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Abstract

We present HybridPlonk – the first SNARK that simultaneously achieves linear-time prover,
sublogarithmic proof size, provable security in the random oracle model, and also features an
updatable setup. As a core technical contribution (possibly of independent interest), we reduce
the communication complexity of the classical sumcheck protocol for multivariate polynomials
from logarithmic to sublogarithmic, while retaining linear prover complexity. For degree d mul-
tivariate polynomials in µ variables which can be decomposed into ℓ multilinear polynomials,
our protocol achieves O(ℓ+ d log(logn)) communication and O(n) prover cost for n = 2µ. Our
protocol leverages recently proposed multilinear polynomial commitment schemes (PCS) with
linear-time prover and constant proof size.

Multivariate sumcheck is a key ingredient in the design of several prover-efficient SNARKs,
such as HyperPlonk (Eurocrypt’23), Spartan (Crypto’20), Hyrax (S&P’18), Libra (Crypto’19),
Gemini (Eurocrypt’22), Virgo (S&P’20) etc. All of these SNARKs incur Ω(logn) proof size,
with the smallest concrete proof sizes ranging from 5KB-10KB for circuits of size 220-230.

We compile a variant of HyperPlonk multilinear PIOP with our improved sumcheck to
realize HybridPlonk. HybridPlonk achieves O(n) prover, O(log log n) proof size, and O(logn)
verifier, while avoiding proof recursion and non-black-box use of cryptographic primitives. We
implement HybridPlonk to show that it is efficient in practice. We compare HybridPlonk’s
performance with several state-of-the-art prover-efficient SNARKs. For circuits of sizes of upto
230, HybridPlonk achieves a proof size of ≈ 2.3 KB, which is 2.5 − 4× smaller than the most
compact prover-efficient SNARKs, while retaining comparable prover costs.
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1 Introduction

A Succinct Non-interactive ARgument of Knowledge (SNARK) allows a prover to convince a verifier
about the integrity of a computation such that the size of the proof and the work done by the verifier
in checking the proof is much smaller than the size of the computation. Concretely, for an NP
relationR, a SNARK proof π corresponding to a statement x convinces a verifier (non-interactively)
about the existence of witness w such that R(x,w) = 1. Succinctness requires that the size of π and
the verification complexity are both Oλ(polylog(|x| + |C|)), where |x| is the size of the statement
x, |C| is the number of gates in the circuit C that verifies the relation R(x,w) = 1, and λ is the
security parameter 1. While initially introduced as theoretical concepts in the seminal contributions
of Micali [Mic94] and Kilian [Kil92], SNARKs have since been refined in a long line of works
[Gro10, Lip12, BCCT12, BCI+13, GGPR13, PHGR13, BCG+13, Lip13, BCTV14] towards practical
adoption. More recently, SNARKs have seen real-world deployment in several niche applications
such as decentralized payment systems like Zcash [BCG+14] and Monero [NMT], decentralized file
storage systems like Filecoin [Lab17], blockchain scaling solutions such as ZkRollups [rol21], using
existing credentials for authentication on blockchain [BCJ+24], and ensuring privacy and integrity
of machine learning applications [LVA+25, LKKO20, ZFZS20, SDP22].

Models for SNARKs. Efficient SNARKs typically require a Structured Reference String (SRS)
to be generated at setup. Setup for SNARKs in the SRS model can be broadly classified into three
categories: (i) transparent (setup only uses public randomness and verifier randomness consists of
only public coins), (ii) trusted (require a randomized, circuit-dependent preprocessing phase with
secret random coins), and (iii) universal and updatable (a one-time setup can be used to prove
statements about any computation; moreover, there is a mechanism to update by contributing to
the randomness of the SRS, and the SRS is trusted as long as at least one of the updates is honest).
While the first practical SNARKs were in the trusted SRS model [PHGR13, GGPR13], several
recent (pairing-based) SNARKs are in the updatable SRS model [MBKM19, GWC19, CHM+20,
Set20, BCHO22, CBBZ23, XZZ+19, ZSCZ25, GPS25], which is also the model that we use for our
construction in this paper.

SNARKs from PIOP and PCS. A common design methodology underlying several mod-
ern SNARKs [WTs+18, GWC19, XZZ+19, CHM+20, Set20, SL20, BCHO22, XZS22, CBBZ23,
GLS+23] is to compile an information-theoretically secure Polynomial Interactive Oracle Proof
(PIOP) using a cryptographic tool called a Polynomial Commitment Scheme (PCS). In a PIOP,
the prover provides the verifier with oracle access to a set of polynomials, and the verifier queries
these polynomial oracles at random challenge points to obtain evaluations, eventually outputting
accept or reject. Compiling a PIOP using a PCS yields a public-coin succinct argument, where
the polynomial oracles are realized via commitments to polynomials that a verifier can query for
evaluations, together with proofs that the evaluations are indeed consistent with the commitments.
The interactive argument is compiled using Fiat-Shamir [FS87] to obtain a SNARK in the ROM.

Univariate and Multilinear PCS. SNARKs based on the above approach can be broadly clas-
sified into two categories: those realized by compiling univariate PIOPs using univariate PCS (such
as Sonic [MBKM19], Marlin [CHM+20], Plonk [GWC19], and Pari [DMS24]), and those realized

1Throughout the paper, all of our asymptotics are stated for growing instance size, and have implicit dependence
on a fixed security parameter λ. Hence, we simply write O(·) instead of Oλ(·) for simplicity of exposition.
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by compiling multilinear PIOPs using multilinear PCS (such as Hyrax [WTs+18], Libra [XZZ+19],
Spartan [Set20], Kopis [SL20], Xiphos [SL20], Gemini [BCHO22], Orion [XZS22], Brakedown [GLS+23]
and HyperPlonk [CBBZ23]). Univariate PCS-based SNARKs achieve constant proof size and con-
stant verification complexity. However, their prover time is O(n log n), where n is the size of the
computation (often represented by the size of the circuit or the number of R1CS constraints). This
becomes a bottleneck for applications requiring large prover computations [rol21, Lab17], and has
sparked increased interest in designing prover-efficient SNARKs.

Prover-Efficient SNARKs. SNARKs based on multilinear PIOPs and multilinear PCS [WTs+18,
XZZ+19, Set20, SL20, CBBZ23, BCHO22, XZS22, GLS+23] are prover-efficient in the sense that
they achieve O(n) prover. However, they incur O(log n) proof size. With growing computation
sizes reaching ≈ 230, even the best known constructions incur concrete proof sizes ≈ 10 KB2. In
comparison, Plonk [GWC19] achieves constant proof size of 0.61 KB. Testudo [CGG+23] achieves
constant proof size by recursively composing sumcheck verification and inner pairing-product verifi-
cation with a Groth16 [Gro16] SNARK. However, such a recursive composition requires non-native
operations (such as target group scalar multiplications) to be encoded inside arithmetic circuits
which makes it practically challenging, limits the choice of elliptic curves to instantiate the scheme,
and prevents the possibility of proving security in the ROM. In this paper, we ask the following
question:

Can we design a SNARK in the ROM with linear-time prover and sublogarithmic proof size?

Multivariate Sumcheck. Several prominent prover-efficient SNARKs [WTs+18, XZZ+19, Set20,
ZXZS20, BCHO22, CBBZ23] are designed using PIOPs for multivariate sumcheck. These schemes
inherit their logarithmic proof size from the logarithmic communication complexity of the clas-
sical sumcheck protocol for multivariate polynomials [LFKN90]. Consequently, though recent
works [GPS25, EG25] have proposed multilinear PCS with linear-time prover and constant proof size
3, they cannot be used to compile multivariate sumcheck PIOPs to yield prover-efficient SNARKs
with sublogarithmic proof size. The communication complexity of multivariate sumcheck is thus
a major barrier towards achieving prover-efficient SNARKs with sublogarithmic proof size. This
leads to the following question:

Can we design a multivariate sumcheck protocol with linear-time prover and sublogarithmic
communication?

1.1 Our Contributions

We answer both of the above questions in the affirmative. We exhibit a new multivariate sumcheck
protocol with linear-time prover and sublogarithmic communication. We then leverage this protocol
to design HybridPlonk – the first SNARK in the updatable SRS setting that simultaneously achieves
O(n) prover time, sublogarithmic proof size of O(log(log n)), and O(log n) verifier, while also being
provably secure in the ROM. We expand on our contributions below.

2Throughout this paper, we report proof sizes assuming a BLS12-381 curve-based implementation, unless specified
otherwise.

3We consider multiexponentiation of size n to be O(n) work, with implicit dependence on security parameter λ.
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Table 1: Comparison of pairing-based SNARKs with linear-time prover. Here, n denotes the number
of R1CS constraints (or the number of gates in a circuit), and (F,G1,G2,GT ) denote the field and
groups underlying a bilinear pairing. P denotes a pairing evaluation. We report concrete proof
sizes with respect to the BLS12-381 curve. The concrete proof size for Libra depends on the circuit
depth d.

SNARK Prover Time Verifier Time Proof Size n = 220 Setup
Dory [Lee21] O(log n)GT O(log n)GT 24KB

TransparentKopis [SL20] O(
√
n)GT O(log n)GT 39KB

Xiphos [SL20] O(log n)GT O(log n)GT 61KB
Garuda [DMS24] O(log n)P O(log n)G1 ≈ 10KB Trusted

Spartan [Set20] + KZG [KZG10]

O(n)G1

O(log2 n)F, O(log n)G1 O(log2 n)F 50KB

Updatable

Gemini [BCHO22] O(log n)G1 O(log n)G1 18KB
HyperPlonk [CBBZ23] + PST [PST13] O(log n log(log n))F, O(log n)P O(log n)G1 5.5KB
HyperPlonk + HyperKZG [BCHO22] O(log n log(log n))F, O(log n)G1 O(log n)G1 6.1KB

Libra [XZZ+19] O(d log n)F, O(log n)G1 O(d log n)G1 –
MicroSpartan [ZSCZ25] O(log n)G1 O(log n)G1 6–7KB
Samaritan [GPS25] O(log n)F, O(1)G1 O(log n)F, O(1)G1 6.2KB

HyperPlonk + Samaritan PCS [GPS25] O(log n log(log n))F, O(log n)G1 O(log n)F, O(1)G1 5KB
HybridPlonk (this work) O(log n)F, O(log n)G1 O(log(log n))F, O(1)G1 2.3KB

Improved Multivariate Sumcheck. We leverage two recent works [GPS25, EG25] that have
proposed multilinear polynomial commitment schemes to reduce the communication complexity of
the classical sumcheck protocol for multivariate polynomials [LFKN90]. For degree d multivariate
polynomials in µ variables which can be decomposed into ℓmultilinear polynomials, we exhibit a new
multivariate sumcheck protocol with O(ℓ + d log(log n)) communication for n = 2µ. Our protocol
retains the O(n) prover cost (where the precise constant depends on ℓ, d and the multivariate
form). Thus we improve on the O(log n) communication inherent in all existing applications of the
multivariate sumcheck protocol.

HybridPlonk. We present an optimized version of the HyperPlonk multilinear PIOP [CBBZ23]
using our new multivariate sumcheck protocol. We choose HyperPlonk because it can be expressed
entirely as a multilinear PIOP, and has the smallest concrete proof size among all prover-efficient
SNARKs. We compile this optimized HyperPlonk PIOP using Samaritan PCS from [GPS25], which
has the smallest concrete proof size among all multilinear PCS. The resulting SNARK, which we
call HybridPlonk, is in the updatable SRS setting, and simultaneously achieves O(n) prover time,
sublogarithmic proof size of O(log(log n)), and O(log n) verifier. HybridPlonk also avoids proof
recursion techniques and non-black-box usage of cryptographic primitives, and can be proven secure
in the ROM. The concrete proof size of HybridPlonk is ≈ 2.3KB for circuit sizes up to 230, which is
2.5− 4× smaller than the concrete proof size for existing state of the art prover-efficient SNARKs.

We note that SNARKs with smaller proof size than HybridPlonk are based on univariate PCS,
and are not prover-efficient as they inherently incur O(n log n) prover cost due to polynomial mul-
tiplications. We present a detailed comparison of HybridPlonk with existing SNARKs in Section 1.2
and Table 1.

Evaluation. We contribute performant implementations for Samaritan PCS from [GPS25] (the
original paper does not report an implementation), as well as our scheme HybridPlonk, built on
top of the popular Arkworks [ac22] ecosystem. Our implementation is anonymously available at:
https://anonymous.4open.science/r/HybridPlonk-F011. In future, we aim to make these im-
plementations available as part of the Arkworks cryptographic suite. We provide a thorough em-
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pirical evaluation of HybridPlonk and compare it with relevant recent works in Section 7.

1.2 Comparison with Related Work

Pairing-based Prover-Efficient SNARKs. Table 1 presents a detailed comparison of HybridPlonk
against known pairing-based SNARKs with linear prover time. HybridPlonk is the only one with
sublogarithmic proof size, and also achieves the smallest concrete proof size. We note that Dory [Lee21],
Kopis [SL20], and Xiphos [SL20] support transparent setup (but incur significantly larger proof size
and verifier overheads compared to HybridPlonk), while Garuda [DMS24] requires a trusted, circuit-
dependent setup (unlike HybridPlonk, where setup is circuit-independent). All of the other SNARKs
in Table 1 are in the updatable setup setting (same as HybridPlonk). See Section 7 for a detailed
comparison of the concrete performance of these SNARKs with that of HybridPlonk.

Non-Pairing-based Prover-Efficient SNARKs. Several recent works have proposed (plau-
sibly post-quantum) SNARKs with transparent setup and linear prover from hash-based assump-
tions (e.g., FRI [BBHR18], Orion [XZS22], Brakedown [GLS+23], BaseFold [ZCF24], STIR [ACFY24],
WHIR [ACFY25], and Blaze [BCF+25b]) and lattice-based assumptions (e.g., LaBRADOR [BS23],
Greyhound [NS24] and [CMNW24]). Asymptotically, all of these constructions incur superloga-
rithmic proof sizes and verification overheads. In comparison, HybridPlonk incurs sublogarithmic
proof size and logarithmic verification overhead (but is not post-quantum due to its reliance on
pairings). The concrete proof sizes of known hash-based SNARKs [BBHR18, XZS22, GLS+23,
ZCF24, ACFY24, ACFY25, BCF+25b] are greater than 200KB for n = 220 (two orders of mag-
nitude larger than HybridPlonk’s proof size of 2.2KB). The concrete proof sizes of state-of-the-art
lattice-based SNARKs [BS23, NS24, CMNW24] are around 50KB for n = 220 (nearly 22× larger
than HybridPlonk), but more crucially, their verifier overhead is O(

√
n), which is substantially

larger (both asymptotically and concretely) than that of HybridPlonk.

SNARKs with SubLogarithmic Proof Size. Several early SNARK constructions [Gro10,
Lip12, BCCT12, BCI+13, GGPR13, PHGR13, BCG+13, Lip13, BCTV14] have constant proof size
and verification complexity. These are realized via linear PCPs compiled using cryptographic tools
such as linear-only encodings (e.g., exponentiation in a bilinear group). All of these SNARKs incur
at least O(n log n) prover time. More recently, SNARKs with constant proof size and verifica-
tion complexity have been achieved by compiling univariate PIOPs using univariate PCS. Some
prominent examples are Sonic [MBKM19], Marlin [CHM+20], Plonk [GWC19], and Pari [DMS24].
These incur O(n log n) prover time. HybridPlonk belongs to an alternative family of SNARKs that
trade off proof size (and verification time) for more efficient O(n) proof generation. In particular,
while the aforementioned SNARKs have concretely smaller proof sizes and verification time than
HybridPlonk, they incur significantly larger prover overheads (see Table 3 for a concrete comparison
of the prover time between Plonk and HybridPlonk).

Recent Improvements to Sumcheck. A recent work [LMN25] proposed anO(log(log n))-round
multivariate sumcheck PIOP with O(n) prover work. However, they use Zeromorph [KT24] PCS
to compile their PIOP into an argument, which results in a logarithmic sized argument. They do
not report compilation to a generic SNARK. Since, the PIOP in [LMN25] involves multivariate
polynomials of degree > 1, it is not immediately clear if the recent multilinear PCS such as Samari-
tan [GPS25] or Mercury [EG25] can be used to compile their PIOP to an argument. Concurrent to
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our work, two recent works [ARZR25, BCF+25a] propose O(log∗ n)-round 4 multilinear sumcheck
PIOPs with O(n) prover work. While [ARZR25] works specifically over binary fields, [BCF+25a]
generalizes to fields of large prime order. However, these works do not describe a generic SNARK
constructions based on the corresponding sumcheck PIOPs. In particular, the authors of [BCF+25a]
only briefly sketch how one could compile their sumcheck protocol for products of multilinear poly-
nomials using PST [PST13]-like commitments with a trusted setup (instead of updatable) to achieve
an argument system with O(log∗ n) proof size and O(n) prover. They also do not discuss generic
SNARKs beyond sumcheck involving product of two multilinear polynomials. Achieving a practical
SNARK using their techniques is an interesting future work.

2 Preliminaries

We present preliminary background material in this section.

Notation. We denote the set of integers {1, . . . , n} by [n] for n ∈ N, and F to denote a prime
field of order p. We denote by λ a security parameter. We use negl to denote a negligible function:
for any integer c > 0, there exists n ∈ N, such that ∀ x > n, negl(x) ≤ 1/xc. We assume a
bilinear group generator BG which on input λ outputs parameters for the protocols. Specifically
BG(1λ) outputs (F,G1,G2,GT , e, g1, g2, gt) where: F = Fp is a prime field of super-polynomial size
in λ, with p = λω(1); G1,G2 and GT are groups of order p, and e is an efficiently computable
non-degenerate bilinear pairing e : G1 × G2 → GT ; Generators g1, g2 are uniformly chosen from
G1 and G2 respectively and gt = e(g1, g2). We write groups G1 and G2 additively, and use the
shorthand notation [x]1 and [x]2 to denote group elements x ·g1 and x ·g2 respectively for x ∈ F. We
implicitly assume that all the setup algorithms for the protocols invoke BG to generate descriptions
of groups and fields over which the protocol is instantiated. We will use sets F,G1,G2,GT to
specify the type of operations, where additionally, we have P to denote pairings and M to denote
multiexponentiation.

Sets. For µ ∈ N, we use Bµ to denote the set {0, 1}µ. For y = (y1, . . . , yµ) ∈ Bµ, we use the
notation idµ(y) to denote the integer 1+

∑µ
i=1 yi2

i−1, and similarly for an integer i, we use ⟨ i ⟩µ to
denote the µ-bit binary decomposition of i − 1. We note that the surjective maps idµ : Bµ → [2µ]
and ⟨ · ⟩µ : [ 2µ ]→ Bµ are inverses of each other. We will drop the subscript µ when it is clear from
the context.

2.1 Succinct Argument of Knowledge

Let R be a NP-relation and L be the corresponding NP-language, where L = {x : ∃ w such that
(x,w) ∈ R}. Here, a prover P aims to convince a verifier V that x ∈ L by proving that it knows a
witness w for a public statement x such that (x,w) ∈ R. An interactive argument of knowledge for
a relation R consists of a PPT algorithm Setup that takes as input the security parameter λ, and
outputs the public parameters pp, and a pair of interactive PPT algorithms ⟨P,V⟩, where P takes
as input (pp, x, w) and V takes as input (pp, x). An interactive argument of knowledge ⟨P,V⟩ must
satisfy completeness and knowledge soundness.

4The concrete value of both log∗ n and log(logn) (rounded to the nearest integer) is 5 for n = 232.
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Definition 2.1 (Completeness). For all security parameter λ ∈ N and statement x and witness w
such that (x,w) ∈ R, we have

Pr

(
b = 1 :

pp← Setup(1λ)
b← ⟨P(w),V⟩(pp, x)

)
= 1.

Definition 2.2 (Knowledge Soundness). For any PPT malicious prover P∗ = (P∗
1 ,P∗

2 ), there
exists a PPT algorithm E such that the following probability is negligible:

Pr

 b = 1∧
(x,w) ̸∈ R :

pp← Setup(1λ)
(x, st)← P∗

1 (1
λ, pp)

b← ⟨P∗
2 (st),V⟩(pp, x)

w ← EP∗
2 (pp, x)

 .

A succinct argument of knowledge ⟨P,V⟩ for a relation R, must satisfy completeness and knowl-
edge soundness and additionally be succinct, that is, the communication complexity between prover
and verifier, as well as the verification complexity is bounded by poly(λ, log |w|).

2.2 Polynomial Commitment Scheme

A polynomial commitment scheme (PCS) introduced in [KZG10] allows a prover to open evaluations
of the committed polynomial succinctly. A PCS over F is a tuple PC = (Setup,Com,Open,Eval)
where:

• pp← Setup(1λ, n, {Di}i∈[n]). On input security parameter λ, number of variables n and upper
bounds Di ∈ N on the degree of each variable Xi for a n-variate polynomial, Setup generates
public parameters pp.

• (C, c̃) ← Com(pp, f(X),d). On input the public parameters pp, and a n-variate polynomial
f(X1, · · · , Xn) ∈ F[X1, . . . , Xn] with degree at most deg(Xi) = di ≤ Di for all i, Com outputs
a commitment to the polynomial C, and additionally an opening hint c̃.

• b← Open(pp, f(X),d, C, c̃). On input the public parameters pp, the commitment C and the
opening hint c̃, a polynomial f(X1, · · · , Xn) with di ≤ Di, Open outputs a bit indicating
accept or reject.

• b← Eval(pp, C,d,x, v; f(X)). A public coin interactive protocol ⟨Peval(f(X)), Veval⟩(pp, C,d,x, v)
between a PPT prover and a PPT verifier. The parties have public parameters pp, commit-
ment C, degree d, evaluation point x, and claimed evaluation v as common input. The prover
has, in addition, the opening f(X1, · · · , Xn) of C, with deg(Xi) ≤ di. At the end of the pro-
tocol, the verifier outputs 1 indicating accepting the proof or outputs 0 indicating rejecting
the proof.

A polynomial commitment scheme must satisfy completeness, binding and extractability.

Definition 2.3 (Completeness). For all polynomials f(X1, · · · , Xn) ∈ F[X1, . . . , Xn] with degree
deg(Xi) = di ≤ Di, for all (x1, . . . , xn) ∈ Fn,

Pr

 pp← Setup(1λ, n, {Di}i∈[n]),
b = 1 v ← f(x),

b← Eval(pp, C,d,x, v; f(X))

 = 1.
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Definition 2.4 (Binding). A polynomial commitment scheme PC is binding if for all PPT A, the
following probability is negligible in λ:

Pr

 Open(pp, f0,d0, C, c̃0) = 1∧ pp← Setup(1λ, n,D)
Open(pp, f1,d1, C, c̃1) = 1∧ (C, f0, f1, c̃0,
f0 ̸= f1 c̃1,d0,d1)← A(pp)

 .

Definition 2.5 (Knowledge Soundness). For any PPT adversary A = (A1,A2), there exists a PPT
algorithm E such that the following probability is negligible in λ:

Pr

 b = 1∧
REval(pp, C,x,

v; f̃ , c̃) = 0

:

pp← Setup(1λ, n, {Di}i∈[n])
(C,d,x, v, st)← A1(pp)

(f̃ , c̃)← EA2(pp, C, d)
b← ⟨A2(st), Veval⟩(pp, C,d,x, v)

 .

where the relation REval is defined as follows:

REval = {((pp, C ∈ G, x ∈ Fn, v ∈ F); (f(X1, · · · , Xn), c̃)) :

(Open(pp, f,d, C, c̃0) = 1) ∧ v = f(x)}

Fiat-Shamir. An interactive protocol is public-coin if the verifier’s messages are uniformly ran-
dom strings. Public-coin protocols can be transformed into non-interactive arguments in the Ran-
dom Oracle Model (ROM) by using the Fiat-Shamir (FS) [FS87] heuristic to derive the verifier’s
messages as the output of a Random Oracle. All protocols in this work are public-coin interactive
protocols in the structured reference string (SRS) model where both the parties have access to a
SRS, that are then compiled into non-interactive arguments using FS.

2.3 The KZG PCS

The KZG univariate PCS was introduced in [KZG10]. We denote the KZG scheme by the tuple of
PPT algorithms (KZG.Setup,KZG.Commit, KZG.Prove, KZG.Verify) as defined below.

Definition 2.6 (KZG PCS). Let (F,G1,G2,GT , e, g1, g2, gt) be output of bilinear group generator
BG(1λ).

• KZG.Setup on input (1λ, d), where d is the degree bound, outputs

srs = ({[τ ]1, . . . , [τd]1}, {[τ ]2, . . . , [τd]2}.

• KZG.Commit on input (srs, p(X)), where p(X) ∈ F≤d[X], outputs C = [p(τ)]1.

• KZG.Prove on input (srs, p(X), α), where p(X) ∈ F≤d[X] and α ∈ F, outputs (v, π) such that

v = p(α) and π = [q(τ)]1, for q(X) = p(X)−p(α)
X−α .

• KZG.Verify on input (srs, C, v, α, π), outputs 1 if the following equation holds, and 0 otherwise:

e(C − v[1]1 + απ, [1]2)
?
= e(π, [τ ]2).

Definition 2.7 (q-DLOG Assumption). The q-DLOG assumption with respect to G holds if for all
λ and for all PPT A, the following probability is negligible in λ:

Pr

 τ = τ ′

τ ′ ← A(1λ, pp) :

(F,G1,G2,GT , e, g1, g2, gt)← BG(1λ),
τ ← F,

pp := ([τ ]1 ,
[
τ2

]
1
, . . . , [τ q]1 ,

[τ ]2 ,
[
τ2

]
2
, . . . , [τ q]2)


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KZG is shown to be evaluation binding assuming the hardness of q-DLOG (Definition 2.7) and
knowledge sound in the Algebraic Group Model (AGM). At a high level, AGM [FKL18] considers
algebraic adversaries that are algorithms A such that every group element output by A is accom-
panied by a representation of that group element in terms of all the group elements that A has seen
so far (input and output).

2.4 Polynomial IOP

A modular approach for designing efficient succinct arguments is to (i) first, construct an Interactive
Oracle Proof (IOP) that is an information-theoretic protocol in an idealized model, (ii) compile the
information-theoretic protocol via a cryptographic compiler to obtain a cryptographic argument
system. In a Polynomial IOP (PIOP), the prover provides oracle access to a set of polynomials,
and the verifier accepts or rejects by checking certain identities over the polynomials output by
the prover and possibly public polynomials known to the verifier. A PIOP is compiled into a
succinct argument of knowledge by using a polynomial commitment scheme to realize the polynomial
oracles. Many recent constructions of zkSNARKs [BFS20, CHM+20, GWC19] follow this approach
where the information theoretic object is a a PIOP and the cryptographic compiler is a polynomial
commitment scheme.

Definition 2.8 (Polynomial IOP). A polynomial IOP is a public-coin interactive proof for a relation
R = (x,w). R is an oracle relation such that x consists of oracles to µ-variate polynomials over
F. These oracles can be queried at arbitrary points in Fµ to evaluate the polynomial at these points.
In every round in the protocol, the prover sends multi-variate polynomial oracles. The verifier in
every round sends a random challenge. At the end of the protocol, the verifier (with oracle access
to all the polynomial oracles sent so far) and given its own randomness outputs accept/reject. A
PIOP satisfies completeness and knowledge-soundness.

We use the following results about PIOPs and their compilation.

Lemma 2.1 ([CHM+20, BFS20, CBBZ23]). If a PIOP is sound for an oracle relation R with
soundness error δ, then it is knowledge sound for R with knowledge error δ and the extractor
running in time polynomial in the witness size.

Indexed Relations. An indexed relation R is a set of triples (i,x,w) where i is the index, x is
the instance, and w is the witness. Typically, an NP relation ((C,x);w) given by C(x,w) = 1 for
an arithmetic circuit C is expressed as an indexed relation with index i encoding the description
of the circuit C. A PIOP for indexed relation R is specified by indexer I, prover P and verifier V
which operate as follows:

• Offline Phase: The indexer I receives the index i as input and outputs a set of polynomials
encoding i.

• Online Phase: The prover P(i,x,w) interacts with the verifier V(JiK,x), i.e, the verifier has
oracle access to the polynomials output by I in addition to any oracles in the statement x.

Lemma 2.2 ([CHM+20, BFS20, CBBZ23]). Let R be a relation over F. Let PIOP = (I,P,V)
be a PIOP over F for R with negligible soundness error, and PC = (Setup,Com,Open,Eval) be
a polynomial commitment scheme over F that satisfies completeness, binding and extractability.

10



Then there exists a compiler that compiles the PIOP using PC to obtain a public-coin argument of
knowledge Π = (Setup,P,V) for R. If the PIOP is for an indexed relation, the resulting argument
system is a preprocessing argument system.

This succinct argument system with a public-coin verifier is finally transformed into a SNARK
via Fiat-Shamir.

2.5 Algebraic Preliminaries

Polynomials and Multilinear Extensions. We use F≤1[X1, . . . , Xµ] to denote the set of µ-
variate multilinear polynomials over the field F. We define 2µ-variate polynomial

ẽqµ(x,y) =

µ∏
i=1

(xiyi + (1− xi)(1− yi))

for x ∈ Fµ and y ∈ Fµ. The polynomials {ẽqµ(x, ⟨ i ⟩) : i ∈ [2µ]} are linearly independent over F
and form the Lagrange basis polynomials for the set Bµ. For x,y ∈ Bµ, ẽqµ(x,y) = 1 if x = y, and

is 0 otherwise. For a function f : Bµ → F, the (unique) polynomial f̃(x) =
∑2µ

i=1 f(⟨ i ⟩)ẽqµ(x, ⟨ i ⟩)
is called the multilinear extension (MLE) of the function f . We also naturally view vectors f ∈ F2µ

as functions f : Bµ → F, and define MLE of the vector as that of the implied function. For clarity

of notation, we will denote multilinear polynomials as f̃ (with a tilde), its associated coefficient
vector of evaluations at Bµ as f , and the univariate polynomial with f as the coefficient vector (in

power basis 1, X, . . . ,Xn−1 for n = 2µ) as f̂(X). Thus, the univariate and multilinear polynomials

sharing the coefficient vector f in the respective bases are denoted as f̂ and f̃ respectively.
Multivariate Sumcheck Protocol. Let f(X1, . . . , Xµ) ∈ F[X1, . . . , Xµ]. Consider the claim:∑

x1∈{0,1}

∑
x2∈{0,1}

· · ·
∑

xµ∈{0,1}

f(x1, . . . , xµ) = y

The above claim takes time O(|Bµ|) to verify. The sumcheck protocol [LFKN90] allows the verifier
to outsource this computation to a prover, where the prover sends number of field elements that is
logarithmic in the size of the hypercube, and the verifier needs to evaluate f at a single point. We
recall the classical sumcheck protocol from [LFKN90] for multilinear polynomials.

• Common Input: The verifier is given oracle access Jf̃K to the multilinear polynomial f̃ ∈
F≤1[X1, . . . , Xµ] and the claimed sum v =

∑
x∈Bµ

f(x). The prover and verifier interact in µ
rounds 1, . . . , µ− 1 as:

• As its ith message, the prover P sends univariate polynomial g1(Xi) such that gi(Xi) =
∑

x′∈Bµ−i
f(r, Xi,x

′),

where r = (r1, . . . , ri−1) is the vector of challenges sent by the verifier in the previous rounds.
Note that r is not defined for i = 1, and so we ignore it for i = 1.

• V checks gi(1) + gi(0) = gi−1(ri) for i > 1 and g1(1) + g1(0) = v for i = 1. The verifier aborts if
the check fails.

• If i < µ, V sends ri ← F to the prover.

• For i = µ, the verifier samples rµ ← F and checks gµ−1(rµ) = f̃(r1, . . . , rµ) by querying the oracle
JfK.

11



The above interactive oracle proof is turned into an interactive proof of knowledge by using a
polynomial commitment scheme to commit to the polynomial f̃ and using evaluation proof to
answer the final oracle query. Ignoring the cost of the polynomial commitment scheme, the above
protocol has communication complexity O(µ), with the prover computing O(2µ) F-operations.

3 Background and Overview

In this section, we review the prior work crucially relevant to our work and provide a high-level
overview of our techniques.

3.1 HyperPlonk

HyperPlonk [CBBZ23] is a multilinear PIOP which is an adaptation of Plonk [GWC19], which
is a popular univariate PIOP. HyperPlonk leverages sumcheck protocol to achieve efficient prover
compared to Plonk. We describe the variant of HyperPlonk for gates with 3 wires, and 5 selectors.
Let µ ∈ N and let n = 2µ be the number of gates. We specify the HyperPlonk circuit C as below:

• Vectors qM ,qL,qR,qO and qC in Fn denote the selectors.

• Permutation σ : [3n]→ [3n] denotes the wiring constraints.

• The vector z = (z1, . . . , z3n) denotes the wires of the circuit. Without loss of generality, we
assume z1, . . . , zk denote the k public input wires.

We say that z ∈ F3n satisfies (C,x) for x ∈ Fk if it satisfies:

1. Input Constraints: zi = xi for i ∈ [k].

2. Gate Constraints: qM,i · zi · zi+n + qL,i · zi + qR,i · zi+n + qO,i · zi+2n + qC,i = 0 for all i ∈ [n].

3. Wiring Constraints: zσ(i) = zi for i ∈ [3n].

The HyperPlonk indexer outputs the following multilinear polynomials for the circuit C:

• For X ∈ {M,L,R,O,C} it outputs multilinear polynomial q̃X satisfying q̃X(⟨ i ⟩) = qX,i for
i ∈ [n].

• Multilinear polynomials σ̃j satisfying σ̃j(⟨ i ⟩) = σ((j − 1)n+ i) for j ∈ [3].

• Multilinear polynomials ĩdj , j ∈ [3] for the identity permutation satisfying ĩdj(⟨ i ⟩) = i+(j−1)n.

We note that the polynomials for identity permutation can be computed by the verifier in O(log n)
F-operations, so indexer need not output them. We now describe the online phase of the HyperPlonk
PIOP. To show knowledge of w ∈ F3n satisfying (C,x) the prover encodes the witness as multilinear
polynomials w̃1, w̃2 and w̃3 satisfying w̃1(⟨ i ⟩) = zi, w̃2(⟨ i ⟩) = zi+n, w̃3(⟨ i ⟩) = zi+2n. As a technical
point, the prover sends zi as 0 for i ∈ [k] to accommodate public inputs. It then sends oracles Jw̃1K,
Jw̃2K and Jw̃3K. The verifier computes the multilinear polynomial Ĩ for the public inputs satisfying

Ĩ(⟨ i ⟩) = xi for i ∈ [k] and 0 elsewhere. It adjusts the oracle Jw̃1K sent by the prover to Jw̃1K+ JĨK.
Henceforth, we will use Jw̃1K to denote this “adjusted” oracle.
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3.2 HyperPlonk PIOP

We summarize the key steps in HyperPlonk PIOP [CBBZ23] below.

• The prover sends the witness oracles Jw̃iK, i ∈ [3] as above.

• The verifier sends challenges β, γ ← F.

• On receiving the challenges, the prover computes µ + 1 variate oracle ṽ satisfying the following
for all x ∈ Bµ.

ṽ(0,x) =

3∏
i=1

(
w̃i(x) + β · ĩdi(x) + γ

w̃i(x) + β · σ̃i(x) + γ

)
.

ṽ(1,x) = ṽ(x, 0) · ṽ(x, 1).

• The prover computes µ-variate polynomials ṽ0 and ṽ1where ṽb(X) = ṽ(b,X) for b ∈ {0, 1}.

• The prover also computes µ-variate polynomials ũ0 and ũ1 where ũb(X) = ṽ(X, b) for b ∈ {0, 1}.

• The verifier sends batching challenge ξ ← F and a zero-check challenge τ ← Fµ.

• The prover and verifier execute the sumcheck PIOP:∑
x∈Bµ

ẽq(x, τ) · G̃(x) = 0,

where G̃ is defined as:

G̃(x) = q̃M (x)w̃1(x)w̃2(x) + q̃L(x)w̃1(x) + q̃R(x)w̃2(x)

+ q̃O(x)w̃3(x) + q̃C(x)

+ ξ · ṽ0(x)
3∏

i=1

(w̃i(x) + βσ̃i(x) + γ)

− ξ ·
3∏

i=1

(w̃i(x) + β ĩdi(x) + γ)

+ ξ2 · (ṽ1(x)− ũ0(x) · ũ1(x)) . (1)

As noted in [CBBZ23], the oracles JũbK for b ∈ {0, 1} can be simulated using the oracles Jṽ0K and
Jṽ1K. We will however require the prover to explicitly commit to oracles JũbK instead of simulating
them as it helps us to reduce the number of multilinear oracle queries.

3.3 Multilinear PCS with Constant Proof Size

We recall recent constructions [GPS25, EG25] of multilinear polynomial commitment schemes with
constant proof size. The constructions use the following isomorphism between µ-variate multilinear
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polynomials and univariate polynomials F[X] of degree < n for n = 2µ. Define the isomorphism of
the F-vector spaces as:

φ : F≤1[X1, . . . , Xµ] −→ F<n[X]
n∑

i=1

fiẽqi(X1, . . . , Xµ) 7→
n∑

i=1

fiX
i−1.

For f̃ ∈ F≤1[X1, . . . , Xµ], we use f̂ to denote the univariate polynomial φ(f̃). We associate a

multilinear polynomial f̃ with the univariate polynomial f̂ according to the above isomorphism.
Subsequently, we treat the KZG commitment C to the polynomial f̂ as the commitment to the
multilinear polynomial f̃ . The constructions in [GPS25, EG25] show elegant protocols to prove

evaluations f̃(z) = v for z ∈ Fµ and v ∈ F with constant proof size and Oλ(n) prover cost.
Specifically, we will use the Samaritan PCS from [GPS25] which achieves constant proof size of 368
bytes over the BLS12-381 curve.

3.4 Overview of Our Techniques

Our aim is to retain the prover efficiency of sumcheck without incurring O(log n) rounds of com-

munication. For the sake of illustration consider the claim
∑

x∈Bµ
ã(x)̃b(x) = v for µ-variate

multilinear polynomials ã and b̃. Let n = 2µ, then using the sumcheck protocol (see Section 2), the
prover can prove the claim in O(log n) rounds of communication while doing O(n) work. We ask:

Is there a way we can reduce the communication rounds?

A possible approach is to use the univariate sumcheck protocol introduced in [BCR+19], where
instead of considering multilinear polynomial evaluations over the hypercube, we consider univariate
polynomial evaluations over a multiplicative subgroup of F of size n. Specifically, letting H =
{1, ω, . . . , ωn−1} be the multiplicative subgroup of F of size n with ω ∈ F as a generator, we define

univariate polynomials â, b̂ ∈ F<n[X] such that â(ωi−1) = ã(⟨ i ⟩) and b̂(ωi−1) = b̃(⟨ i ⟩). Then, the

equivalent claim to prove is
∑

h∈H â(h)b̂(h) = v. The univariate sumcheck protocol [BCR+19], when
used with the KZG PCS allows the identity to be checked using O(1) communication. However, the

prover work is O(n log n) due to the need to compute polynomial product â(X) · b̂(X). The next
question we ask is:

Can we reduce communication while ensuring that the prover work remains O(n)?

We give an affirmative answer to this question, achieving communication of O(log log n) with
linear prover effort. At a high level we achieve this by using a hybrid of the two sumcheck techniques.
We initially proceed with the multilinear sumcheck protocol for O(log log n) rounds, at the end of
which we are left with a claim over hypercube of sizem = n/ log n, involving multilinear polynomials
of sizem. By identifying the multilinear polynomials of sizem with univariate polynomials of degree
< m, we derive an equivalent univariate sumcheck claim. Using the univariate sumcheck protocol,
and the KZG PCS, we can then prove the claim with O(1) communication and O(m logm) prover
work, which is O(n) sincem = n/ log n. The approach is detailed as improved sumcheck in Section 4.
We crucially use Samaritan PCS [GPS25] to show that the multilinear polynomials of size m are
suitable restrictions of the original multilinear polynomials of size n. Another technical challenge is
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to show that the polynomials involved in the univariate sumcheck are consistent with the multilinear
polynomials in the reduced sumcheck instance, which requires us to show that a pair of polynomials
share the same coefficients in the power basis and Lagrange basis respectively. We present a PIOP
for this in Section 5. Finally in Section 6, we present several optimizations in applying the above
blueprint to the HyperPlonk PIOP presented in Section 3.

4 Improved Sumcheck

Let G̃(X1, . . . , Xℓ) be a multivariate polynomial of degree d over F. Let f̃1, . . . , f̃ℓ be µ-variate
multilinear polynomials. For improved sumcheck, we consider a sumcheck instance of the form:∑

x∈Bµ

G̃(f̃1(x), . . . , f̃ℓ(x)) = v. (2)

Let n = 2µ denote the size of the hypercube. Choose ρ = log log n, and set κ = µ − ρ. Let
m = 2κ. We observe that m = n/ log n. To prove the claim in Equation (2), the prover and verifier
initially proceed with the first ρ rounds of the classical multivariate sumcheck protocol described in
Section 2. Assuming r = (r1, . . . , rρ) is the set of challenges sent by the verifier so far, the reduced
claim is of the form ∑

x∈Bκ

G̃(f̃1(r,x), . . . , f̃ℓ(r,x)) = v̄, (3)

for some v̄ ∈ F. At this stage, the prover commits to κ-variate multilinear polynomials p̃i, i ∈ [ℓ]

defined by p̃i(x) = f̃i(r,x) for x ∈ Bκ. Let p̂1(X), . . . , p̂ℓ(X) denote the corresponding univariate
polynomials of degree less than m, such that jth coefficient of p̂i is p̃i(⟨ j ⟩), ∀i ∈ [ℓ], j ∈ [m].
Our idea is to verify the reduced claim using a univariate PIOP over the much smaller domain
of size m. Specifically, we choose the domain to be the set H consisting of the m roots of unity
{1, ω, . . . , ωm−1}. To this end, the prover computes polynomials q̂i(X), i ∈ [ℓ] such that evaluations
of q̂i over the set H match the monomial coefficients of polynomial p̂i. Let {µH

k (X)}mk=1 denote the
Lagrange basis polynomials for the set H satisfying µH

k (ω
j−1) = δkj . We define linear operator ifft

on the set F<m[X] as:

ifft

(
m∑
i=1

aiX
i−1

)
=

m∑
i=1

aiµ
H
i (X). (4)

In terms of the above operator, we have q̂i = ifft(p̂i) for all i ∈ [ℓ]. Assuming that the polynomials
p̂i and q̂i are honest, we can reduce the sumcheck claim in Equation (3) to a univariate sumcheck
claim as below: ∑

x∈Bκ

G̃(p̃1(x), . . . , p̃ℓ(x)) = v̄

⇔
∑
i∈[m]

G̃(p̃1(⟨ i ⟩), . . . , p̃ℓ(⟨ i ⟩)) = v̄

⇔
∑
i∈[m]

G̃(q̂1(ω
i−1), . . . , q̂ℓ(ω

i−1)) = v̄. (5)
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The final claim uses the fact that q̂i(ω
j−1) = p̃i(⟨ j ⟩) for all i ∈ [ℓ] and j ∈ [m]. Let Ĝ(X) =

G̃(q̂1(X), . . . , q̂ℓ(X)). Then the final claim is essentially equivalent to the claim
∑

i∈[m] Ĝ(ωi−1) = v̄.

Now, we can use the univariate sumcheck to establish this claim. As shown in [BCR+19], it requires

the prover to send polynomial oracles ĝ and ĥ, with deg(ĥ) ≤ m− 2 such that:

Ĝ(X) = (Xm − 1) · ĝ(X) +X · ĥ(X) + v̄/m. (6)

The prover commits to polynomials ĝ(X) and ĥ(X). To check the identity, the verifier queries

the polynomials q̂i, i ∈ [ℓ], ĝ, and ĥ at a random point and enforces the degree bound on ĥ. The

above polynomials can be computed and committed in O(C(G̃, d, ℓ) ·m logm) = O(C(G̃, d, ℓ) · n)
F operations and O(dm + ℓm) = O((d + ℓ)n/ log n) G1 operations, where C(G̃, d, ℓ) is a constant

dependent on the multivariate form G̃, d and ℓ. Note that most F-operations are incurred in
computing polynomial products corresponding to high degree terms in G̃. In a typical application we
expect d to be a small constant (e.g., d ≤ 5) and thus computing each term of G̃ takes ≈ O(m logm)

operations. The entire computation of Ĝ then takes O(||G̃||m logm) operations, which is O(||G̃||n)
where ||G̃|| denotes the number of monomial terms in G̃.

4.1 Checking Consistency of Polynomials

The above reduction requires that the polynomials p̂i and q̂i are correctly computed from the original
polynomials f̃i and initial challenges r = (r1, . . . , rρ). First, we wish to show that p̃i(·) = f̃i(r, ·)
for all i ∈ [ℓ]. The verifier uses a challenge α to batch the checks into an aggregated check:

ℓ∑
i=1

αi−1p̃i(·) =
ℓ∑

i=1

αi−1f̃i(r, ·).

The verifier can homomorphically compute commitments to the polynomials p̃ =
∑ℓ

i=1 α
i−1p̃i and

f̃ =
∑ℓ

i=1 α
i−1f̃i. Thereafter it samples y← Fκ and queries p̃ and f̃ at points y and (r,y) respec-

tively. It accepts if the two evaluations are equal. Using the multilinear PCS in [GPS25, EG25],
the preceding check incurs O(m+ n) cost to the prover and results in constant communication.

Next, we wish to check that for all i ∈ [ℓ], q̂i = ifft(p̂i). Again, using the linearity of ifft
operation, the verifier can batch the checks into a single check. We can use the challenge α used
previously. The verifier can compute the commitment to the polynomials q̂ =

∑ℓ
i=1 α

i−1q̂i and

p̂ =
∑ℓ

i=1 α
i−1p̂i (note that the commitment to p̂ is the same as the commitment to p̃ as computed

in the previous subsection). It now needs to check that q̂ = ifft(p̂), given the commitments to both
the univariate polynomials. We present a PIOP to check this claim in Section 5.

5 PIOP for Basis Translation

In this section, we exhibit a polynomial IOP for showing q̂ = ifft(p̂) given commitments to the
univariate polynomials p̂ and q̂ in F<m[X]. As before, p̃ and q̃ will denote the corresponding
multilinear polynomials defined over the hypercube Bκ for κ = logm. Let p = (p1, . . . , pm) and
q = (q1, . . . , qm) denote the coefficient vectors of polynomials p̂ and q̂ (and equivalently evaluations
of p̃ and q̃) respectively.
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We will find it convenient to check the equality q̂ = ifft(p̂) using the multilinear representation
of the polynomials. Note that the equality implies pi = q̂(ωi−1) for i ∈ [m]. Let W denote the

m × m FFT matrix with Wij = ω(i−1)(j−1). Let W̃ denote the multilinear polynomial over 2κ

variables such that W̃ (⟨ i ⟩, ⟨ j ⟩) = ω(i−1)(j−1). In other words, W̃ is a multilinear extension of the
FFT matrix W viewed as a function B2κ → F. The coefficient vectors q and p of polynomials q̃
and p̃ satisfy the following matrix product.

(p1, . . . , pm)T = (q1, . . . , qm)T ·W.

The equivalent identity over multilinear polynomials that needs to be checked is:

p̃(Y) =
∑
x∈Bκ

q̃(x) · W̃ (x,Y). (7)

where Y denotes the block of variables Y1, . . . , Yκ. Before proceeding, we state a key technical
result from ([EG25], Claim 4.1) in Lemma 5.1, and its variant in Lemma 5.2.

Lemma 5.1. For polynomials p̂ =
∑m

i=1 piX
i−1 and q̂ =

∑m
i=1 qiX

i−1 in F[X], let ⟨p̂, q̂⟩ denote
the sum

∑m
i=1 piqi. Then, ⟨p̂, q̂⟩ = v if and only if there exists a polynomial Ŝ ∈ F[X], computable

in O(m logm) field operations such that:

p̂(X) · q̂(1/X) + p̂(1/X) · q̂(X)

= 2v +X · Ŝ(X) + (1/X) · Ŝ(1/X)

The following variant of Lemma 5.1 will also be useful.

Lemma 5.2. For polynomials p̂ =
∑m

i=1 piX
i−1 and q̂ =

∑m
i=1 qiX

i−1, let r̂ = p̂ ◦ q̂ be the
polynomial

∑m
i=1 riX

i−1 with ri = piqi for all i ∈ [m]. Then, with overwhelming probability over the
choice of γ ← F, the polynomials p̂, q̂ and r̂ in F<m[X] satisfy r̂ = p̂◦q̂ if and only if ⟨p̂(γX), q̂(X)⟩ =
r̂(γ). Equivalently, there exists a polynomial Ŝ, computable in O(m logm) field operations such that:

p̂(γX) · q̂(1/X) + p̂(γ/X) · q̂(X)

= 2r̂(γ) +X · Ŝ(X) + (1/X) · Ŝ(1/X)

Proof. The proof essentially follows from batching the checks ri = piqi using the challenge γ.

We now explicitly specify the multilinear extension W̃ of the FFT matrix as below:

W̃ (x,y) =

m∑
i=1

m∑
j=1

ω(i−1)·(j−1) · ẽq(⟨ i ⟩,x) · ẽq(⟨ j ⟩,y). (8)

To check the multilinear polynomial identity in Equation (7), the verifier samples y ← Fκ and
asks the prover to prove:

p̃(y) =
∑
x∈Bκ

q̃(x) · W̃ (x,y).

At this stage, the prover computes the multilinear polynomial t̃(X) given by t̃(X) = W̃ (X,y) and
sends a commitment to t̃ to the verifier. Thereafter, the statement reduces to

∑
x∈Bκ

q̃(x) · t̃(x) =
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p̃(y). The claimed sum vp = p̃(y) can be obtained by querying the polynomial p̃. The preceding
summation over the hypercube is succinctly captured by the associated univariate polynomials q̂
and t̂ as ⟨q̂, t̂⟩ = vp. The inner product of the polynomials (defined as the inner product of their
coefficient vectors) can be proved using Lemma 5.1. Two important questions remain: (i) How does
the prover compute polynomial t̃ in time O(n) and (ii) How does it convince the verifier that t̃(X)

is indeed W̃ (X,y)? We answer the first question in Lemma 5.3 below.

Lemma 5.3. The multilinear polynomial t̃(x) as defined above can be computed in O(n) F-operations.

Proof. Let ej = ẽq(⟨ j ⟩,y) for j ∈ [m]. Using standard techniques, ej for all j ∈ [m] can be

computed in O(m) time. Now, for i ∈ [m], from Equation 8, we have t̃(⟨ i ⟩) =
∑m

j=1 ej ·
(
ω(i−1)

)j−1
.

If we define ê(X) to be the polynomial
∑m

j=1 ej · Xj−1, we see that t̃(⟨ i ⟩) = ê(ωi−1) for all

i ∈ [m]. Thus, t̃(⟨ i ⟩) can be computed for all i ∈ [m] in time O(m logm) = O(n) using the FFT
algorithm.

Proving correctness of t̃. Next, we turn to the task of showing that t̃(x) = W̃ (x,y). Let
ej = ẽq(⟨ j ⟩,y) for j ∈ [m] be the coefficients of the polynomial ê(X) used in the proof of Lemma 5.3.
Let e denote the vector (e1, . . . , em). Let t1, . . . , tm be the evaluations of the polynomial t̃(x) (and
equivalently coefficients of t̂(X)). Let θi denote the vector (1, ωi−1, ω2(i−1), . . . , ω(m−1)(i−1)) for
i ∈ [m]. Then, one needs to prove that: ti = ⟨θi, e⟩ for all i ∈ [m]. The verifier can batch these
checks into a single check by sending a challenge γ ← F and requiring the prover to prove:

m∑
i=1

ti · γi−1 =
〈 m∑

i=1

γi−1 · θi, e
〉
, (9)

or equivalently: t̂(γ) = ⟨a, e⟩ for a =
∑m

i=1 γ
i−1θi. Now, routine calculation shows that for j ∈ [m],

aj =

m∑
i=1

γi−1 · ω(i−1)(j−1) =
(γωj−1)m − 1

γωj−1 − 1
=

γm − 1

γωj−1 − 1
.

Thus, the vector a is given by:

a = (γm − 1) ·
(

1

γ − 1
,

1

γω − 1
, . . . ,

1

γωm−1 − 1

)
. (10)

At this stage, the prover commits to polynomial Â(X), where Â(X) =
∑m

i=1(γω
i−1 − 1)−1Xi−1.

The check t̂(γ) = ⟨a, e⟩ is equivalent to the following check on polynomials:

⟨Â, ê⟩ = t̂(γ)/(γm − 1). (11)

The only thing that remains is to prove that the polynomials Â and ê have the claimed coefficients.
In other words, we need to show that the ith coefficients of Â and ê are 1/(γωi−1−1) and ẽq(⟨ i ⟩,y)
respectively. Fortunately, the polynomial ê(X) has a simple description, which enables the verifier
to query it efficiently (in O(logm) effort). Specifically, we have:

ê(X) =

κ∏
i=1

(yiX
2i−1

+ (1− yi)). (12)
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One can observe that the coefficient of Xi−1 in ê(X) is precisely ẽq(⟨ i ⟩,y). Thus, it only remains
to show the correct form of the polynomial Â. Unlike ê, the polynomial Â does not directly admit
a succinct description for the verifier. However, it turns out that the polynomial B̂(X) whose
coefficients are inverses of the coefficients of Â, i.e, the polynomial B̂(X) =

∑m
i=1(γω

i−1 − 1)Xi−1

has a succinct description. First, we notice that the polynomial Ψω(X) given below has powers of
ω (1, ω, ω2, . . . , ωm−1) as its coefficient vector.

Ψω(X) =

κ∏
i=1

(1 + ω2i−1

X2i−1

). (13)

Now, we can write B̂(X) as:

B̂(X) =

m∑
i=1

(γωi−1 − 1)Xi−1 = γΨω(X)− Xm − 1

X − 1
. (14)

The verifier can query polynomial B̂ in O(logm) effort. We then use the polynomial B̂ to establish
correctness of the polynomial Â by proving Â◦B̂ = 1+X+· · ·+Xm−1 = (Xm−1)/(X−1) invoking
Lemma 5.2. Concretely, the verifier sends the challenge δ ← F to which the prover responds with
commitment to polynomial Ŝ1 such that:

Â(X) · B̂(δ/X) + Â(1/X) · B̂(δX)

= 2 · δ
m − 1

δ − 1
+X · Ŝ1(X) + (1/X) · Ŝ1(1/X).

(15)

The above identity can be checked by querying the polynomials Â, B̂ and Ŝ at a random point,
where the prover provides evaluations of Â and Ŝ1, while the verifier computes the evaluation of
B̂ at the point itself. Having established the correctness of the polynomial Â, the correctness of
polynomial t̂ can be verified by checking the identity in Equation 11. Using Lemma 5.1, this is
accomplished by the prover sending commitment to polynomial Ŝ2(X) satisfying:

Â(X) · ê(1/X) + Â(1/X) · ê(X)

=
2 · t̂(γ)
γm − 1

+X · Ŝ2(X) + (1/X) · Ŝ2(1/X).
(16)

Again, the identity is checked by querying the polynomials Â, Ŝ2 at points determined by a random
evaluation challenge, polynomial t̂ at γ whereas the queries to ê can be computed by the verifier
efficiently. Finally, having established the correctness of t̂(X), we use one more instance of the
check in Lemma 5.1 to prove ⟨q̂(X), t̂(X)⟩ = vp, where vp was the answer to the polynomial query

p̃(y). Concretely, the prover sends commitment to polynomial Ŝ3(X) satisfying:

q̂(X) · t̂(1/X) + q̂(1/X) · t̂(X)

= 2vp +X · Ŝ3(X) + (1/X) · Ŝ3(1/X).
(17)

The verifier can check the above identity as before. This completes the description of the protocol
to check q̂ = ifft(p̂). In fact, as an optimization, using an additional challenge ε← F, the checks in
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Equations 15, 16 and 17 can be batched into a single check, requiring the prover to send commitment
to a single polynomial Ŝ(X) satisfying:

Â(X) · B̂(δ/X) + Â(1/X) · B̂(δX)

+ ε
(
Â(X) · ê(1/X) + Â(1/X) · ê(X)

)
+ ε2

(
q̂(X) · t̂(1/X) + q̂(1/X) · t̂(X)

)
= 2 ·

(
(δm − 1)/(δ − 1) + ε · t̂(γ)/(γm − 1) + ε2vp

)
+X · Ŝ(X) + (1/X) · Ŝ(1/X).

Clearly, the computational effort of the prover is O(m logm) F-operations and O(m) G1 operations.
For m = n/ log n, these costs are O(n). The communication is easily seen to be O(1), as we make
a constant number of univariate polynomial queries, each with constant communication.

Theorem 5.1. Given commitments to polynomials p̂ and q̂ of degree at most m, there exists an
argument of knowledge to check that q̂ = ifft(p̂) where the prover cost is O(m logm) F operations
and O(m) G1 operations, the verification cost is O(logm) F-operations and O(1) group operations,
while the argument size is O(1).

Theorem 5.2. Given a multivariate polynomial G̃ with ℓ variables and total degree d, and µ-
variate multilinear polynomials f̃1, . . . , f̃ℓ, there exists an argument of knowledge in the algebraic
group model (AGM) for the relation∑

x∈Bµ

G̃(f̃1(x), . . . , f̃ℓ(x)) = v,

where (i) the prover incurs C(G̃, d, ℓ) · n F-operations, O(n + ℓn/ log n) G1 operations for some

constant C(G̃, d, ℓ) dependent on the multivariate form G̃, d and ℓ, (ii) the verifier incurs O(ℓ+log n)
F-operations and O(ℓ) G1-operations while (iii) the proof size is O(ℓ+ d log log n).

Proof. The proof follows from observing that polynomial IOP for the sumcheck relation in Sections 4
and 5 is sound, i.e, the verifier accepts with negligible probability if the sumcheck relation is not
satisfied. Using Samaritan PCS from [GPS25], which is extractable in the AGM to realize the
polynomial oracles, we obtain a knowledge sound argument using Lemma 2.2.

Remark. Recently, the security of the KZG [KZG10] PCS underlying the construction of con-
stant sized multilinear PCS such as Samaritan [GPS25] and Mercury [EG25] has been proven from
falsifiable assumptions [LPS24], which are shown hold under weaker models than the AGM. Plau-
sibly, the multilinear polynomial commitment schemes can also be shown to be secure under these
assumptions.

6 HybridPlonk

In this section, we compile HyperPlonk PIOP [CBBZ23] from Section 3.2 with sumcheck protocol
from Theorem 5.2 to construct a new SNARK with sub-logarithmic proof size and linear time
prover. We also incorporate several optimizations to reduce the concrete proof size. We call the
resulting SNARK as HybridPlonk. We describe the key steps below.
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6.1 Reducing the number of commitments

We first order the polynomials involved in the sumcheck in Equation 1.

Õ :=
(
ẽq, ĩd1, ĩd2, ĩd3,q̃M , q̃L, q̃R, q̃O, q̃C , σ̃1, σ̃2, σ̃3,

w̃1, w̃2, w̃3, ṽ0, ṽ1, ũ0, ũ1

)
. (18)

Let r = (r1, . . . , rρ) be the vector of sumcheck challenges in the first ρ rounds. At this stage, the

protocol requires the prover to send commitments to κ-variate polynomials p̃i = Õi(r, ·), where we

use Õi to denote the i
th polynomial in Õ. In addition, the prover is required to send commitments to

polynomials q̂i such that q̂i = ifft(p̂i) for i ∈ [ℓ]. Recall from Section 4 that our eventual univariate
sumcheck is defined using the polynomials q̂i, i ∈ [ℓ]. The polynomials p̃i, i ∈ [ℓ] were essentially
“intermediataries” to ensure that evaluations of q̂i at the m roots of unity are identical to the the
evaluations of polynomial Õi on the hypercube Bκ. Towards this, we checked:

Õi(r, ·) = p̃i(·) ≡ p̂i = ifft(q̂i).

As an optimization, we realize that we need not commit to individual polynomials p̃i for all i ∈ [ℓ].
On receiving challenge α from the verifier, the prover sends commitment only to the polynomial
p̂ =

∑ℓ
i=1 α

i−1p̂i. Next the prover sends y← Fκ and asks the prover to prove:

ℓ∑
i=1

αi−1q̂i = ifft(p̂) and p̃(y) =

ℓ∑
i=1

αi−1Õi(r,y). (19)

6.2 Reducing multilinear queries

For the sake of understanding the trade-offs, let us assume we simulate oracles JũbK in terms of
oracles Jṽ0K and Jṽ1K as in original HyperPlonk [CBBZ23]. We note that:

ũb(X1, . . . , Xµ) = ṽ(X1, . . . , Xµ, b)

= (1−X1)ṽ(0, X2, . . . , Xµ, b) +X1ṽ(1, X2, . . . , Xµ, b)

= (1−X1)ṽ0(X2, . . . , Xµ, b) +X1ṽ1(X2, . . . , Xµ, b).

If we separate out the simulated polynomials ũ0, ũ1, the second check in Equation 19 reduces to:

p̃(y) =

ℓ−2∑
i=1

αi−1Õi(r,y) + αℓ−2ũ0(r,y) + αℓ−1ũ1(r,y)

= h̃(r,y) + αℓ−2
(
(1− r1) · ṽ0(r′,y, 0) + r1 · ṽ1(r′,y, 0)

)
+ αℓ−1

(
(1− r1) · ṽ0(r′,y, 1) + r1 · ṽ1(r′,y, 1)

)
,

where h̃ =
∑ℓ−2

i=1 Õi and r′ = (r2, . . . , rρ). To check the above equality we need 4 multilinear queries,
namely to:

• Polynomials p̃ and h̃ at y and (r,y) respectively.

• Polynomial (1− r1)ṽ0 + r1ṽ1 at points (r2, . . . , rρ,y, b) for b ∈ {0, 1}.
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We next show how to reduce the number of multilinear queries to just one. First, instead of
simulating oracles JũbK in terms of oracles Jṽ0K and Jṽ1K, we modify the HyperPlonk PIOP to have

prover send JũbK as independent oracles. This allows us to include all the polynomials in Õ in the

linear combination h̃, and we can simply query Jh̃K at (r,y). However, we need to ensure that the
polynomials ũ0 and ũ1 satisfy:

ũb(X1, . . . , Xµ)

= (1−X1)ṽ0(X2, . . . , Xµ, b) +X1ṽ1(X2, . . . , Xµ, b).
(20)

To prove the above, we define (µ+ 1)-variate polynomial:

ṽ(X1, . . . , Xµ+1)

= (1−X1)ṽ0(X2, . . . , Xµ+1) +X1ṽ1(X2, . . . , Xµ+1).
(21)

Then we have ṽb(X) = ṽ(b,X) and ũb(X) = ṽ(X, b) for b ∈ {0, 1}. Interpreting the preceding
relations combinatorially, the 2n coefficients of ṽ contain the n coefficients of ṽ0 at even positions
and the n coefficients of ṽ1 at odd positions. In terms of their corresponding univariate polynomials,
this is equivalent to v̂(X) = v̂0(X

2) +X · v̂1(X2). How do coefficients of ũ0 and ũ1 occur within
coefficients of ṽ? We observe that since ũb is determined by restricting the most significant bit,
coefficients of ũ0 constitute the first n coefficients of ṽ, while coefficients of ũ1 constitute the latter n
coefficients of ṽ. In terms of univariate polynomials, this is equivalent to v̂(X) = û0(X)+Xn ·û1(X).
Equating, the correctness of polynomials ũb, b ∈ {0, 1} is checked using the univariate identity:

û0(X) +Xn · û1(X) = v̂0(X
2) +X · v̂1(X2). (22)

We record the above polynomial identity to be checked by the verifier. We still need to query the
κ-variate polynomial p̃ at y, and a linear combination of multilinear polynomials in Õ at (r,y).
To restrict the number of multilinear queries to just one, we use the following trick. We define the
µ-variate polynomial p̃ext that vacuously extends p̃ to Bµ as p̃ext(X1, . . . , Xµ) = p̃(Xρ+1, . . . , Xµ),
i.e, p̃ext essentially ignores the first ρ variables. Thus, we can obtain the query p̃(y) as p̃ext(r,y).
Let p̂ext(X) be the univariate polynomial of degree < n corresponding to µ-variate polynomial p̃ext.
We need to relate it to the polynomial p̂(X) of degree at most m corresponding to p̃. It can be seen
that if (p1, . . . , pm) are the evaluations of p̃ over Bκ, the evaluations of p̃ext over Bµ are:

p1, . . . , p1︸ ︷︷ ︸
s times

, p2, . . . , p2︸ ︷︷ ︸
s times

, . . . , pm, . . . , pm︸ ︷︷ ︸
s times

where s = 2ρ. This is so because the evaluation of p̃ext is independent of the first ρ variables. The
relation describing the corresponding univariate polynomials p̂ext(X) and p̂(X) is seen to be:

p̂ext(X) =

m∑
i=1

piX
s(i−1)(1 +X + · · ·+Xs−1)

= p̂(Xs) · (Xs − 1)/(X − 1). (23)

Thus, we require the prover to send the commitment to polynomial p̂ext, and the verifier checks the
identity in Equation 23. To summarize, after sending the commitments to the polynomials in the
modified HyperPlonk PIOP, the prover sends commitments to polynomials q̂i, i ∈ [ℓ]. Thereafter, on

receiving the challenge α← F, the prover commits to the polynomial p̃(Y) =
∑ℓ

i=1 α
i−1 · Õi(r,Y)

and the “extended” polynomial p̃ext. The prover and the verifier then check the following:
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• Check
∑ℓ

i=1 α
i−1q̂i = ifft(p̂) using PIOP in Section 5.

• Check p̂ext(X) = (Xs − 1) · p̂(Xs)/(X − 1).

• Check p̃ext(r,y) =
∑ℓ

i=1 α
i−1Õi(r,y). This is equivalent to checking that the polynomial p̃ext −∑ℓ

i=1 α
i−1Õi is 0 at (r,y), which requires a single query to the polynomial whose commitment

can be computed by the verifier.

• Check the univariate polynomial identity in Equation 22 holds.

• They check the univariate sumcheck instance determined by the polynomials q̂i, i ∈ [ℓ].

In the next Section, we unroll the above steps to provide the full protocol for HybridPlonk.

6.3 HybridPlonk: Unrolled

We describe the protocol as consisting of three phases. The first phase is called the sumcheck phase
where classical multivariate sumcheck protocol is used to reduce the original sumcheck instance
to a univariate sumcheck instance. In the next phase, the prover and verifier interact to prove
the univariate sumcheck instance. The final phase is the query phase, where the verifier queries
the oracles sent in the prior phases to check the polynomial identities output in the previously.
During the first two phases, we will use the terminology, “P and V output the polynomial identity
P(X) = 0” to denote the polynomial identities that will be checked by the verifier in the query
phase. The protocol follows.

• Sumcheck Phase:

1. P sends commitments to witness polynomials w̃1, w̃2 and w̃3.

2. V sends challenges β, γ ← F.
3. P computes the multilinear polynomial ṽ as described in Section 6.2 and sends commitments

to ṽb(X) = ṽ(b,X) and ũb(X) = ṽ(X, b) for b ∈ {0, 1}.
4. P and V output û0(X) + Xn · û1(X) = v̂0(X

2) + X · v̂1(X2) with deg(ûb), deg(v̂b) < n for
b ∈ {0, 1}.

5. V sends batching challenge ξ ← F and zero-check challenge τ ← Fµ.

6. P and V define the sumcheck:
∑

x∈Bµ
ẽq(x, τ) · G̃(x) = 0, where G̃ is defined by:

G̃ := q̃M · w̃1 · w̃2 + q̃L · w̃1 + q̃R · w̃2 + q̃O · w̃3 + q̃C

+ ξ ·
(
ṽ0 ·

3∏
i=1

(w̃i + β · σ̃i + γ)−
3∏

i=1

(w̃i + β · ĩdi + γ)
)

+ ξ2 ·
(
ṽ1 − ũ0 · ũ1

)
.

7. P and V execute the first ρ rounds of the above sumcheck, with verifier sending challenges
r = (r1, . . . , rρ).
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8. P and V define the reduced sumcheck instance
∑

x∈Bκ
ẽqτ (r,x) · G̃(r,x) = v̄ for some v̄ ∈ F.

To simplify notation, we define following vectors of polynomials:

Õ =
(
ẽq, ĩd1, ĩd2, ĩd3, q̃M , q̃L, q̃R, q̃O, q̃C , σ̃1, σ̃2,

σ̃3, w̃1, w̃2, w̃3, ṽ0, ṽ1, ũ0, ũ1

)
,

Ô =
(
êq, îd1, îd2, îd3, q̂M , q̂L, q̂R, q̂O, q̂C , σ̂1, σ̂2,

σ̂3, ŵ1, ŵ2, ŵ3, v̂0, v̂1, û0, û1

)
,

Ō =
(
ēq, īd1, īd2, īd3, q̄M , q̄L, q̄R, q̄O, q̄C , σ̄1, σ̄2,

σ̄3, w̄1, w̄2, w̄3, v̄0, v̄1, ū0, ū1

)
. (24)

Denoting ith polynomial in vectors Õ, Ô and Ō as Õi, Ôi and Ōi respectively, the verifier
enforces the following constraints:

– Ôi(X) is the univariate polynomial corresponding to Õi(r,X).

– Ōi = ifft(Ôi), i.e, Ōi(ω
j−1) gives the coefficient of Xj−1 in Ôi.

9. Subject to above constraints, P and V define the univariate sumcheck instance:
∑m

i=1 ēq(ω
i−1)·

Ḡ(ωi−1) = v̄, where the polynomial Ḡ(X) is defined as:

Ḡ := q̄M · w̄1 · w̄2 + q̄L · w̄1 + q̄R · w̄2 + q̄O · w̄3 + q̄C

+ ξ ·
(
v̄0 ·

3∏
i=1

(w̄i + β · σ̄i + γ)−
3∏

i=1

(w̄i + β · īdi + γ)
)

+ ξ2 ·
(
v̄1 − ū0 · ū1

)
.

Next, we describe the univariate sumcheck phase. The prover needs to prove that the polynomial
ēq(X) · Ḡ(X) sums to v̄ over the set H. To this end, the prover sends commitments to polynomials

ĝ(X) and ĥ(X) with deg(ĥ) ≤ m− 2 satisfying:

ēq(X)Ḡ(X) = (Xm − 1)ĝ(X) +X · ĥ(X) + v̄/m. (25)

So far, we have not required the prover to explicitly commit to all the polynomials defining the above
identity, though all the polynomials are implicitly defined by the commitments sent in the sumcheck
phase (linked via ifft to committed polynomials). Following known optimization techniques, we ask
the prover for evaluations of the polynomials upfront, and later batch the checking of evaluations.
This deferred verification allows us to optimize communication.

To start this phase, the verifier sends evaluation point z ← F and the prover sends evaluations
Veq = ēq(z), Vw,1 = w̄1(z), Vw,2 = w̄2(z), Vw,3 = w̄3(z), Vσ,1 = σ̄1(z), Vσ,2 = σ̄2(z), Vσ,3 = σ̄3(z),
Vid,1 = īd1(z), Vid,2 = īd2(z), Vid,3 = īd3(z) and Vu,0 = ū0(z). The preceding evaluations allow us
to linearize the identity in Equation 25, reducing it to G′(z) = 0 for a polynomial G′ which can be
expressed as a linear combination of committed polynomials. Subsequently, the verifier checks the
correctness of all the claimed evaluations which can be efficiently batched. We detail the steps in
the univariate sumcheck phase below.

• Univariate Sumcheck Phase:

1. P sends commitments to polynomials ĝ(X) and ĥ(X).
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2. V sends evaluation point z ← F.
3. P sends evaluations Veq, Vw,1, Vw,2, Vw,3, Vσ,1, Vσ,2, Vσ,3, Vid,1, Vid,2, Vid,3 and Vu,0, as discussed

earlier.

4. V defines the polynomial G′(X) as:

G′(X) :=

Veq ·
(
Vw,1 · Vw,2 · q̄M + Vw,1 · q̄L + Vw,2 · q̄R + Vw,3 · q̄O + q̄C

)
+ Veq · ξ ·

(
v̄0 ·

3∏
i=1

(Vw,i + βVσ,i + γ)−
3∏

i=1

(Vw,i + βVid,i + γ)
)

+ Veq · ξ2 ·
(
v̄1 − Vu,0 · ū1

)
− (zm − 1) · ĝ − z · ĥ− v̄/m. (26)

We note that G′(X) is a linear combination of polynomials q̄M , q̄L, q̄R, q̄O, q̄C , v̄1, ū1, ĝ and

ĥ.

5. V sends challenge α← F to batch evaluation claims.

6. P and V output the evaluation claim F̄ (z) = V for:

F̄ (X) = G′(X) + α · ēq(X) + α2 · w̄1(X) + α3w̄2(X)

+ α4w̄3(X) + α5σ̄1(X) + α6σ̄2(X) + α7σ̄3(X)

+ α8 īd1(X) + α9 īd2(X) + α10 īd3(X) + α11ū0(X),

V = α · Veq + α2 · Vw,1 + α3 · Vw,2 + α4 · Vw,3

+ α5 · Vσ,1 + α6 · Vσ,2 + α7 · Vσ,3 + α8 · Vid,1

+ α9 · Vid,2 + α10 · Vid,3 + α11 · Vu,0.

7. V computes a1, . . . , aℓ, b1, b2 ∈ F be such that F̄ =
∑ℓ

i=1 aiŌi + b1ĝ + b2ĥ − v̄/m in time

O(ℓ+log n). Let H̄(X) denote the polynomial
∑ℓ

i=1 aiŌi and H̃(X) denote the corresponding
multilinear polynomial.

8. P sends commitments to polynomials H̄(X) and K̂(X) =
∑ℓ

i=1 aiÔi(X), which are also com-

mitments to the corresponding multilinear polynomials H̃(X) and K̃(X) =
∑ℓ

i=1 aiÕi(r,X).

It also sends commitment to µ-variate extension K̃ext of K̃.

9. V sends y← Fκ.

10. P sends Vy = K̃ext(r,y).

11. P and V output the following claims:∑
x∈Bκ

H̃(x)W̃ (x,y) = K̃(y) = Vy, (H̄ = ifft(K̂)) (27)

K̃ext(r,y) =

m∑
i=1

aiÕi(r,y) = Vy, (28)

K̂ext(X) = K̂(Xs) · (Xs − 1)/(X − 1), deg(K̂) < m. (29)
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Let η, δ ← F denote the challenges sent by V in the sub-protocol (Section 5) to prove the first
claim. Also, let ϵ← F be an additional challenge sent by V to accommodate the optimization
discussed in Section 5. Then P sends commitments to t̂(X), Â(X) and Ŝ(X) such that,

H̄(X) · t̂(1/X) + H̄(1/X) · t̂(X)

+ ϵ(Â(X) · ê(1/X) + Â(1/X) · ê(X))

+ ϵ2(Â(X) · B̂(δ/X) + Â(1/X) · B̂(δX))

= 2 · (Vy + ϵ · t̂(η)/(ηm − 1) + ϵ2 · (δm − 1)/(δ − 1))

+X · Ŝ(X) + (1/X) · Ŝ(1/X).

The challenge ϵ is also used to (i) batch the multilinear evaluations K̃ext(r,y) = Vy,
∑ℓ

i=1 aiÕi(r,y) =

Vy and (ii) batch the degree checks on polynomials û0, û1, v̂0, v̂1, K̂, ĥ.

12. P sends commitments to polynomials d̂(X) = û0(X)+ϵû1(X)+ϵ2v̂0(X)+ϵ3v̂1(X)+ϵ4Xn−mK̂(X)+

ϵ5Xn−m+1ĥ(X) and D̂(X) = XD−n+1d̂(X) to enforce degree bounds on the polynomials û0,

û1, v̂0, v̂1, K̂ and ĥ(X). Here D denotes the maximum degree supported by the KZG SRS.

13. V checks identities in query phase. It accepts if all the identities hold, otherwise it rejects.

• Query Phase:

1. V checks the following polynomial identities:

û0(X) +Xn · û1(X) = v̂0(X
2) +X · v̂1(X2) (A)

K̂ext(X) = K̂(Xs) · (Xs − 1)/(X − 1) (B)

H̄(X) · t̂(1/X) + H̄(1/X) · t̂(X)

+ ϵ
(
Â(X) · ê(1/X) + Â(1/X) · ê(X)

)
+ ϵ2

(
Â(X) · B̂(δ/X) + Â(1/X) · B̂(δX)

)
−X · Ŝ(X) + (1/X) · Ŝ(1/X)

= 2

(
Vy + ϵ

t̂(η)

ηm − 1
+ ϵ2

δm − 1

δ − 1

)
(C)

d̂(X) = û0(X) + ϵû1(X) + ϵ2v̂0(X)

+ ϵ3v̂1(X) + ϵ4Xn−mK̂(X) + ϵ5Xn−m+1ĥ(X) (D)

ℓ∑
i=1

aiÕi(r,y) + ϵK̃ext(r,y) = (1 + ϵ) · Vy (E)

F̄ (z) = V (F)

2. V checks (E) using one multilinear query, while to check others it sends evaluation challenge
r ← F.

3. P sends evaluations: W1 = (v̂0 + rv̂1)(r
2), W2 = K̂(rs), W3 = H̄(1/r), W4 = t̂(1/r), W5 =

Â(1/r), W6 = Ŝ(1/r).
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4. V now checks the following linearized polynomial identities:

û0(r) + rn · û1(r) = W1, (A)

K̂ext(r) = W2 · (rs − 1)/(r − 1), (B)

W4 · H̄(r) +W3 · t̂(r)

+ ϵ
(
Â(r) · ê(1/r) +W5 · ê(r)

)
+ ϵ2

(
Â(r) · B̂(δ/r) +W5 · B̂(δr)

)
− r · Ŝ(r)− (1/r) ·W6

= 2

(
Vy + ϵ

t̂(η)

ηm − 1
+ ϵ2

δm − 1

δ − 1

)
, (C)

d̂(r) = û0(r) + ϵû1(r) + ϵ2v̂0(r) + ϵ3v̂1(r)

+ ϵ4rn−m · K̂(r) + ϵ5rn−m+1 · ĥ(r). (D)

5. V sends another batching challenge φ ← F to reduce above identities to checking L̂(r) = 0
for a polynomial L̂(X) whose commitment can be computed by the verifier. The “boxed”
polynomials can be efficiently evaluated by the verifier.

6. P sends proof Πeval to show the correctness of evaluationsW1, . . . ,W6 in addition to evaluations
F̄ (z) , L̂(r) and t̂(η). Using Theorem 3 in [BDFG21], Πeval consists of 2 F elements and 1 G1

element.

Degree Check: V checks e([D(X)]1 , [1]2) = e([d(X)]1 ,
[
XD−n+1

]
2
) to enforce degree bound of

n− 1 on d̂(X) and consequently the degree bounds on polynomials constituting d̂(X).

6.4 Proof Size of HybridPlonk

We compute the proof size of the protocol described in Section 6.3.

• The prover commitments to 7 multilinear polynomials in the sumcheck phase, in addition to
the communication during the sumcheck itself. This contributes 7G1 + |πsumcheck| to the
proof size.

• The prover sends 10 commitments and 12 field elements in the univariate sumcheck phase,
which contributes 9G1 + 12F to the proof size.

• The prover sends 1 group element and 8 field elements in the query phase. In addition it
incurs communication cost of the multilinear query |πmlpcs|.

The total proof size is thus |πsumcheck| + |πmlpcs| + 18G1 + 20F. For the BLS12-381 curve, using
SamaritanPCS as the multilinear polynomial commitment scheme with proof size of 368 bytes, and
5 rounds of sumcheck (assuming log log n = 5), with each prover message in sumcheck consisting of
5 F elements, the total communication is 18G1 + 45F + 368 bytes, which works out to 2.67 KB.
Finally, we can reduce the proof size to 2.27 KB, by using the optimization in [CBBZ23, Section
3.1] which reduces the communication during the sumcheck rounds from 5F to 1G1 + 1F.
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7 Implementation and Evaluation

We experimentally evaluate the performance of HybridPlonk and compare its proof size, proving and
verification time against other prover efficient SNARKs featuring an updatable setup. Specifically,
we compare against Spartan [Set20] instantiated with KZG-based PCS, MicroSpartan [ZSCZ25] –
a recent variant of Spartan with smaller proof sizes, and HyperPlonk [CBBZ23].

We implement HybridPlonk in Rust using Arkworks [ac22]. We use Samaritan PCS [GPS25]
to compile the PIOP described in Section 6. We also provide the first RUST implementation
of Samaritan PCS, which might be of independent interest. Our implementation is anonymously
available at https://anonymous.4open.science/r/HybridPlonk-F011.

For comparison, we use open-source implementations of Spartan5, HyperPlonk6, and MicroSpar-
tan7. The benchmarks in Table 3 were obtained using above implementations. All of these im-
plementations (except MicroSpartan, which uses BN254 curve) use BLS12-381 as the associated
elliptic curve. We note that Spartan variants target R1CS backend, which is different from the
Plonkish constraint system supported by HybridPlonk and Hyperplonk, and thus tradeoffs in a spe-
cific application must account for the suitability of the backend as well. We run all the experiments
on a high end developer laptop: System 76 Adder Workstation with Intel Core i9 processor running
Ubuntu 22.04 with 100 GB RAM and boosted clock speed up to 5 GHz. All the benchmarks are
reported for single-threaded implementation. We summarize our evaluation below.

Proof Size. Table 2 shows the proof size of compared schemes with varying number of gates/-
constraints. For sake of illustration, we include Plonk [GWC19], which has constant proof length
of (9G1 + 6F), but does not feature a linear time prover. Spartan and MicroSpartan proof sizes
are taken from Figure 8 of [Set20] and Table 5 of [ZSCZ25] respectively. Note that Spartan is im-
plemented over Arkworks’ BLS12-381 curve, while MicroSpartan is implemented over Halo2curves’
BN256 curve where the size of a G1 element is smaller. HyperPlonk PIOP incurs communication
of (log n+ 5)G1 + (4 log n+ 29)F [CBBZ23]. While reporting the proof sizes for HyperPlonk vari-
ants, we add to this the communication incurred by the respective polynomial commitment scheme
(PCS). Finally, our HybridPlonk has the proof size of 18G1 + 20F + log log n(G1 + F) + 368 bytes.
To report concrete proof sizes for BLS12-381 curve, we use |G1| = 48 bytes and |F| = 32 bytes. For
BN254 curve, we have |G1| = |F| = 32 bytes. We can see that HybridPlonk has around 3× shorter
proofs than existing schemes at n = 224, with the gap expected to widen to 4× for n = 230.

Prover Time. Table 3 summarizes the performance of the prover in the compared schemes.
All the SNARKs in the table show O(n) prover complexity through experimental evaluation as
expected. All the compared schemes have similar proving times, with HybridPlonk exhibiting roughly
10% faster prover over the two Spartan variants. Although we do not report proving times for the
variant of HyperPlonk with Samaritan PCS, we expect the performance to be similar to the one
reported for HyperKZG based instantiation.

Verifier Time. The verification time for Spartan was ≈ 160 milliseconds. For all other schemes,
verification time was under 20 ms. This is expected as all other schemes feature O(log n) verifier,

5https://github.com/arkworks-rs/spartan
6https://github.com/EspressoSystems/hyperplonk
7https://github.com/microsoft/Nova
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Table 2: Proof sizes for different SNARKs with varying number of gates

Number of gates 216 218 220 222 224

Plonk[GWC19] 0.62 KB 0.62 KB 0.62 KB 0.62 KB 0.62 KB
Spartan[Set20] 71.6 KB 98 KB 142 KB > 142 KB > 142 KB

HyperPlonk(HyperKZG)[CBBZ23] 5.14 KB 5.64 KB 6.14 KB 6.54 KB 7.04 KB
HyperPlonk (Samaritan PCS) 4.01 KB 4.51 KB 5.01 KB 5.51 KB 6.01 KB

MicroSpartan[ZSCZ25] ≈ 5 KB 5.63 KB 6.08 KB 6.53 KB ≈ 7 KB
HybridPlonk 2.19 KB 2.27 KB 2.27 KB 2.27 KB 2.27 KB

Table 3: Prover time for different SNARKs with varying number of gates

Number of gates 216 218 220 222 224

Spartan[Set20] 2.8s 8.3s 28.5s 108.6s 409.7s
HyperPlonk (HyperKZG)[CBBZ23] 2.7s 10s 37.7s 141s 554s

MicroSpartan[ZSCZ25] 2.2s 7.4s 26.6s 101s 396s
HybridPlonk 1.6s 5.7s 21.8s 88s 357s

30%
26%

14% 28%

2%

A

B

C

D

E

A: Multivariate sumcheck for log log n rounds

B: Committing to multilinear and univariate polynomials

C: Eval proofs for multilinear and univariate polynomials

D: Computing polynomials

E: Others

Figure 1: HybridPlonk prover time breakdown across significant operations involved for a circuit with 220

gates

whereas Spartan has O(log2 n) verifier when instantiated with KZG commitments. MicroSpar-
tan [ZSCZ25] was observed to have the fastest average verification time of ≈ 3 ms, while HybridPlonk
and HyperPlonk averaged ≈ 11 ms.

Cost Breakdown of Prover Time in HybridPlonk: We also tabulate the break-up of different
operations involved in HybridPlonk’s proof computation. Figure 1 gives a cost breakdown of signif-
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icant operations involved in the prover algorithm of HybridPlonk. Category A corresponds to the
cost for log log n multivariate sumcheck rounds. Category B includes the time required to commit
to the seven multilinear polynomials and ten univariate polynomials, as described in Section 6.3.
Category C includes the prover time required to generate evaluation proofs of two univariate poly-
nomials (KZG PCS) and one multilinear polynomial (Samaritan PCS). Category D includes all the
field operations involved in computing various univariate polynomials. All the costs are given with
respect to the prover for 220 gates.

8 Extensions and Future Work

We leave it as an interesting open question to adapt our improved sumcheck protocol to achieve
sublogarithmic proof sizes for other SNARKs such as Spartan [Set20] and Gemini [BCHO22]. These
SNARKs involve sparse representation of matrices over quadratic sized domain, so our methods do
not directly apply. We also believe that our improved multivariate sumcheck protocol is of indepen-
dent interest, and could have applications beyond SNARKs, such as in lookup arguments [STW24].
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