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Abstract

We propose a Pairing-based Polynomial Consistency Protocol (PPCP) that verifies
the equivalence of polynomial commitments generated under different basis represen-
tations, such as the coefficient and Lagrange bases. By leveraging pairing relations,
PPCP proves that two commitments correspond to an identical underlying polynomial
vector without revealing the polynomial itself. This enables efficient proof aggregation
and recursive composition across heterogeneous SNARK systems that adopt distinct
polynomial encodings.
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1. Introduction1

Zero-knowledge proof (ZKP) [1] systems are cryptographic protocols that allow a2

prover to convince a verifier of a statement’s validity without revealing any information3

beyond its truth. Polynomial commitments [2, 3] play a central role in such systems by4

enabling the prover to commit to a polynomial and later prove evaluations at specific5

points efficiently and securely. These commitments can be represented under different6

bases, most notably the Coefficient and Lagrange forms, which are mathematically7

equivalent and can be transformed into each other.8

Different ZKP frameworks adopt different representations. Plonkish prover systems9

such as Plonk [4] and Halo2 [5] use the Lagrange basis, converting it to the coefficient10

basis through an inverse Fast Fourier Transform (IFFT) to generate KZG proofs. Mul-11

tilinear prover systems such as Gemini [6], Zeromorph [7] and GKR [8], on the other12

hand, employ the sumcheck protocol to operate directly in the coefficient domain, elim-13

inating FFT overhead and reducing proof generation complexity from O(n log n) to14

O(n). Despite their efficiency, these systems use distinct polynomial encodings, which15

makes interoperability and proof aggregation across them non-trivial.16

While Plonkish provers can achieve high performance through GPU parallelism, this17

often leads to considerable computational and deployment costs. Multilinear provers18

offer a more cost-effective alternative with comparable proving speed but lower hardware19
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requirements. In large zkVM architectures, computationally heavy components—such20

as cryptographic hash circuits—are often separated from the main proving pipeline.21

Proofs for these auxiliary modules can be generated using a multilinear prover and22

then aggregated with the main Plonkish proof. To preserve soundness during this23

aggregation, it is necessary to verify that the polynomial vectors produced by both24

provers correspond to the same underlying polynomial, even though they are expressed25

under different bases.26

To address this challenge, we propose a lightweight Pairing-based Polynomial Con-27

sistency Protocol (PPCP) that verifies the equivalence of two commitments generated28

under distinct bases without revealing the polynomial itself. By leveraging pairing rela-29

tions, PPCP enables efficient consistency checking between heterogeneous proof systems30

and can be seamlessly integrated with existing KZG pairing verification.31

Two variants of PPCP are presented. The first guarantees consistency without rely-32

ing on external assumptions but requires three pairing checks. The second achieves the33

same goal with only two pairing checks by introducing minimal external assumptions.34

Both variants are compatible with current KZG verification, with the latter achieving35

full integration without adding any extra verification cost.36

This work contributes a practical solution to cross-system proof aggregation by en-37

suring algebraic consistency between commitments in heterogeneous ZKP frameworks.38

PPCP thus provides an essential foundation for scalable, interoperable, and recursively39

composable proof systems.40

2. Technical Background41

2.1. Plonkish Prover System42

A Plonkish prover system, as exemplified by Plonk and Halo2, represents an arith-43

metic circuit C(x,w) = 0 over a finite field Fq using a set of low-degree polynomials44

defined on a multiplicative subgroup H = {ω0, ω1, . . . , ωn−1} ⊂ Fq, where ω is a prim-45

itive n-th root of unity. The prover encodes wire values into evaluation polynomials46

a(X), b(X), c(X) ∈ Fq[X] such that, for each X ∈ H, the circuit’s gate constraint47

polynomial48

Pgate(X) = qL(X)a(X) + qR(X)b(X) + qM(X)a(X)b(X) + qO(X)c(X) + qC(X)

vanishes over the evaluation domain. Here, the selector polynomials qL, qR, qM , qO, qC49

capture the circuit’s local wiring and arithmetic relations.50

To ensure the correct wiring between different gates, Plonkish systems introduce51

a grand-product polynomial z(X) that enforces permutation consistency among wire52

values. The permutation relation is captured by a polynomial Pperm(X), which alge-53

braically links (a, b, c) to the corresponding permutation mapping. All constraints are54

unified in a single quotient polynomial55

t(X) =
Pgate(X) + αPperm(X)

ZH(X)
,

where ZH(X) = Xn−1 is the vanishing polynomial over H, and α is a random challenge56

binding the gate and permutation constraints.57
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The prover commits to all polynomials using a polynomial commitment scheme, typ-58

ically the KZG PCS, and provides opening proofs at a challenge point ζ /∈ H. Because59

Plonkish systems represent polynomials in the Lagrange basis over H, commitment60

and quotient construction require conversion to the coefficient basis via an inverse Fast61

Fourier Transform (IFFT). This FFT-based structure enables efficient composition and62

batching but incurs a prover complexity of O(n log n), where n is the circuit size. The63

resulting proof achieves succinct verification with a constant number of pairings under64

standard cryptographic assumptions.65

2.2. Multilinear Prover System66

In contrast, a multilinear prover system, as used in Gemini and Zeromorph, rep-67

resents the witness as a multilinear extension polynomial fw : FlogN
q → Fq defined68

by69

fw(X1, . . . , XlogN) =
∑

i∈{0,1}logN

wi

logN∏
j=1

X
ij
j (1−Xj)

1−ij ,

where each wi corresponds to a component of the witness vector w. This multilinear70

encoding ensures that fw(i) = wi for any Boolean index i ∈ {0, 1}logN , allowing the cir-71

cuit constraints to be expressed as evaluations of multilinear functions over the Boolean72

hypercube.73

The system employs the sumcheck protocol [9] to verify relations of the form74 ∑
b∈{0,1}v

g(b) = s,

where g is a low-degree polynomial derived from circuit constraints and s is the claimed75

result. Through a sequence of verifier challenges, this multi-variable equation is reduced76

to the evaluation of a single univariate polynomial, which the prover can efficiently open77

using the underlying commitment scheme.78

Because all polynomial operations are conducted directly in the multilinear domain,79

this framework eliminates the need for FFT-based transformations. As a result, the80

prover’s computational complexity is reduced to O(n), while maintaining succinct ver-81

ification through inner-product and commitment checks. The multilinear paradigm82

thus provides a lightweight and parallelizable proving architecture that complements83

Plonkish systems, making it particularly suitable for subcircuits or plugin components84

in zkVM frameworks.85

3. Protocol Design86

Definition 3.1. Let λ be the security parameter. An object generator O is executed87

once on input λ prior to all protocols. The generator outputs the tuple88

O(λ) = (F,G1,G2,GT , e, g1, g2, gT ),

which specifies the algebraic setting of the system, with the following requirements:89

• F is a finite field of prime order r, where log r = Θ(λ);90

• G1,G2, and GT are cyclic groups of order r;91
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• e : G1 ×G2 → GT is an efficiently computable, non-degenerate bilinear pairing;92

• g1 ∈ G1 and g2 ∈ G2 are uniformly sampled generators such that e(g1, g2) = gT .93

For any x ∈ F, the notations [x]1 := x · g1 and [x]2 := x · g2 denote the canonical94

encodings of x in G1 and G2, respectively.95

Definition 3.2. A polynomial commitment scheme (PCS) consists of three algorithms96

(Gen,Com,Open) defined as follows:97

• Gen(d) is a randomized algorithm that, given a positive integer d, outputs a98

structured reference string (SRS) denoted by srs.99

• Com(f, srs) is an algorithm that, given a polynomial f ∈ F<d[X] and an SRS srs,100

returns a commitment cm to the polynomial f .101

• Open is a public-coin interactive protocol between a prover P and a verifier V .102

Given polynomials f1, . . . , fk ∈ F<d[X], the prover demonstrates correctness of103

the evaluations of these polynomials at designated points, without revealing the104

polynomials themselves.105

3.1. Pairing-based Polynomial Consistency Protocol (PPCP)106

This section presents a protocol that certifies whether two polynomial commitments,107

expressed under different bases, correspond to the same underlying polynomial vector.108

The protocol leverages the bilinearity of pairings to enforce cross-basis consistency109

while preserving the hiding property of the committed polynomial.110

Protocol 3.1 (Pairing-based Polynomial Consistency Protocol). Let n denote the size111

of the evaluation domain, equivalently the length of the polynomial vector being com-112

mitted. The protocol consists of the following stages:113

Setup: Given n, the algorithm Gen(n) samples a secret value x ∈ F and constructs the114

following structured reference strings.115

• Coefficient-basis SRS. The monomial basis is encoded using the secret116

evaluation point x:117

srscoef =
(
[1]1, [x]1, . . . , [x

n−1]1, [1]2, [x]2
)
,

where ci := xi for all i.118

• Lagrange-basis SRS. Using a primitive n-th root of unity w, the Lagrange119

basis polynomials are defined as120

ℓi(X) =
w i(Xn − 1)

n(X − w i)
,

which yield the SRS (at the evaluation point x):121

srslag =
(
[ℓ0]1, [ℓ1]1, . . . , [ℓn−1]1

)
.
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• Cross-term SRS. For a secret scalar r ∈ F (which can be set to r = x),122

define123

ti = r−1ci
∑
j ̸=i

ℓj(x)

cj
,

and include124

srscross =
(
[t0]1, [t1]1, . . . , [tn−1]1

)
.

• Auxiliary G2-element. An additional group element is defined as125

M2 :=

[
n−1∑
i=0

ℓi(x)

ci

]
2

.

Commit: The prover P holds a secret polynomial vector a = (a0, a1, . . . , an−1) ∈ Fn
126

and computes the commitments127

X =
n−1∑
i=0

ai[ci]1, Y =
n−1∑
i=0

ai[ℓi]1, Z =
n−1∑
i=0

ai[ti]1.

The prover sends (X, Y, Z) to the verifier.128

Verify: The verifier checks the pairing equation129

e(X,M2)
?
= e(Y, [1]2) · e(Z, [x]2)

and accepts if and only if the equality holds.130

Theorem 3.1 (Cross-basis Consistency). Let the SRS be generated as in the Setup131

phase of the PPCP protocol, yielding {[ci]1, [ℓi]1, [ti]1}n−1
i=0 and M2. Let an algebraic132

adversary, given this SRS, output group elements X, Y, Z ∈ G1 that satisfy the verifier’s133

pairing check134

e(X,M2) = e(Y, [1]2) · e(Z, [r]2).

Then there exists a (unique) vector a = (a0, . . . , an−1) ∈ Fn such that135

X =
n−1∑
i=0

ai[ci]1, Y =
n−1∑
i=0

ai[ℓi]1, Z =
n−1∑
i=0

ai[ti]1.

In particular, X, Y, Z are consistent commitments to the same polynomial vector under136

the coefficient, Lagrange, and cross-term bases, respectively.137

Proof. Consider the pairing equation138

e(X,M2) = e(Y, [1]2) · e(Z, [r]2),

where X, Y, Z commit to the same polynomial vector. Fix an index j and isolate the139

j-th components Xj = aj[cj]1, Yj = aj[ℓj]1, Zj = aj[tj]1. The corresponding pairing140

instance is141

e

(
Xj,

[
n−1∑
i=0

ℓi
ci

]
2

)
= e(Yj, [1]2) · e(Zj, [r]2). (1)
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As an algebraic adversary is assumed to be able to construct arbitrary linear com-142

binations of the available SRS elements, its most general form for the j-th components143

can be written as144

Xj = (x0[cj]1+x1[ℓj]1+x2[tj]1), Yj = (y0[cj]1+y1[ℓj]1+y2[tj]1), Zj = (z0[cj]1+z1[ℓj]1+z2[tj]1).

Using e(ag1, bg2) = e(g1, g2)
ab, the exponent equality implied by (1) becomes145

(x0cj + x1ℓj + x2tj)·
∑
i

ℓi
ci
= (y0cj + y1ℓj + y2tj) + (z0cj + z1ℓj + z2tj)r.

Expanding the left-hand side gives146

x0ℓj + x0cj
∑
i̸=j

ℓi
ci
+ x1ℓj

∑
i

ℓi
ci
+ x2tj

∑
i

ℓi
ci
,

which contains the terms147

ℓj
∑
i̸=j

ℓi
ci
, tj

∑
i̸=j

ℓi
ci
,

that do not appear on the right-hand side (recall that cj
∑

i̸=j
ℓi
ci
= r · tj).148

Expanding the right-hand side gives149

(y0 + z0r)cj + (y1 + z1r)ℓj + (y2 + z2r)tj,

which contains the term cj that does not appear on the left-hand side.150

Since these terms cannot be matched, their coefficients must be zero:151

x1 = x2 = y0 = z0 = 0.

Now the equality reduces to152

x0ℓj + x0cj
∑
i̸=j

ℓi
ci
= y1ℓj + z1rℓj + y2tj + z2rtj.

Substituting tj = r−1cj
∑

i̸=j
ℓi
ci

gives153

y1ℓj + z1rℓj + y2r
−1cj

∑
i̸=j

ℓi
ci
+ z2cj

∑
i̸=j

ℓi
ci
.

Since the left-hand side contains no terms of the form rℓj or r−1cj
∑

i̸=j
ℓi
ci

, we must154

have z1 = y2 = 0. The equality then becomes155

x0ℓj + x0cj
∑
i̸=j

ℓi
ci
= y1ℓj + z2cj

∑
i̸=j

ℓi
ci
,

from which156

x0 = y1 = z2.

Thus the coefficients of Xj, Yj, Zj coincide, i.e., Xj = Yj = Zj, which corresponds157

exactly to a consistent commitment to the same polynomial coefficient aj. Hence the158

pairing equation enforces cross-basis consistency.159
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3.2. Circuit impact160

Given a polynomial f ∈ F[X] satisfies f(z) = v if and only if there exists a polyno-
mial q ∈ F[X] such that f − v = (X − z)q, i.e., if and only if X − z divides f − v in
F[X]. Committing to the polynomial f and q yields the commitment C and proof Π.
Denote W := C − [v]1+ z ·Π . The standard pairing check requires two pairings[KZG]:

e(W,−[1]2) · e(Π, [x]2) = 1

Denote Ccoeff ,Clag and Ccross as coefficient basis, Lagrange basis and cross term com-
mitments, respectively. With a random challenge u, this PPCP protocol can be folded
into this check, adding only one additional pairing:

e(W + u · Clag,−[1]2) · e(Π− u · Ccross, [x]2) · e(u · Ccoeff ,M2) = 1

3.3. Commitment-Sum Polynomial Consistency Protocol (CSPCP)161

This protocol establishes a lighter consistency check obtained by combining com-162

mitments through their sum, while relying on the same SRS structure as in the PPCP163

protocol. As before, let {ci}, {ℓi} be the coefficient and Lagrange basis, respectively. In164

addition, a new cross-term basis is introduced:165

si := r(ci + ℓi),

where r is the secret scalar.166

Given a polynomial vector a = (a0, . . . , an−1), the prover forms the coefficient-basis167

commitment X, the Lagrange-basis commitment Y , and the cross-term commitment Z168

as169

X =
∑
i

ai[ci]1, Y =
∑
i

ai[ℓi]1, Z =
∑
i

ai[si]1.

The verification equation of CSPCP differs from PPCP and is given by170

e(X + Y, [r]2) = e(Z, [1]2).

We study under what conditions this equation enforces that X, Y, Z are consistent171

commitments to the same polynomial vector. In contrast to PPCP, CSPCP requires172

the additional assumption that X is expressed in the coefficient basis and Y in the173

Lagrange basis. Without this restriction, the equation admits many spurious solutions.174

Algebraic structure of the pairing equation. Fix an index j. The corresponding SRS175

elements are the field-independent group elements cj, ℓj, sj = r(cj + ℓj).176

In the algebraic adversary model, the most general forms of the j-th coordinates of177

X, Y, Z are written as178

Xj = x0[cj]1+x1[ℓj]1+x2[sj]1, Yj = y0[cj]1+y1[ℓj]1+y2[sj]1, Zj = z0[cj]1+z1[ℓj]1+z2[sj]1

where all xi, yi, zi ∈ F are scalars.179

From180

e(X + Y, [r]2) = e(Z, [1]2),

the exponent relation for this fixed coordinate becomes181

r
(
(x0 + y0)cj + (x1 + y1)ℓj + (x2 + y2)sj

)
= z0cj + z1ℓj + z2sj.
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Substituting sj = r(cj + ℓj) gives182

0 = (r(x0 + y0)− z0)cj + (r(x1 + y1)− z1)ℓj + (r(x2 + y2)− z2)sj

= (r(x0 + y0)− z0)cj + (r(x1 + y1)− z1)ℓj + (r(x2 + y2)− z2) r(cj + ℓj)

=
(
r(x0 + y0) + r2(x2 + y2)− z0 − rz2

)
cj

+
(
r(x1 + y1) + r2(x2 + y2)− z1 − rz2

)
ℓj.

Since cj and ℓj are linearly independent group elements, both coefficients vanish:183 {
r(x0 + y0) + r2(x2 + y2) = z0 + rz2,

r(x1 + y1) + r2(x2 + y2) = z1 + rz2.
(⋆)

Because r is sampled uniformly at random in the setup, these equalities must hold184

as polynomial identities in r. Matching coefficients gives185

x2 + y2 = 0, x0 + y0 = z2, x1 + y1 = z2, z0 = z1 = 0.

Theorem 3.2 (Strong Cross-basis Consistency). In CSPCP, suppose the commitments186

are required to use fixed bases: X is expressed in the coefficient basis and Y in the187

Lagrange basis.188

If a triple (X, Y, Z) satisfies the verifier equation189

e(X + Y, [r]2) = e(Z, [1]2),

then the pairing constraint admits a unique compatible assignment of coefficients in190

which the three commitments share the same scalar. Consequently, each coordinate191

satisfies192

Xj = aj[cj]1, Yj = aj[ℓj]1, Zj = aj[sj]1,

for a common value aj, and therefore the commitments are consistent with the same193

underlying polynomial vector.194

Proof. Under the basis constraints x1 = x2 = 0 and y0 = y2 = 0, the relations195

x2 + y2 = 0, x0 + y0 = z2, x1 + y1 = z2, z0 = z1 = 0

reduce to196

x0 = z2, y1 = z2.

Thus each coordinate satisfies197

Xj = z2[cj]1, Yj = z2[ℓj]1, Zj = z2[sj]1,

which is the unique form of consistent commitments to the same coefficient aj = z2.198

Since j was arbitrary, the conclusion holds component-wise, hence for the entire poly-199

nomial vector.200

Remarks. Unlike PPCP, CSPCP does not enforce cross-basis consistency unless the201

bases of X and Y are fixed in advance. This assumption naturally holds in settings202

such as aggregation circuits, where each commitment is already required to appear in203

a predetermined basis (e.g., Lagrange for proof-system A, coefficient for proof-system204

B). Under this restriction, CSPCP provides a lightweight consistency guarantee with205

minimal pairing cost.206
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Protocol SRS size Prover work Proof size(3) Aggregate Verifier cost
Halo2 2nG1, 2G2 nG1 1G1 2P

Protocol 1 (Lag.) 2nG1, 2G2 nG1 1G1 –
Protocol 1 (Coeff.) 2nG

(1)
1 , 3G2 2nG1 2G1 3P (2)

Protocol 2 (Lag.) 2nG1, 2G2 nG1 1G1 –
Protocol 2 (Coeff.) 2nG1, 2G2 2nG1 2G1 2P

Table 1: Comparison with the Plonkish system Halo2. Gi denotes scalar multiplication in Gi, and P
denotes a pairing. “Lag.” and “Coeff.” refer to the Lagrange-basis and coefficient-basis variants, respec-
tively. (1) Coefficient-basis protocols require only coefficient and cross-term SRS elements, whereas
Lagrange-basis protocols use coefficient and Lagrange SRS elements. (2) The aggregate verifier addi-
tionally supports combining commitments drawn from both bases. (3) The reported proof size refers
only to the cross-basis equivalence check inside the aggregated verifier.

3.4. Circuit Impact207

Denote Ccoeff ,Clag and Csum as coefficient basis, Lagrange basis and cross term208

commitments, respectively. Using a random challenge u, the protocol can be folded209

into standard KZG pairing check without additional pairing operations are introduced:210

e(Π + u · (Ccoeff + Clag), [x]2) · e(W + u · Csum,−[1]2) = 1.

4. Related Work211

There exist several approaches to verifying the equivalence between two polynomial212

commitments, yet most of them are computationally impractical.213

1. Transformation-based verification. In a multilinear setting, one may first214

represent the polynomial vector in the Lagrange basis, commit to it, and then215

transform it into the coefficient basis using the Fast Fourier Transform (FFT) to216

generate a KZG proof. However, this approach incurs significant computational217

overhead and is less efficient compared to our proposed mapping scheme.218

2. Component-wise pairing verification. Another method is to verify each com-219

ponent individually through pairing checks, i.e.,220

e
(
[aici]1,

[
li
ci

]
2

)
= e([aili]1, [1]2) .

Nevertheless, when the vector size grows to n = 218...22, the required number of221

pairings renders this approach computationally prohibitive.222

3. Circuit-based equivalence checking. Alternatively, one can encode all compo-223

nents into a zero-knowledge circuit and verify their consistency within the circuit.224

Yet, for n = 218...22, the circuit size required to perform pairing-based checks225

remains extremely large, making this solution inefficient in practice.226

5. Conclusion227

In this paper, we propose a new approach that achieves efficient equivalence verifi-228

cation between polynomial commitments generated under different bases. During the229

setup phase, the protocol precomputes the cross terms along with both coefficient and230
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Lagrange forms as part of the structured reference string (SRS). The commitment is231

then produced in the coefficient form, allowing the verifier to check consistency through232

an additional pairing operation or to incorporate the verification directly into the ex-233

isting KZG pairing check.234

As summarized in Table 1, the proposed scheme introduces only minimal overhead235

compared to the Plonkish Halo2 baseline. In particular, when used as a standalone236

module, The consistency proof incurs only one additional pairing, which is comparable237

to the prover cost of a 150K-row Plonkish circuit (approximately 3.5% of a 222-row238

circuit).Moreover, it aggregates all equivalent commitments into a single one through239

random challenges. When integrated with existing KZG verification, it incurs only two240

extra elliptic-curve point additions, effectively preserving the verification cost while241

extending compatibility across heterogeneous proof systems.242
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