sumcheck PIOP [4]). The PIOP for Rsuyn is perfectly complete and has knowledge error
§h = du/|F|.

sum



Complexity analysis. The complexity of Sumcheck PIOP for Rsyn with respect to f € ]-'lsgd) is:
e Prover time: O(2" - dlog? d) field operations (and O(2*) when d is a constant)
e Verifier time: O(u)

e Query complexity: 1

Efficient prover algorithms. Because the generic Sumcheck protocol has superlinear scaling when d > 1,
it can incur prohibitively high prover computation. The literature has developed asymptotic optimizations
to Sumcheck that improve the prover’s performance for certain special-case polynomial forms, and we will
need such optimizations in this work. Below we briefly describe two types of efficient prover algorithms.
They can be used directly as black-box plug-ins in this paper.

1. Sumcheck for the product of multilinear polynomials. Let the p-variate polynomial f(z) in Eq. 6 be a
product of h = O(1) multilinear polynomials, which means

h
f(@) =[] on(@)
k=1

where each gi(x) is a multilinear polynomial. An O(n)-time prover algorithm (n = 2#) is available
in [24,25]. When h = 1, it becomes a Sumcheck for a multilinear polynomial.

2. Sparse-dense Sumcheck. Lasso [13] targets on a special case of u-variate polynomial f(x) = s(x)t(x),
where s(z) is m-sparse (i.e., among all n = 2# evaluations over {0,1}*, only m < n elements are
nonzero), and updating t(x) can be computed in O(1) time for every x in each round of Sumcheck.
The formal properties needed for t(x) are defined by Theorem 9 in Lasso [13]. Then, we can have a
O(m)-time prover according to [13].

Applications. Following the notation defined in the subsection 2.2, we demonstrate three types of checks
for some m by n matrices M € F™*" and the corresponding multilinear extension M (x,y) here. They will
be used as building blocks in the following sections.

1. A row Hamming weight check is used to prove whether the sum of all elements in each row of M is 1.
Twist and Shout [12] shows P and V can use the Sumcheck protocol to prove:

1= Z M(r, Y). (7)

ye{071}log n

where r € Floim is the random challenge given by the verifier. If we ignore the time to compute
M (r,y) from M (x,y) and r, it is clear that the prover time is O(n) based on Sumcheck for the product
of multilinear polynomials. We will discuss the prover time to compute M (r,y) later.

2. A matriz multiplication check is used to prove a matrix multiplication is correct computed. Suppose
P aims to show V that a length-m vector g is computed by M - f given f is a length-n vector f,
it is well-known [24] P and V can apply the Sumcheck protocol with the corresponding multilinear

extensions g, f, M for:

g = Mryf (8)

yE{O,l}log n

Similarly, » € F'°8™ is given by the verifier. Ignoring the computation time for M (r,y), the prover
time can be O(n) based on Sumcheck for the product of multilinear polynomials.
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3. A Booleanity check is used to prove that each element in a matrix M is either 0 or 1. According to
Twist and Shout [12], P and V can perform the following Sumcheck:

0= > s(2)t(2) (9)

2€{0,1}les m+logn
where
s(2) = s(z,y) = M(z,y)* - M(z,y)
and
t(z) = t(z,y) = eq(r,x)eq (1", y).
r € Fleem ' ¢ Flo8™ are random challenges given from V. The authors in [12] have demonstrated t(z)
satisfies the properties defined in Theorem 9 in Lasso [13]. Besides, in their scenario, all rows in M are

one-hot vector, which means s(z) is m-sparse. Therefore, a prover can invoke Sparse-dense Sumcheck
algorithm to compute a proof in O(m) time.

2.8 Permutation as Sumcheck PIOP

An instance of permutation or multiset check is a pair of arrays
A= (ao,...,an,l) S ]Fn, B= (bo,...,bnfl) an’
Both permutation and multiset checks imply there exists a bijective permutation o : [0,n—1] — [0,n—1]
such that b; = ay(;), Vi € [0,n — 1].

Let log n-variate multilinear polynomials A(z) and B(z) denote the multilinear extensions of A and B.

The relation P aims to prove is _
A(o(z)) = B(z), Yz € {0,1}°8n

which is equivalent to

S AW)a(oe),y) = Bla), Vo € {0,115,

yG{O,l}log”
Since o is bijective, the following holds

Y Alyale,o” (y) = Blx), Vo € {0,1}5".

y€{0,1}loen

As described in [4,8], V can send a random challenge r € F'°8™ then ask P to prove the following, via

Sumcheck PIOP: _
Bry=Y_  A(yeé(r,c” (y)) (10)
ye{o’l}log n
The corresponding Sumcheck instance can be expressed as (x;w) = (H, [[f]]; f), where:

e H := B(r). The prover can provide the oracle commitment [[B(x)]], allowing the verifier to obtain H
by evaluation.

o fis ~
fly) == Ay)ea(r,o () -

e The oracle [[f]] is constructed from the two oracles [[A(y)]] and [[6q(z, o0~ (y))]]-

The computational bottleneck of prior work lies in how to process eq(r,o~'(y)), which requires either
O(nlognlog?(logn)) [4] or O(ny/logn) [8] prover time in their Sumcheck protocols. In this work, we demon-
strate that computing éq(r, 0~ (y)) from éq(z, 0! (y)) and r requires only O(n) prover time. By instantiating
the oracle with some sparsity-aware PCS, we can obtain linear-time SNARK provers for both permutation
and multiset checks.
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3 A Linear-Time Lower Bound for Prover

Our permutation and multiset checks have O(n) proving time. To show that this is optimal, we show an
Q(n) lower bound for proving permutation or multiset check. The lower bound shown corresponds to the
intuition that the prover must at least read the inputs to construct a proof. While the intuition is clear, this
is, to our knowledge, not formally proven anywhere. We begin by defining the protocol model and how we
measure the prover costs, which are shared bases for proving lower bounds for both checks. We then prove
the lower bounds formally in the subsequent subsections.

Protocol model. We consider an arbitrary interactive protocol IT = (P, V) for deciding whether a relation
R holds. The verifier V has no direct access to A or B. The prover P has read-only access to the input
arrays A and B, may be randomized and fully adaptive in its strategy to probe input arrays (i.e., reads of
entries of A or B), and is computationally unbounded.

By the definition of interactive proof, the following properties hold for fixed constants 0 < e, < 1:

e Completeness: if (A, B) € R, then Pr[V accepts] > 1 —e.
e Soundness: if (A, B) ¢ R, then Pr[V accepts] < 4.

Randomness convention. Let w denote the verifier’s random tape (public or private; revealing it to P
can only help P and thus makes our lower bound stronger), and let 7 denote the prover’s internal random
tape. For analysis we bundle these as a single sample p := (w,7), and write Pr,[-] and E,[] for probability
and expectation over the combined randomness of both parties.

Measurement of prover cost. = We measure the prover cost by the number of input-cell probes; we
assume local computation is free. This captures the information that must be extracted from the instance
to produce any accepting transcript. In particular, on any unit-cost word-RAM with word size Q(log|U]),
a probe costs O(1) time. Therefore, if we can show an Q(n) probe lower bound, it implies an Q(n) lower
bound for the prover time.

Probe counter. To track the prover’s access to the input, we define two probe counters: one counting total
reads and one counting distinct reads. In our lower-bound arguments, we focus on the number of distinct
reads, since it always lower-bounds the total number of reads and is easier to analyze. For an execution of
IT on input (A, B) with joint randomness p, we define

. readsf-ftal(A, B; p): the total number of cell reads performed by P. If a cell (e.g., a;) is read twice, it

contributes 2.

o readsi™*( A B;:p): the number of distinct cells among all cells {ai,...,an, by, ..., by} that P reads
at least once.

The below inequality always holds for all possible (A, B) and p:
readsi®®! (A4, B; p) > readsf*""*( A, B; p)
For each ¢ € [1,n], we define the marginal read probabilities over p.

r# := Pr[P reads a;], 2 := Pr[P reads b;]
P P

By linearity of expectation,
n

E,[reads{*""*" (4, B; p)] = Z(Tfl +rf)
i—1
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3.1 Lower Bound for Permutation Check

We show that an Q(n) lower bound is necessary for proving a known permutation o. Therefore, an O(n)
prover for permutation check is theoretically optimal.

Definition 6 (Permutation Check). Let U be a finite universe with |U| > n+1. An instance consists of two
arrays
A=(a1,...,ap) €U” and B = (by,...,b,) €U".

Given a fived and publicly known permutation o € S, (i.e., a bijection o : {1,...,n} = {1,...,n}), the goal
is to check whether
Perms = {(A,B) : Vi € [1,n], b; = as(;)}-

We use I1 to denote an arbitrary interactive proof protocol for checking Perm,,.
With the above symbols and definitions, we state the theorem that linear probes are necessary.

Theorem 3.1. To prove (A, B) € Perm,,
E, [reads}ftal(A, B; p)} > 2(1—e—-9d)n.

Consequently, the expected prover time on a unit-cost RAM model is Q(n).

Remark. The bound holds in expectation over p, which includes all randomness of both prover and verifier.
Thus, even a randomized and fully adaptive prover cannot achieve o(n) expected probe complexity.

Proof. Fix any instance (A4, B) € Perm,. For each i € [1,n], the single equality constraint b; = a,(; holds
by definition. Define
pi = min{r/, v}

An adversary can randomly pick an ¢ € [1,n] and form an instance (A’, B’) ¢ Perm, by changing only
the less-read cell of the pair {b;, a,(;)} to some x € U such that the cells in the changed pair are not equal.
All other pairs in (A, B) are unchanged, so exactly this equality is violated.

P runs IT on (A4, B) and (A’, B’) with the same joint randomness p. The two resulting transcripts can
differ only when P reads the flipped cell, which happens with probability p;. Hence

Pr[V accepts (4, B)] — Pr[V accepts (4’, B')]| < pi.
p p

We next justify why the inequality is true. Let E be the event that P reads the flipped cell. By
construction Pr,[E] = p;. Let T and T” denote the full transcripts (all messages and probe results) of I on
(A, B) and (A’, B’) respectively under the same randomness p.

Observe that if F does not occur, then every probed cell has the same value in both inputs, so T = T"
and the verifier’s acceptance probabilities are identical:

Pr[V accepts (A, B) | ~E] = Pr[V accepts (4’, B") | -=E].
p P

Using the law of total probability,
Pr[V accepts (A, B)] — Pr[V accepts (4", B')]
p p
= Pr[E] - (Pr[V accepts (A, B) | E] — Pr[V accepts (A, B') | E])
P P p

+ Pr[=E] - (Pr[V accepts (A, B) | =E] — Pr[V accepts (A, B') | ~E]) .
p P p

=0
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Taking absolute values and noting that the term in parentheses is bounded by 1 gives

Pr[V accepts (A, B)] — Pr[V accepts (A’, B')]| < Pr[E].
P p P

According to completeness and soundness of II,

(1 —€) — & < Pr[V accepts (A, B)] — Pr[V accepts (A’, B')].
P P

Therefore, p; > (1 —¢) — 0.
By summing over ¢ and using min(z,y) < %(:c +vy),

Z(T?(i) + 7"zB> 2

i=1 %

pi2(1—€—5)n
1

n

DN | =

By the definition of probe counter, we have

E, [readsﬁotal(A, B; p)] >E, {readsﬁminct (A, B; p)}
2

>2(1—e—0)n

3.2 Lower Bound for Multiset Check

We show an Q(n) lower bound for performing a multiset check. Therefore, an O(n) prover for multiset check
is theoretically optimal.

Definition 7 (Multiset Equality Check). Let U be a finite universe with |[U| > n+ 1. An instance consists
of two arrays
A= (ar,...,an) €U™ and B=(b,...,b,) eU".

The property to be checked is
MultiSetEq <— {a1,...,an} and {b1,...,b,} are equal multisets.

We use I1 to denote an arbitrary interactive proof protocol that checks multiset equality.
Similar to the previous subsection, we state the theorem that linear probes are necessary.

Theorem 3.2. To prove (A, B) € MultiSetEq,
E, [readsffml(A, B; p)} > 2(1—e—9d)n.

Consequently, the expected prover time on a unit-cost RAM model is Q(n).

Remark. The bound holds in expectation over p, which includes all randomness of both the prover and
verifier. Thus, even a randomized and fully adaptive prover cannot achieve o(n) expected probe complexity.

Proof. Fix any instance (A, B) € MultiSetEq. For each i € [1,n], an adversary can choose xf‘m eu\
{b1,...,bn} (it exists since [U| > n + 1) and form a new instance (A, B) ¢ MultiSetEq, where A(®) equals
A

. z ' .
Similarly, an adversary can choose xfm cU\{ay,...,a,} and form a new instance (4, B®)) ¢ MultiSetEq,
B

%

A except we replace the i-th element with x

where B(®) equals B except we replace the i-th element with
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P runs ITon (A, B), (A®, B), and (A, B®") with the same joint randomness p. The transcripts can differ
only when P reads the replaced cell. Therefore, based on the similar justification in the previous subsection,
the following two inequalities hold

Pr[V accepts (A, B)] — Pr[V accepts (A(i),B)]‘ < ri
P p

3

K2

’Pr[V accepts (A, B)] — Pr[V accepts (4, B(i))}‘ < rP.
J2 P

According to completeness and soundness of I, 74 > (1 —¢) — 6 and r? > (1 —¢) — 4.
By summing over 7 and summing the two inequalities,

i(r{l—i—riB) >2(1—e—4d)n

i=1
By the definition of probe counter, we have
E, [readsf—})tal(A, B; p)] >E, {readsﬁismmt (A, B; p)}
>2(1—e—9d)n

4 SNARKSs for Permutation and Multiset Checks

The previous section established that any interactive proof for permutation or multiset checks requires Q(n)
time. Here we present an O(n)-time construction that matches this lower bound: a complete protocol
consisting of the core permutation check and structural checks to enforce bijectivity. To define them, let an
instance of permutation or multiset check be (A4, B), where

A= (ag,...,an-1) € " B =(bg,...,bp_1) € F™
The two checks can be defined as follows:
e Permutation check: Given a public permutation o, Rpgru is to check if b; = aq(;), Vi € [0,n —1].
e Multiset check: Rysg is to check if there exists a permutation o such that b; = Ao (i), Vi € [0,n—1].

In Permutation check, o has been processed by the indexer and therefore the prover has no need to provide
structural arguments for ¢. In Multiset check, the prover must perform additional structural checks to show
the verifier that o is a bijective permutation. We will start from the core permutation check and then show
how to perform additional structural checks for ¢ to ensure bijectivity.

4.1 The Core Permutation Check

The core permutation check validates whether M satisfies B = M A. Let M be a n by n permutation matrix,
where
M;; =1, if o(i) = j;
M;; = 0, otherwise.

(11)

By standard linear algebra [11], we can represent an arbitrary bijective permutation o in this way. We
denote its unique multilinear extension as M (x,y), which is encoded as Eq. 3. By definition of o (i),

M(z,y) = eq(x,0~ " (y)), Ve € {0,1}1°8", y € {0, 1}\8"
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Since M(x,y) = éq(z, 0~ (y)), Vo € {0,1}°8" y € {0,1}°5™ M(x,y) is the unique multilinear extension
of eq(x, 07 (y)). Therefore, Eq. 10 can become

Biry= Y. AM(ry) (12)

y€{0,1} e n

The key to obtaining an O(n)-time prover is shifting from a Sumcheck perspective to a linear algebra

one. Specifically, B(r) = Zje{o’l}log . bj - €q(j,r) can be viewed as

(eqow, ceey €Qj7T, . ,eqn,l)r) . (bo, e ,bj, ey bnfl)—r, (13)
where - denotes the inner product operation and egq;, = €q(j,r), Vj € [0,n — 1] can be computed with n
field multiplications according to [10]. To compute the above inner product, we use an additional n field
multiplications, which means B(r) can be computed in O(n) time.
Let R;(y) = Zje{o 1}logn M;;€q(j,y) be the multilinear extension of i-th row R; in M. For all y €
{0, 1}ls™,

M(ry)= > Ri(y)éq(i,r)

iG{O,l}log n
= (GCIO,T, ceey eqnfl,r) : (EO(y)v ey Enfl(y))—r
= (GQO,T, ceey Ganl,r) : (MOya ceey 1\4(7171)1;)—r

(14)

From Eq. 14, M (r,y) is random linear combination among rows of M (i.e., the matrix-vector product
between M T and the challenge vector). If M (z,y) represents a general n by n dense matrix, computing
M(r, y) requires O(n?) time in general. Fortunately, M(IE, y) is n-sparse and (Moy, . .., M(,,—1),) is a one-hot
vector (i.e., it only consists of one 1, all other entries are 0s), where M;, =1 if o() = y. Therefore, Eq. 14
becomes .

M(r,y) = eqi,r (15)
for all y € {0,1}!°8™ and o~!(y) =i (i.e., the inverse permutation of the challenge vector).

As a result of Eq. 15, we can compute M(r, y) for all y € [0,n — 1] with n element accesses from the
vector (eqor,...,€qir,--.,edn—1,) that was computed when evaluating B(T)

With the target sum B(r) and the product of two (log n)-variate multilinear polynomials A(y)M (r,y), a
prover can use Sumcheck for the product of multilinear polynomials to complete the Sumcheck proof in O(n)
prover time.

Based on the above, we can formalize the permutation relation to construct the Permutation PIOP.

Definition 8 (Permutation Relation). Given a public permutation o, the relation Regpas s the set of all
tuples (i;x;w) =

{(M(z,y), [M(z, y)]l; [A@)]], [[B(@)]}; A(x), B(x))}
where M(x, y) is the multilinear extension of permutation matriz defined in Eq. 11 and A(o(z)) = B(x), Va €
{07 1}logn‘

Theorem 4.1 (Permutation PIOP). The PIOP for RGgruy s perfectly complete and has knowledge error
O(logn/|F|).

Proof. Perfect completeness. Recall that the Sumcheck PIOP is perfectly complete. Because for every

(M(x,y), A(z), B(y)) that belongs to RGgry, Eq. 12 always holds Vr € F°8" | the resulting protocol is also
perfectly complete.

Knowledge soundness. The soundness error in the Sumcheck PIOP is 6% := du/|F| = 2logn/|F|.
Evaluating B(x) at r results in a logn/|F| soundness error because of the Schwartz-Zippel Lemma. The

total soundness is O(logn/|F|). By Lemma 2.3, the knowledge soundness is also O(logn/|F|). O
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Complexity analysis.

e Prover complexity is O(n) field operations because it takes 2n field multiplications to compute step 3
in Protocol 1 and O(n) field multiplications for standard linear Sumcheck PIOP for step 4.

o Verifier complezity is O(logn) field operations because there are logn rounds in the Sumcheck PIOP
for step 4, and it takes O(1) time for the verifier to validate the message in each round.

e Query complexity is 3 because the verifier needs to query [[M (x,y)]], [[A(z)]] and [[B(z)]] once at the
end of the PIOP.

Protocol 1: Permutation PIOP (PermPIOP) for R
Goal: Prove that A(o(z)) = B(z), Yo € {0,1}!°8" given some public bijective permutation o.
The PermPIOP proceeds as follows.

1. P sends the oracles [[A(x)]], [B(z)]] to V.
2. V sends a random challenge r € F'°8" to P.

3. P computes B, = E(r) and M(r, y) by Eq. 13 and Eq. 15.

4. P and V use Sumcheck PIOP to check Eq. 12. Specifically, P makes f(y) = A(y)M(r,y) and V

can query [[f(y)]] at a random point ' € F'°8" by querying [[M(z,y)]] at (r,r’), [[A(x)]] at r’
and computing their product. Then, the instance in Rgum becomes (B, [[f(¥)]];f(v)).

5. V queries [B(z)]] at r to check if the evaluation is equal to B,.

6. V outputs 1 if both verifiers in step 4 and 5 output 1.

4.2 Structural Checks

In addition to proving the correctness of the permutation, we must also prove that the arithmetized per-
mutation was constructed correctly. The structural check confirms that a prover permutation is a bijective
permutation. We use it to complete the PIOP for multiset check. It is unclear how to prove the permutation
is bijective for BiPerm [8]. To our best knowledge, this is the first paper that proposes a O(n)-time prover
even when the permutation is unknown to the verifier.

We rely on the definition of a permutation matrix: a permutation matrix is a square matrix with binary
entries such that each row and each column contains exactly one 1 and all remaining entries are 0. Therefore,
we can perform the following three checks to complete the structural check.

1. Booleanity: It checks that all entries in M are either 0 or 1. P and V use the Sumcheck PIOP to
validate if Eq. 9 is true.

2. Hamming weight of rows: P and V use the Sumcheck PIOP to validate if the Hamming weight of rows
in M is 1.

3. Hamming weight of columns: P and V use the Sumcheck PIOP to validate if the Hamming weight of
columns in M is 1.

The Shout lookup protocol [12] includes descriptions for 1. and 2. but not 3. We show that it suffices if
P and V check if Zme{oyl}log . M(z,7r) =1 given the verifier challenge » € F'°¢™. The reasoning is similar to
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Protocol 2: Multiset PIOP (MsetPIOP) for Ryser

Goal: Prove that there exists a bijective permutation o such that A(c(z)) = B(z), Vo € {0,1}°s™,
The MsetPIOP proceeds as follows.

1. P sends the oracles [M(z,y)]], [[A(z)] and [[B(z)]] to V.
2. Core permutation check. P and V follow steps (2)-(6) in PermPIOP to validate Eq. 12.

3. Booleanity.
(3.1) V sends random challenges 7001, 1,4, € Flogn o P.

(3.2) P computes €q(rpool, )€q(r,..y) and makes  f(x,y) = [M(z,y)? —

M(:L y)}ézl(rbOOh x)ézl(rl,ooob y)
(3.3) P and V use Sumcheck PIOP with the sparse-dense Sumcheck prover [12] (see the simplified
version in Appendix B). Specifically, V can query [[f(z,y)]] at random points 7,7’ € F°8™ by

querying [[M(z,y)]] at (r,7’) and computing

[M(’I“, r/)Q - M(T’ T/)]&l(Tboola T)&l(r{)oola T/)

which is feasible in O(logn) time for V because €q is structured. Then, the instance to check
becomes (0, [[f(z,v)]];f(x,v)).

4. Hamming weight of rows.
(4.1) V sends a random challenge 7oy € Flogn o P,
(4.2) P computes f(y) = M(rrow, Y)
(4.3) P and V use Sumcheck PIOP with the sparse-dense Sumcheck prover [12]. Specifically, V

can query [[f(y)]] at random points r € F'°&" by querying [[M(z,9)]] at (rrow,7). Then, the
instance to check becomes (1, [[f(¥)]];f(y)).

5. Hamming weight of columns.
(5.1) V sends a random challenge 7., € F°8™ to P.
(5.2) P computes f(z) = M(z,7eo)
(5.3) P and V use Sumcheck PIOP with the sparse-dense Sumcheck prover [12]. Specifically,

V can query [[f(z)]] at random points 7 € F'°8™ by querying [[M(z,y)]] at (7,7co1). Then, the
instance to check becomes (1, [[f(2)]];f(x)).

6. V outputs 1 if all four verifiers in the above checks output 1.

Eq. 14. Let éj(x) = Y iefo,1p0en Mi;€q(i, ¥) be the multilinear extension of j-th column Cj in M. For all
x € {0,1}°sn

M(JJ,’I‘) = Z Cj(m)&l(]’r>

je{0.1plorn
= (eqor--»€qn-1) - (Co(x),...,Cor(x))" (16)
= (eqor- - €n—1,) " (Mo, -, My(n1))

eqjr (if o(x) = j)

Therefore, er{oyl}lcgn M(:c,r) = Zj6[07n_1] eqjr = 1. Moreover, Eq. 16 can be computed in O(n) prover
time since it is simply the permutation of the challenge vector (eqo,r,...,egn—1,), which is computable in
O(n) from r [10].

Based on the above structural check, we can formalize the multiset relation to construct the Multiset
PIOP in Protocol 2.
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Definition 9 (Multiset Relation). The relation Ryspr is the set of all tuples (i;x;w) =

{(0; [[M (z, )], [A()]], [B)]); M (2, y), A(x), B(x))}

where the bijective permutation o is only known to the prover (either computed during witness generation or
known ahead of time) and M (x,y) is the multilinear extension of permutation matriz defined in Eq. 11 and
A(o(z)) = B(x), Yr € {0,1}°8™,

Theorem 4.2 (Multiset PIOP). The PIOP for Ruyser is perfectly complete and has knowledge error
O(logn/|F|).

Proof. Perfect completeness. Recall PermPIOP and Sumcheck PIOP are perfectly complete. The checks
for booleanity and Hamming weight of rows are perfectly complete following [12]. The check for Hamming
weight of columns is perfectly complete by the analysis done in Eq. 16.

Knowledge soundness. The soundness errors in Sumcheck PIOP for two Hamming weight checks are
both 2logn/|F|, and for booleanity check, it is 3logn?/|F| = 6logn/|F|. Evaluating all oracles results in a
O(logn/|F|) soundness error because of the Schwartz-Zippel Lemma. Therefore, the total soundness is still
O(logn/|F|). By Lemma 2.3, the knowledge soundness is O(logn/|F|). O

Complexity analysis.

e Prover complezity is O(n) field operations. Recall it takes O(n) field operations for the core permutation
check. For booleanity check, it costs O(n) field multiplications to compute €q(rbool, )€q(rf,0p»y) [10];
it takes O(n) prover time to run the sparse-dense Sumcheck prover for the PIOP [12,13]. In total,
it takes 2n field multiplications to compute M (z,7¢01) and M (rrow,y) for the two Hamming weight
checks. Tt costs O(n) for both Sumcheck PIOPs, so the overall prover complexity is O(n).

o Verifier complexity is O(logn) field operations. It takes logn rounds for the core check and the two
Hamming weight checks, and 2logn rounds for the booleanity check. In each round of Sumcheck PIOP,
the verifier performs O(1) field operations. Therefore, the overall verifier complexity is O(logn).

e Query complezity is 6 because the verifier needs to query [[A(z)]] and [[B(z)]] once, and [[M(z,y)]]
three times at the end of the PIOP. This may be improved if batch query is supported.

4.3 PIOP Compilation

By standard practice [26-28], P can use a compatible PCS to instantiate oracles such that PermPIOP and
MsetPIOP can be transformed into interactive arguments of knowledge. Specifically, the oracles are replaced
with the commitments of B(x), A(x), and M (z,y). Each time V queries the oracles, P and V invoke the Eval
protocol defined in the PCS. Moreover, since they are public-coin PIOPs, they can be turned into NARKSs
by Fiat-Shamir transformation [19].

The question then becomes which PCSs allow the NARKs to become SNARKs with a linear-time prover.
To achieve this for both PIOPs, the Commit time and Eval time for P should be O(n), the Eval time and
proof size for V should be O(polylog(n)). While there are n? evaluations for M (z,y) over the Boolean
hypercube, there are only n nonzero terms. This means that we can use a sparsity-aware PCS such as
Dory [14], Zeromorph [18], and HyperKZG [20] to achieve a O(n) Commit time. Moreover, for a log N-
variate multilinear, Dory [14] enables P to have O(v/N) Eval time and V to have O(log N) Eval time and
O(log N) proof size. By instantiating the PIOPs with Dory, the resulting NARKSs for permutation and
multiset checks are both SNARKs with an O(n)-time prover.
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5 Extensions to Structured or Non-Bijective Permutations

In this section, we further demonstrate that our permutation SNARK can (1) be field-agnostic for certain
classes of permutations, and (2) support non-bijective permutations.

First, if a permutation ¢ can be described by a specific family of circuits, then the verifier can evaluate it
in O(polylog(n)) time rather than requesting an evaluation proof from the prover. This eliminates the need
for a sparsity-aware PCS and yields the first logarithmically-sound field-agnostic O(n)-time prover.

Second, we show that when the permutation is non-bijective, our scheme naturally extends to handle it
in linear time. Finally, we discuss how our approach relates to the state-of-the-art lookup protocol [12].

5.1 Public and Structured Permutations

When the permutation o is verifier-computable (public and efficiently evaluable on indices), our protocol
becomes both more efficient and more flexible. In this case, the verifier V can evaluate éq(r,o~1(r')) =
€q(o(r),r’) at the end of the core permutation check, so the prover P never commits to the permutation.
This removes the need for a sparsity-aware PCS (e.g., Dory [14]), makes the argument field-agnostic, and
lets us skip the three structural checks because V knows o.

5.1.1 Definition and evaluation cost

We now characterize which permutations admit O(polylog(n))-time verifier-side evaluation. In prior work
[12,13], a polynomial is called structured if it can be evaluated in O(logn) time. We generalize this notion
to mean O(polylog(n))-time evaluability. We also relax the requirement in Eq. 12 that the permutation
polynomial must be a multilinear polynomial M (z,y). Indeed, it only needs to be multilinear in the -
variables. Let M (z,y) be a 2log n-variate multivariate polynomial and multilinear in x. Let M (x,y) be equal
to M (x,y) for all z,y € {0,1}!°8". Given z € F°8"  the following equation still suffices for permutation

checks B
Blx)= Y  A(y)M(z,y) (17)
ye{071}logn

To verify it, see that Eq. 17 represents a permutation because of the definition of M(:m y) and o. Next, the
left and the right terms are both multilinear in z and agree with each other over all x € {0,1}!°¢™. This
means they are the same and unique multilinear extension of the permutation output B.

Now we show one can always construct an M (z,y) from the definition of o by setting

logn

M(r,y) = €a(x,0~ () = [ (0 =200 =07 ) + 207 () (18)
i=1

where o, 1(y) denotes the function that takes logn bits (the binary representation of y) and output a single
bit (the i-th output bit of ¢=1). M(x,y) satisfies the above description and is a 2log n-variate multivariate
polynomial and a multilinear polynomial in x by construction.

To allow the verifier to evaluate M (x,y) = eq(x, 0 1 (y)) without any commitment or evaluation proof
from the prover, c~! must be computable in O(polylog(n)) time. We now relate the circuit complexity of
o~ 1 to this evaluation cost, and the theorem below formalizes the precise condition under which this holds.

Theorem 5.1 (Circuit-Evaluation Equivalence). Let o : {0,1}°8™ — {0,1}!°8" be a permutation and
o=l :{0,1}°en — {0,1}1°8™ be the corresponding inverse permutation.

Assume Boolean (resp. arithmetic) circuits over {0,1} (resp. any field F) use gates with bounded fan-in,
and let size denote the circuit size, measured as the number of gates (equivalently, the number of gates plus
wires up to constant factors).

Then the following are equivalent:

1. o= is computable by a DLOG TIME-uniform Boolean circuit of size O(polylog(n));

20



2. There is a deterministic evaluator (e.g., a verifier) that, on any input y € {0,1}°8™  computes every
i-th output bit o; *(y) in time O(polylog(n)) by on-the-fly uniform decoding and gate simulation for all
i € [1,logn]. That is, given (n,g), a DLOGTIME-uniformity procedure returns the type and fan-in of
gate g and the indices of its input wires, and the evaluator traverses the circuit in topological order to
produce the output.

Proof. (1 = 2) If 0=! can be computed by a DLOGTIME-uniform Boolean circuit of size O(polylog(n)),
an evaluator can simulate it gate-by-gate. Bounded fan-in ensures O(1) Boolean operations per gate, and
uniformity guarantees that the description of each gate can be recovered in O(logn) time. Since there are
O(polylog(n)) gates, the total evaluation time is O(polylog(n)). Computing each o; ' to extract the i-th
evaluation from o~ for all i € [1,logn| takes O(polylog(n)) in total.

(2 = 1) Suppose a deterministic procedure (e.g., a verifier) evaluates every output bit of o~1(y) in time
O(polylog(n)) with uniform access to the gate structure. By the result of Fischer and Pippenger (see [29]), any
function computable by a Turing machine in time T'(m) on m input bits can be simulated by a DLOGTIME-
uniform Boolean circuit of size O(T'(m)log T(m)). Specializing to m = logn and T'(m) = O(polylog(n))
yields a Boolean circuit of size O(polylog(n)) for each function o '(y). This implies that o~!(y) can be
computed by a multi-output DLOGTIME-uniform Boolean circuit of size O(polylog(n)) because exposing
all output bits adds only constant-factor overhead. O

Given any DLOGTIME-uniform Boolean circuit of ¢~1, we can always convert each Boolean gate to an
arithmetic gate over IF.2

Since M (x,y) is defined as eq(x,o~'(y)), evaluating M (x,y) reduces to evaluating o~ !(y) and then
computing log n second-degree factors of the form (1 —z;)(1—0; ' (y)) +z;0; ' (y) for all i € [1,logn]. Hence,
if 0~ is computable by any DLOGTIME-uniform Boolean circuit of size O(polylog(n)), then M (x,y) can
also be evaluated in O(polylog(n)) time for all (z,y) € F°8™ x F'°¢", In particular, M is structured, which
implies that the verifier does not need a proof of correct evaluation for M (x,y) from the prover. This removes
the need for a sparsity-aware polynomial commitment, yielding a field-agnostic SNARK. However, to retain
a linear-time Sumcheck prover in Eq. 17, we still require M (z,y) to be a multilinear polynomial in z and y,
because we are not aware of any O(n)-time Sumcheck protocol for general polynomials in that relation.

5.1.2 Generic circuits as structured permutations

To see why structured permutations can be useful for modern SNARK frameworks [4-6], we briefly outline
how they can be used to construct a circuit C' (for the relation to be checked) in the SNARKs. Let C be
a Boolean or arithmetic circuit with M wires and N gates. List all intermediate wire values in topological

order as
we M,

Each gate specifies which positions in w serve as its inputs and output. For multiplication gates, this induces
three index mappings:
Lmul == w[ﬂ'L], Rmul - U}[TFR], Omul - U][?TO],

and analogously for addition gates. These permutations 7, are entirely determined by the public description
of C.

Our permutation check can be used directly to confirm that each routed column (e.g., Lyy1) is consistent
with w under m,.

In many structured circuits (e.g., FFT/NTT layers and Merkle hashing), the wiring permutations 7, are
structured. By Theorem 5.1, the verifier can then evaluate éq(m,(z),y) in O(polylog(n)) time, so the prover
does not commit to it, and no structural checks are needed. This means the prover can take advantage of
any field-agnostic optimizations (e.g., small field Sumcheck [16]) and the NARK retains succinctness.

21t is well-known in algebraic complexity theory that Boolean circuits can be simulated by arithmetic circuits over any field
with only constant-factor overhead. In particular, the standard embeddings aAb— a-b, aVb+— a+b—ab, a®b— a+b—2ab,
and —a — 1 — a preserve correctness on {0, 1}-inputs and increase size by at most a constant factor.
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The other remaining gate constraints such as Ly - Rmul = Omu can be enforced by standard arithmetic
checks [4] or lookups [7,12].

5.1.3 Common structured permutations

Here we discuss three common structured permutations that can be evaluated in O(logn). This is not an
exhaustive list.

1. Full reversal flips an entire array (i.e., a; = bp—1—;, Vj € [0,n — 1]). It can be done by o(z); =
NOT(x;) = 1 — x;. Therefore, the multilinear extension of the permutation matrix becomes

logn

H T+ Yi — 2Ty
i=1

In signal processing, it is useful to compute cross-correlation between signals f and g since it is equiv-
alent to 1D convolution with one input reversed. In ZKML, it can be applied on the inputs of a
bidirectional recurrent neural network (RNN) [30].

2. Bit reversal reorders the array by flipping the index bits, so index b1ba . .. biogr, is sent to biogr, . . . b2bs.
It means o(x); = Tiogn+1—i- Lherefore, the multilinear extension of the permutation matrix is

logn

H L= Ziognt1—i = Yi + 2Zlog nt1-iYi

i=1
It is a fundamental building block in FFT algorithms such as radix-2 Cooley-Tukey FFT [31].

3. 2D transpose calculates the transpose of a 2D matrix. Let n = 2PT9 and write the logn = p=p+¢q
index bits as a row/column concatenation = (r1,...,7r, | ¢1,...,¢4). The 2D transpose swaps these
groups:

o(z) = (c1,...,¢q | "1, ,7p).

The multilinear extension of the permutation matrix can be explicitly expressed by

q P
T = v =i+ 20ie) [T (0= vars — 75 + 2uq4575)-
=1 j=1

This technique can further be applied to do ND transpose, which is frequently used to run a convolu-
tional neural network (CNN) with a GPU [32].

5.2 Non-Bijective Permutations

In previous sections, we assume a permutation is a bijective function (i.e., a one-to-one mapping between
{0,1}!°8™ — {0,1}!°8™). Here we show our linear-time prover can support a non-bijective permutation 7,
where the instance of permutation check becomes

A= (ag,...,an_1) €EF", B=(bo,...,byp—1) €F", m #n.

Let a non-bijective permutation be a set @ C {(¢,7) | ¢ € [0,m — 1],j € [0,n — 1]}, where |7| = m and
each ¢ is unique in 7. The relation to prove becomes

b, = aj, if (Z,]) Sy
This description allows us to form the permutation matrix M by simply iterating over the elements in 7

and setting M;; = 1if (¢,j) € m; M;; = 0, otherwise.
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_ To prove the above relation, P and V can check if their multilinear extensions follow the equation
B(x) =32 cq0,1y0sn A(y)M (z,y). Similar to Section 4, V sends a random challenge r € Fl°e™ and uses the
Sumcheck protocol with P to verify

B(ry= Y. AlM(ry) (19)

y€{0,1} e n

where B(r) can be computed by 2m field multiplications.

The difference between this and Section 4 is that the columns of M are no longer one-hot vectors (only
the rows of M are still one-hot). This fact means M (r,y) should be computed in a slightly different way,
which is _

Mg = Y Ryt
i€{0,1}losm

= (er,Ta ey QQWL—LT) : (EO(y)v ey Rm—l(y) T
= (GQO,m ey equl,'r‘) . (MOya ceey -2\4(777,—1)31)—r

= Z €qir

(i,y)en

(20)

Since |7| = m, we need at most m field additions to compute M (r,y). Then, P and V can use Sumcheck to
prove Eq. 19 in O(n) time. Since the time it takes to compute B(r) and M(r,y) is O(m), the overall prover
time is O(m + n).

The relation with lookups. When m < n and A is a public array for both P and V, Eq. 19 becomes a
lookup check, where P proves to V that all elements in B lie in a public or committed table A. Indeed, our
PermPIOP becomes the simplest variant of Shout lookup [12]. Since an O(m + n) prover is not practical,
they leverage the fact that A is public and usually structured to achieve a much better asymptotic result
(e.g., O(mlogn)). Their techniques cannot be adopted for permutation and multiset checks since A is only
known to P and not structured in general.

6 Related Work

There are two lines of work on Sumcheck-based permutation checks. The first one is known as grand product
check. Given two arrays A = (a1,as9,...,a,) and B = (by,bs,...,b,) and a bijective permutation ¢ such
that aq(;) = b;, the grand product check can be used to prove the following equation holds

n n

[[ei+8-i+v)=[[(@+8-07" (@) +7) (21)

i=1 =1

where 3 and v are challenges sent by the verifier. The arrays, index function ¢ and the permutation o~ will
be replaced by multilinear polynomials in Sumcheck-based protocols. In the multiset check, the 8 term can
be discarded because there is no prescribed permutation.

Despite its linear-time prover, the soundness error increases linearly with the input size n because Eq. 21
is a degree-n univariate polynomial in terms of . Moreover, parts of the proof size and verifier time in the
grand product check are used for checking auxiliary data beyond the witness arrays and the permutation.
This is because the protocol [4] requires the prover to commit to the fraction of the partial grand product,
which is

Hi‘f:1(bi +B-i+7)

[Ty (@i + B 071(0) +7)

fe =

so that the prover can prove
b +B8-k+4+

ar+B-o7tk)+v

o = fr-1
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and f, = 1 eventually.

To remove the O(n) commitment costs, one may use a GKR circuit [6] to recursively verify that every fj
is well constructed layer by layer. However, this turns the proof size and the verifier time from O(logn) into
O(log®n). Other variants of grand product check exist (e.g., logarithmic derivatives [33]), but they share
similar properties: an O(n) prover with O(n)-soundness error and some overheads for handling the auxiliary
in the protocols.

The second line of permutation check is also proposed by HyperPlonk [4]. The main goal is to reduce the
O(n)-soundness error to O(logn) so that a permutation check can be secure even in small fields. However, its
O(nlognlog?(log n))-time prover [4] prohibits the widespread use of this protocol. A concurrent work [8] pro-
poses BiPerm and MulPerm, which improves the prover time to O(n) and O(n+/logn), respectively. Instead
of proving permutation as a single matrix-vector product, BiPerm arithmetizes the linear-time permutation
check as

B(rLarR) = Z Av(y)M((TIMTR)?y)

yE{O,l}log n

Z g(I‘/)]WL(?“L,ZU)MR(TR,y)
yE{O,l}lOg”

where rp,rg € FO2len and M((zr,zRr),y) = ML(ZL,y) . MR(xR,y),Vx,y € {0,1}°e" requiring pre-
processing of the permutation ¢ into two 1.5log n-variate multilinear polynomials. This formulation re-
quires BiPerm to preprocess ¢ and makes it difficult to verify its structure. Moreover, since the Sumcheck
PIOP becomes degree-3 instead of 2 and at the end of the protocol the verifier needs to query four oracles
[ML(zr, )], [Mr(xzr,v)]], [[A(z)]] and [[B(z)]] rather than three, our linear-time permutation PIOP has a
better prover complexity, verifier complexity, and query complexity, resulting in better prover time, verifier
time, and the proof size with the same PCS (e.g., Dory [14]).

Furthermore, since BiPerm provides no bijectivity check for the permutation, the permutation cannot be
unknown to the verifier; this means whether an O(n)-time multiset prover exists with O(logn) soundness
error remains an open problem [4]. We close this knowledge gap in this paper. To learn the exact formulation
of the permutation check, we refer readers to Section 2.8 for more details.

7 Conclusion

We have introduced new permutation and multiset arguments that pair linear-time provers with logarith-
mic soundness, while avoiding commitments to auxiliary data. Our design arithmetizes the relation as a
matrix-vector product and leverages the observation that the needed partial evaluation of the permutation
multilinear is just the inverse permutation applied to the challenge vector. This leads to concrete efficiency
gains and supports prover-provided permutations without preprocessing via O(n)-time structural checks. In-
stantiated with a sparsity-aware PCS (e.g., Dory), the resulting SNARKs remain O(n)-time for the prover.
We further identified special permutations that eliminate permutation commitments entirely, yielding a loga-
rithmically sound, field-agnostic SNARK with O(n) proving, and we proved a matching lower bound showing
the prover complexity is optimal.

Looking ahead, it is natural to (1) explore alternative PCS instantiations (e.g., optimizing constants,
amortization, or universality), (2) study the compatibility for recursion and folding, and (3) optimize for
memory- or GPU-bound provers. We view these directions as promising steps toward making permutation-
and multiset-heavy SNARKSs both theoretically tight and practically scalable.
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A Computation of Lagrange Basis Polynomials

Lemma A.1 (O(n)-time Lagrange basis evaluation [10], adapted from [12]). Given a point y € Flo&8n,
evaluations of all Lagrange basis polynomials at v can be computed using n field multiplications (i.e., to
compute eq(x, ), Yo € {0,1}1°8" given the random pointy). Moreover, for any vector B € F™, the multilinear

extension B(v) can be computed using 2n field multiplications.

Proof. For i =1,...,logn, define an array R; of length 2* indexed by = € {0, 1}, where

Rz[w] = é\(:l(xa’yla v 7’72)

Then each R;;; can be computed from R; via
Riyi[z, 1] = viq1 - Ri[7]

and
Rija1lz, 0] = (1 = vi41) - Rifz] = Ri[z] — Riya[z,1].

Thus, constructing Riogr takes
L4244 208nt=p

multiplications in total. The final array Rjoen gives the evaluations of all Lagrange basis polynomials at .
For any B € F", the value of its multilinear extension at -y is

B(y)= Y  Bla] Rigula],

z€{0,1}los

which is an inner product requiring n additional multiplications. Together with the n multiplications to
compute Riogr, this totals 2n field multiplications. O
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B Simplified Booleanity Check

Recall in Eq. 9, P and V perform the Sumcheck PIOP to verify if the following is zero:

> [M (2, y)? — M(2,)164(rboots )64 (Thoo1, ¥) (22)

(z,y)€{0,1 o mFlosn

where 7ho01 € F°8™ pf € F°8" are random challenges given by V. When M (z,y) is the multilinear
extension of the permutation matrix in our protocol, m = n. We show that the linear-time Booleanity
prover introduced in Sec 7.2 of [12] can be simplified here.

Specifically, we propose two new ideas. To begin with, our construction only needs one field inversion in
the entire protocol; however, [12] needs O(logn) field inversions. Secondly, we do not need the O(n)-time
tree recomputation procedure described in [12], we show that it takes only O(1) time to switch to standard
linear-time Sumcheck prover after the first log n rounds. .

Let f(z,y) = s(x,y)t(z,y), where s(z,y) = M (z, y)2 — M(z,y), t(z,y) = €q(rpool, ¥)eq (r{>0017y)7 and
¥ = Tbool. Recall that in round ¢ of Sumcheck PIOP (Protocol C), P sends a univariate polynomial

fi(-ri) = Z f(rl,...,ri_l,zi,b)

b€{071}2 logn—i

(23)
— Z S(Tl,...,Ti_l,xi,b)t(’f‘l,...77“1‘_1,.731',}3)
b€{0,1}2 logn—1i
given the i—1 challenges 1, ...,r;—1 € F that V sent in previous ¢— 1 rounds (one challenge per round). Since

f(z,y) is a degree-3 multivariate polynomial, V can reconstruct f;(z;) if P sends four points f;(0), f;(1), fi(2)
and f;(3) to V. Moreover, [12] and [34] show that it suffices for P to send only two points f;(0) and f;(2)
and V can recover f;(1) and f;(3) themselves. Below we focus on how to compute f;(c) for ¢ € {0,2} in the
first logn rounds. N

Based on the definition of M and éq, Twist and Shout [12] shows the following two equations are true.

s(riy...,ri-1,¢,b) =
S s b)Eq(rs, .. rie1, ¢ k)2 — 64, rie1, 6 k)] (24)
ke{0,1}?

t(T’l,...,Ti_l,C,b) =

Z t(k,b)&l(rl’:'17:1-71707%"“’%) (25)

ke{0,1} QQ( 7717"'771)
Let k = (ky,...,k;) be the binary representation of k € N starting from the least significant bit.
For simplicity, set m; x(c) = e€q(r1,...,7i—1,¢ k), v}"™(c) = éq(r1,...,7—1,¢,%1,...,%), and vﬁzn(c) =

eq(k,v,--.,7), and they all equal to 1 when i = 0. Let g; 1(c) be

mi x(€)? — my p(c v?um(c)
[ ch( ) Z,k( )] vgzn(c)’

then f;(c) becomes

Z Z s(k,b)t(k,b)g; r(c)

b€{0,1}2 logn—1i kE{O,l}i

= Y LWgirle)

ke{0,1}¢

(26)
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where Li(k) = 3 p,c (013210601 S(k, b)t(k, b) Vi € [1,logn], k € {0, 1}* and can be computed in O(n) time
in the beginning of the Sumcheck PIOP as demonstrated by [12]. They also show it is possible to compute
gi.i(c) for each ¢ and k in O(1) time in the i-th round. Specifically, they show

M 1 (€) = M1 kyom (Ti—1)€4(C, kquo)

where k = 2iilk@luo + Erem; kquo € {0,1},0 < krem < 2i=1 and

v (c) v (ri—1)eq(e, vi)

U?:]Sqn(c) B U?E]il,krem(C)ézl(kquo:'Yi)7

a batch inversion [35] can be used here so that only 1 field inversion is needed in i-th round. Therefore, the
total number of field inversions is O(logn) in [12].

Our key observation is vidjg“(c) is independent of ¢ and any r;; therefore, it can be computed in the

beginning of the Sumcheck prover as well. Indeed, vﬁj’;‘ is equal to R;[k]~! introduced in Appendix A and

all R; arrays Vi € [1,logn] were already computed within n field multiplications when computing €q(7bool, Z)
(recall we set 7 = rpo01). Once we have all R; arrays, we can use only one batch inversion instead of O(logn)
in the entire prover time for each vg‘fcn.

In the i-th round, the prover performs 2¢ field multiplications to compute Eq. 26 given L;(k) and g; x(c),
so the total time complexity for the first logn rounds is O(n). To proceed to the next logn rounds, one can
continue to use the protocol described in [12]; however, this requires an additional O(n) tree recomputation
procedure to update the map L;(k).

The second key observation for the Booleanity check is one can switch to the classic linear-time Sumcheck
prover freely for checking

ST IM(r,y)? — M(r, )60 bool, )64 (Thoots ) (27)
y€{071}10g n

where r € F'°8" is the challenge V gave in the first logn rounds. To achieve this goal, we need to obtain
€q(Tboots 7)€q (11,51, ¥) and M (r,y) in constant time. First, recall eq(r{ ., y) was already computed in the

beginning of the first logn rounds and €q(rhool,7) = €q(7y,7) = vigyy (Togn). Next, since M(m,y) is the
multilinear extension of a permutation matrix, from Eq. 15, we can compute M (r,y) without any field
operations given éq(r,y),Vy € {0,1}°8" which is exactly m; x(c) when i = logn, ¢ = rjog, and k = y.
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C The Sumcheck PIOP

Protocol C: Sumcheck PIOP for Rsum [4,9]

Goal: Given a tuple (x;w) = (H,[[f]]; f) for p-variate degree d polynomial f € }',(Fd), prove that
H = ng{(}@}u f(z).

The protocol proceeds in p rounds:

Round 1: 7P sends univariate polynomial

fl(xl) = Z f(.’L‘l,bgw.‘,b#)

b,eonsbu €{0,1}

V checks H = f1(0) + f1(1) and sends random challenge r; € F.

Round ¢ (for 2 <i < p—1): P sends univariate polynomial

filxs) = Z Jre,oooric, @i, bigr, .. by)

bit1,...,0,€{0,1}

V checks f;—1(ri—1) = fi(0) + fi(1) and sends random challenge r; € F.
Round p: P sends univariate polynomial

f,LL(I,u) = f(rlar% cee 7T[L—17x#)

V checks f,—1(ru—1) = fu(0) + fu(1), sends random challenge r, € F, and outputs 1 if f,(r,) =
f(ri,72,...,7,) by querying the oracle [[f]].
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