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A few words

These are lecture notes for the class on introduction to algebraic number theory,
given at NTU from January to April 2009 and 2010.

These lectures notes follow the structure of the lectures given by C. Wiithrich
at EPFL. T would like to thank Christian for letting me use his notes as basic
material.

I also would like to thank Martianus Frederic Ezerman, Nikolay Gravin and
LIN Fuchun for their comments on these lecture notes.

At the end of these notes can be found a short bibliography of a few classical
books relevant (but not exhaustive) for the topic: [3, 6] are especially friendly
for a first reading, [1, 2, 5, 7] are good references, while [4] is a reference for
further reading.
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Chapter

Algebraic Numbers and Algebraic
Integers

1.1 Rings of integers

We start by introducing two essential notions: number field and algebraic inte-
ger.

Definition 1.1. A number field is a finite field extension K of Q, i.e., a field
which is a Q-vector space of finite dimension. We note this dimension [K : Q]
and call it the degree of K.

Examples 1.1. 1. The field
QV2) = {z+yv2 |2,y € Q}

is a number field. It is of degree 2 over Q. Number fields of degree 2 over
Q are called quadratic fields. More generally, Q[X]/f(X) is a number field
if f is irreducible. It is of degree the degree of the polynomial f.

2. Let (, be a primitive nth root of unity. The field Q((,) is a number field
called cyclotomic field.

3. The fields C and R are not number fields.

Let K be a number field of degree n. If « € K, there must be a Q-linear
dependency among {1, q,...,a"}, since K is a Q-vector space of dimension n.
In other words, there exists a polynomial f(X) € Q[X] such that f(X) = 0.
We call a an algebraic number.

Definition 1.2. An algebraic integer in a number field K is an element o € K
which is a root of a monic polynomial with coefficients in Z.
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Example 1.2. Since X2 —2 =0, v/2 € Q(v/2) is an algebraic integer. Similarly,
i € Q(4) is an algebraic integer, since X2 +1 = 0. However, an element a/b € Q
is not an algebraic integer, unless b divides a.

Now that we have the concept of an algebraic integer in a number field, it is
natural to wonder whether one can compute the set of all algebraic integers of
a given number field. Let us start by determining the set of algebraic integers

in Q.

Definition 1.3. The minimal polynomial f of an algebraic number « is the
monic polynomial in Q[X] of smallest degree such that f(a) = 0.

Proposition 1.1. The minimal polynomial of « has integer coefficients if and
only if « is an algebraic integer.

Proof. If the minimal polynomial of a has integer coefficients, then by definition
(Definition 1.2) « is algebraic.

Now let us assume that « is an algebraic integer. This means by definition
that there exists a monic polynomial f € Z[X] such that f(«a) = 0. Let g € Q[X]
be the minimal polyonial of o. Then ¢g(X) divides f(X), that is, there exists a
monic polynomial h € Q[X] such that

(Note that h is monic because f and g are). We want to prove that g(X)
actually belongs to Z[X]. Assume by contradiction that this is not true, that
is, there exists at least one prime p which divides one of the denominators of
the coefficients of g. Let u > 0 be the smallest integer such that p“g does
not have anymore denominators divisible by p. Since A may or may not have
denominators divisible by p, let v > 0 be the smallest integer such that p”h has
no denominator divisible by p. We then have

P g(X)p’h(X) = p" T f(X).

The left hand side of this equation does not have denominators divisible by p
anymore, thus we can look at this equation modulo p. This gives

P g(X)p"h(X) = 0 € Fp[X],

where F,, denotes the finite field with p elements. This give a contradiction,
since the left hand side is a product of two non-zero polynomials (by minimality
of u and v), and IF,,[X] does not have zero divisor. O

Corollary 1.2. The set of algebraic integers of Q is Z.

Proof. Let § € Q. Its minimal polynomial is X — . By the above proposition,

% is an algebraic integer if and only b = +1. O

Definition 1.4. The set of algebraic integers of a number field K is denoted
by O. It is usually called the ring of integers of K.
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The fact that Ok is a ring is not obvious. In general, if one takes a,b two
algebraic integers, it is not straightforward to find a monic polynomial in Z[X]
which has a + b as a root. We now proceed to prove that Ok is indeed a ring.

Theorem 1.3. Let K be a number field, and take o € K. The two statements
are equivalent:

1. « is an algebraic integer.

2. The Abelian group Z|«) is finitely generated (a group G is finitely generated
if there exist finitely many elements x1,...,xs € G such that every x € G
can be written in the form x = nixi 4+ noxe + ... + ngxs with integers
Ny, eeey Ng ).

Proof. Let a be an algebraic integer, and let m be the degree of its minimal
polynomial, which is monic and with coefficients in Z by Proposition 1.1. Since
all o* with w > m can be written as Z-linear combination of 1, «,...,a™ 1, we
have that

Zo)=Z&Zad® ... » Za™ !

and {1,c,...,a™ 1} generate Z[a] as an Abelian group. Note that for this
proof to work, we really need the minimal polynomial to have coefficients in Z,
and to be monic!

Conversely, let us assume that Z[«] is finitely generated, with generators
a1, ..., am, where a; = fi(a) for some f; € Z[X]. In order to prove that « is
an algebraic integer, we need to find a monic polynomial f € Z[X] such that
f(a) =0. Let N be an integer such that N > deg f; for i = 1,...,m. We have
that

aN = ijaj, bj S/
j=1

that is .
o =% bifia) =0.
j=1

Let us thus choose .
FX) = XN = b f5(X).
j=1
Clearly f € Z[X], it is monic by the choice of N > deg f; for i = 1,...,m, and
finally f(a) = 0. So « is an algebraic integer. O

Example 1.3. We have that
Z[1)2] = {% | bis a power of 2}

is not finitely generated, since i is not an algebraic integer. Its minimal poly-

2
nomial is X — %
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Corollary 1.4. Let K be a number field. Then O is a ring.

Proof. Let o, B € Ok . The above theorem tells us that Z[«] and Z[5] are finitely
generated, thus so is Z[a, §]. Now, Z]«, 8] is a ring, thus in particular a+ 5 and
af € Zla, f]. Since Z[a+ (] and Z[af] are subgroups of Z[«, 3], they are finitely
generated. By invoking again the above theorem, a + 8 and af € Og. O

Corollary 1.5. Let K be a number field, with ring of integers Ok. Then
QO =K.

Proof. 1t is clear that if x = ba € QOk, b€ Q, a € Ok, then x € K.

Now if @ € K, we show that there exists d € Z such that ad € Ok (that
is ad = § € Ok, or equivalently, a = 3/d). Let f(X) € Q[X] be the minimal
polynomial of . Choose d to be the least common multiple of the denominators
of the coefficients of f(X), then (recall that f is monic!)

a7 (5 ) =)

and ¢g(X) € Z[X] is monic, with ad as a root. Thus ad € Ok. O

1.2 Norms and Traces

Definition 1.5. Let L/K be a finite extension of number fields. Let o € L.
We consider the multiplication map by «, denoted by p4, such that

po: L— L

T = Qax.

This is a K-linear map of the K-vector space L into itself (or in other words, an
endomorphism of the K-vector space L). We call the norm of a the determinant
of i, that is

Ny k(o) = det(pa) € K,

and the trace of « the trace of u,, that is
Trr k(o) = Tr(pa) € K.
Note that the norm is multiplicative, since
Np/k(af) = det(pap) = det(pa o pg) = det(ua) det(ps) = Np/x(a)Np,/k (8)
while the trace is additive:
Trp/k(a+8) = Tr(patp) = Tr(patps) = Tr(pa)+Tr(pg) = Trr k (a)+Trp k (6).-
In particular, if n denotes the degree of L/K, we have that

Ny k(aa) = a"Np/k(a), Trp g(aa) = aTrp g (o), a € K.
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Indeed, the matrix of y, is given by a diagonal matrix whose coefficients are all
a when a € K.

Recall that the characteristic polynomial of o € L is the characteristic poly-
nomial of i, that is

X K (X) = det(X] — pa) € K[X].

This is a monic polynomial of degree n = [L : K], the coefficient of X"~ 1 is
—Trp/k(c) and its constant term is =Ny, /x (c).

Example 1.4. Let L be the quadratic field Q(v/2), K = Q, and take o €
(@(\@) In order to compute i, we need to fix a basis of Q(\/i) as Q-vector
space, say

{1,v2}.

Thus, « can be written o = a + bv/2, a,b € Q. By linearity, it is enough to
compute p, on the basis elements:

ta(1) = a+bV2, 1a(V2) = (a+bV2)V2 = aV2 + 2b.

We now have that

(1. ﬁ)(i 2b>:(a+b\/§, %+ av )

a
~——
M

and M is the matrix of u, in the chosen basis. Of course, M changes with a
change of basis, but the norm and trace of o are independent of the basis. We
have here that

_ 2 2 _
Nowa)el@) = a” =207, Trg( ) q(@) = 2a.

Finally, the characteristic polynomial of p, is given by
a b
(- (5 0))
X—a —b
det( 2% X-a )
= (X —a)(X —a)—2b°
= X?-2aX +ad® 20"

Xz /k(X)

We recognize that the coefficient of X is indeed the trace of a with a minus
sign, while the constant coefficient is its norm.

We now would like to give another equivalent definition of the trace and
norm of an algebraic integer « in a number field K, based on the different
roots of the minimal polynomial of a. Since these roots may not belong to K,
we first need to introduce a bigger field which will contain all the roots of the
polynomials we will consider.



12 CHAPTER 1. ALGEBRAIC NUMBERS AND ALGEBRAIC INTEGERS

Definition 1.6. The field F is called an algebraic closure of a field F if all the
elements of F' are algebraic over F' and if every polynomial f (X) € F[X] splits
completely over F'.

We can think that F' contains all the elements that are algebraic over F, in
that sense, it is the largest algebraic extension of F. For example, the field of
complex numbers C is the algebraic closure of the field of reals R (this is the
fundamental theorem of algebra). The algebraic closure of Q is denoted by Q,
and Q C C.

Lemma 1.6. Let K be number field, and let K be its algebraic closure. Then
an irreducibe polynomial in K[X]| cannot have a multiple root in K.

Proof. Let f(X) be an irreducible polynomial in K [X]. By contradiction, let
us assume that f(X) has a multiple root « in K, that is f(X) = (X —a)™g(X)
with m > 2 and g(a) # 0. We have that the formal derivative of f/(X) is given
by

FX) = m(X —a)" g(X) + (X —a)"¢'(X)
= (X —a)" H(mg(X) + (X — a)g'(X)),

and therefore f(X) and f/(X) have (X —a)™"!, m > 2, as a common factor
in K[X]. In other words, « is root of both f(X) and f’(X), implying that the
minimal polynomial of « over K is a common factor of f(X) and f'(X). Now
since f(X) is irreducible over K[X], this common factor has to be f(X) itself,
implying that f(X) divides f/(X). Since deg(f'(X)) < deg(f(X)), this forces
/(X)) to be zero, which is not possible with K of characteristic 0. O

Thanks to the above lemma, we are now able to prove that an extension of
number field of degree n can be embedded in exactly n different ways into its
algebraic closure. These n embeddings are what we need to redefine the notions
of norm and trace. Let us first recall the notion of field monomorphism.

Definition 1.7. Let Li,Lo be two field extensions of a field K. A field
monomorphism o from L to Lo is a field homomorphism, that is a map from
L1 to Lo such that, for all a,b € Ly,

o(ab) o(a)o(b)
ola+b) = o(a)+o(d)
o(l) =1
o(0) = 0.

A field homomorphism is automatically an injective map, and thus a field
monomorphism. It is a field K-monomorphism if it fixes K, that is, if o(c) = ¢
for all c € K.
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Example 1.5. We consider the number field K = Q(¢). Let x = a +ib € Q(7).
If o is field Q-homomorphism, then o(z) = a + o(i)b since it has to fix Q.
Furthermore, we need that

o(i)? =o(i?) = —1,

so that o(i) = 4i. This gives us exactly two Q-monomorphisms of K into
K C C, given by:

o1:a+1tb—a+1b, oo:a+ib+— a—1b,
that is the identity and the complex conjugation.

Proposition 1.7. Let K be a number field, L be a finite extension of K of degree

n, and K be an algebraic closure of K. There are n distinct K-monomorphisms
of L into K.

Proof. This proof is done in two steps. In the first step, the claim is proved in
the case when L = K(«), a € L. The second step is a proof by induction on
the degree of the extension L/K in the general case, which of course uses the
first step. The main idea is that if L # K («) for some o € L, then one can find
such intermediate extension, that is, we can consider the tower of extensions
K C K(«a) C L, where we can use the first step for K(«)/K and the induction
hypothesis for L/K ().
Step 1. Let us consider L = K(«), @ € L with minimal polynomial f(X) €
K[X]. Tt is of degree n and thus admits n roots ai,...,q, in K, which are
all distinct by Lemma 1.6. For ¢ = 1,...,n, we thus have a K-monomorphism
o; » L — K such that o;(a) = ;.
Step 2. We now proceed by induction on the degree n of L/K. Let a € L and
consider the tower of extensions K C K(«) C L, where we denote by ¢, ¢ > 1,
the degree of K(a))/K. We know by the first step that there are ¢ distinct K-
monomomorphisms from K (a) to K, given by oi(a) = a;,i=1,...,q, where
a; are the g roots of the minimal polynomial of «.

Now the fields K(«) and K(o;(«)) are isomorphic (the isomorphism is given
by o;) and one can build an extension L; of K(o;(«)) and an isomorphism
7; + L — L; which extends o; (that is, 7; restricted to K(«) is nothing else than

0;):
Ti

Now, since
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we have by induction hypothesis that there are  distinct K (o;(cr))-monomorphisms
0;; of L; into K. Therefore, 0;j07;,i=1,...,¢,j=1,..., % provide n distinct
K-monomorphisms of L into K. O

Corollary 1.8. A number field K of degree n over Q has n embeddings into C.

Proof. The proof is immediate from the proposition. It is very common to find
in the literature expressions such as “let K be a number field of degree n, and
01,...,0p be its n embeddings”, without further explanation. ]

Definition 1.8. Let L/K be an extension of number fields, and let o € L. Let
01,...,0p be the n field K-monomorphisms of L into K C C given by the above
proposition. We call oq(a), ..., o, () the conjugates of .

Proposition 1.9. Let L/K be an extension of number fields. Let o1,...,0, be
the n distinct embeddings of L into C which fix K. For all a € L, we have

Npjx(@) =[] oil@), Trrjx(a) = ai(e).
=1 i=1

Proof. Let o € L, with minimal polynomial f(X) € K[X] of degree m, and let
XK (a)/K (X) be its characteristic polynomial.

Let us first prove that f(X) = xx(a)/x (X). Note that both polynomials are
monic by definition. Now the K-vector space K(«) has dimension m, thus m
is also the degree of Xk (a)/x(X). By Cayley-Hamilton theorem (which states
that every square matrix over the complex field satisfies its own characteristic
equation), we have that

XK (o) /K (Ha) = 0.
Now since
XK (a)/K (Ha) = Hx oy (0)s
(see Example 1.7), we have that a is a root of xg(a)/x(X). By minimality
of the minimal polynomial f(X), f(X) | Xk (a)/x(X), but knowing that both
polynomials are monic of same degree, it follows that

F(X) = Xk (a)/x (X). (1.1)
We now compute the matrix of u, in a K-basis of L. We have that
{1,a,...,a™ 1}

is a K-basis of K(«). Let k be the degree [L : K(«)] and let {81,...,0:} be a
K (a)—basis of L. The set {a'8;}, 0 <i<m,1<j<kisa K-basis of L. The
multiplication p, by « can now be written in this basis as

B o .0 0L
0 B 0
Ha = . . , B=
0 0 B 0 O 1
ap aq Am—1
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where a;, i =0,...,m — 1 are the coefficients of the minimal polynomial f(X)
(in other words, B is the companion matrix of f). We conclude that

Np/x(a) = Nggayx(@)F,

TrL/K(a) = k:TrK(a)/K (a),

Xp/x(X) = (Xk@yx)* = F(X)F,

where last equality holds by (1.1). Now we have that
f(X) (X —a1)(X —az) (X — an) € QX]

= X" =Y X" 4[] € QIX]
i=1 1=1
= XM TrK(a)/K(a)Xm_l +...*£ NK(Q)/K(Q) € Q[X]

where last equality holds by (1.1), so that
m k
Np/k(a) = (H Oéi) ;
i=1

TI'L/K(Oé) = kZal
i=1

To conclude, we know that the embeddings of K(a) into Q which fix K are
determined by the roots of a, and we know that there are exactly m distinct
such roots (Lemma 1.6). We further know (see Proposition 1.7) that each of
these embeddings can be extended into an embedding of L into Q in exactly k
ways. Thus

Npx(@) = []oi(a),
i=1

Trp/k(a) = Zai(oz),

which concludes the proof. ]
Example 1.6. Consider the field extension Q(v/2)/Q. It has two embeddings

01:a+b\/§»—>a+b\f2, 02:a+b\f2r—>a—b\/§.

Take the element a = a + byv/2 € Q(v/2). Tts two conjugates are o1(a) = o =
a+bV2, oa(a) = a — by/2, thus its norm is given by

Nowva) o) = o1(a)oz(a) = a? — 2b%,

while its trace is
Troyz)/0(0) = o1(@) + o2().

It of course gives the same answer as what we computed in Example 1.4.
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Example 1.7. Consider again the field extension Q(v/2)/Q. Take the element
a = a+bv2 € Q(v/2), whose characteristic polynomial is given by, say, x(X) =
po + p1X 4+ po X% Thus x(a) = po + pi(a + bv2) + pa(a® + 2aby/2 + 20%) =
(po + pra + paa® + pa2b?) + (p1b + p22ab)+/2, and

_ ( po+pia+pa® + pa2b? 2bpy + 4paab
Fox(@) p1b + p22ab Po + pra + p2a® + py2b?

(see Example 1.4). On the other hand, we have that

2
a 2b a 2b
xW@=nJ+m(b a)+m<b a)-

Thus we have that jiy(q) = X(Ha)-

Example 1.8. Consider the number field extensions Q C Q(i) € Q(i,v/2).
There are four embeddings of Q(i,v/2), given by

o1 L, V2 V2
o9 L —1, V22
o3 L4, V2 =2
o4 1 —i, V2 —V2

We have that
NQ(i)/Q(a + ’Lb) = 0'1(& + ib)O'g(a + Zb) = a2 + b2, a, be Q
but

Nogiveyelatib) = oi(a+ib)os(a+ib)os(a+ ib)os(a + ib)
= o1(a+ib)oz(a+ ib)oi(a+ ib)oa(a + ib)

o1(a+ib)2oa(a + ib)?

— (@®+b?)?

since a,b € Q.

Corollary 1.10. Let K be a number field, and let o € K be an algebraic integer.
The norm and the trace of o belong to Z.

Proof. The characteristic polynomial x x/q(X) is a power of the minimal poly-
nomial (see inside the proof of the above theorem), thus it belongs to Z[X]. O

Corollary 1.11. The norm Nk g(a) of an element o of Ok is equal to 1 if
and only if a is a unit of Ok .
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Proof. Let a be a unit of Ox. We want to prove that its norm is £1. Since «
is a unit, we have that by definition 1/a € Ok . Thus

1 =Ng/o(1) = Ng/g(a)Nk/g(l/a)

by multiplicativity of the norm. By the above corollary, both Ny /g(a) and its
inverse belong to Z, meaning that the only possible values are +1.

Conversely, let us assume that o € Ok has norm +1, which means that the
constant term of its minimal polynomial f(X) is +1:

fX)=X"4ap 1 X" 1+ £1.
Let us now consider 1/a € K. We see that 1/« is a root of the monic polynomial
gX)=1+a,1 X+ --- X",
with ¢(X) € Z[X]. Thus 1/« is an algebraic integer. O

Let us prove a last result on the structure of the ring of integers. Recall that a
group G is finitely generated if there exist finitely many elements x1,...,zs € G
such that every x € G can be written in the form = = niz; + ... + ngxs,
with nq,...,ns integers. Such a group is called free if it is isomorphic to Z",
r > 0, called the rank of G. We now prove that Ok is not only a ring, but
it is furthermore a free Abelian group of rank the degree of the corresponding
number field.

Proposition 1.12. Let K be a number field. Then Ok is a free Abelian group
of rank n = [K : Q].

Proof. We know by Corollary 1.5 that there exists a Q-basis {a,...,a,} of
K with a; € Ok for i = 1,...,n (take a basis of K with elements in K,
and multiply the elements by the proper factors to obtain elements in O as
explained in Corollary 1.5). Thus, an element « € Ok can be written as

n
T = g coy, ¢ € Q.

i=1

Our goal is now to show that the denominators of ¢; are bounded for all ¢; and
all z € Og. To prove this, let us assume by contradiction that this is not the
case, that is, that there exists a sequence

n

xj = E Cije, ¢ij € Q

=1

such that the greatest denominator of ¢;;, ¢+ = 1,...,n goes to infinity when
J — 00. Let us look at the norm of such an z;. We know that Ny q(z;) is the
determinant of an n x n matrix with coefficients in Q[c;;] (that is coefficients
are Q-linear combinations of ¢;;). Thus the norm is a homogeneous polynomial
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in ¢;;, whose coefficients are determined by the field extension considered. Fur-
thermore, it belongs to Z (Corollary 1.10). Since the coefficients are fixed and
the norm is in Z, the denominators of ¢;; cannot grow indefinitely. They have
to be bounded by a given constant B. Thus we have shown that

OK C ;@ZO@

Since the right hand side is a free Abelian group, O is free. Furthermore, Ok
contains n elements which are linearly independent over Q, thus the rank of O
is n. O

Example 1.9. Let ¢, be a primitive pth root of unity. One can show that the
ring of integers of Q((p) is

ZG| =ZD LG @ ZCIZ;_Q-

Proposition 1.13. Let K be a number field. Let o € K. If v is the zero of a
monic polynomial f with coefficients in Ok, then a € Ok. We say that O is
integrally closed.

Proof. Let us write f(X) = X™ + a1 X™ 1 + ... + ag, with a; € Og. We
know by the above proposition that O is a free abelian group which is finitely
generated. Since

o™ = —apm_1a™ T — - = ag,
we have that O a] is finitely generated as Abelian group. Thus Z[a] C Ok|q]
is also finitely generated, and « is an algebraic integer by Theorem 1.3. O

The main definitions and results of this chapter are

e Definition of a number field K of degree n and its ring
of integers Ok .

e Properties of Ok: it is a ring with a Z-basis of n
elements, and it is integrally closed.

e The fact that K has n embeddings into C.

e Definition of norm and trace, with their characteri-
zation as respectively product and sum of the conju-
gates.




Chapter

Ideals

For the whole chapter, K is a number field of degree n and O = Ok is its ring
of integers.

2.1 Introduction

Historically, experience with unique prime factorization of integers led mathe-
maticians in the early days of algebraic number theory to a general intuition
that factorization of algebraic integers into primes should also be unique. A
likely reason for this misconception is the actual definition of what is a prime
number. The familiar definition is that a prime number is a number which is
divisible only by 1 and itself. Since units in Z are £1, this definition can be
rephrased as: if p = ab, then one of a or b must be a unit. Equivalently over
Z, a prime number p satisfies that if p|ab, then pla or p|b. However, these two
definitions are not equivalent anymore over general rings of integers. In fact,
the second property is actually stronger, and if one can get a factorization with
“primes” satisfying this property, then factorization will be unique, which is
not the case for “primes” satisfying the first property. To distinguish these two
definitions, we say in modern terminology that a number satisfying the first
property is irreducible, while one satisfying the second property is prime.
Consider for example Z[v/—6]. We have that

6=2-3=—v—6V-6.

We get two factorizations into irreducibles (we have a factorization but it is not
unique). However this is not a factorization into primes, since v/—6 divides 2 -3
but v/—6 does not divide 2 and does not divide 3 either. So in the case where
primes and irreducibles are different, we now have to think what we are looking
for when we say factorization. When we attempt to factorize an element x in a
domain D, we naturally mean proper factors a, b such that x = ab, and if either
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of these factors can be further decomposed, we go on. That means, we look for
writing
= a1a2...0an

into factors that cannot be reduced any further. The definition of irreducible
captures what it means for the factorization to terminate: one of the term has
to be a unit.

Thus what we are interested in is to understand the factorization into irre-
ducibles inside rings of integers. Before starting, let us make a few more remarks.
Note first that this factorization into irreducibles may not always be possible
in general rings, since the procedure may continue indefinitely. However the
procedure does stop for rings of integers. This comes from the fact that rings of
integers are, again in modern terminology, what we call noetherian rings. The
big picture can finally be summarized as follows:

e In general rings, factorization even into irreducibles may not be possible.

e In rings of integers, factorization into irreducibles is always possible, but
may not be unique.

e For rings of integers which furthermore have a generalized Euclidean di-
vision, then the notions of prime and irreducible are equivalent, thus fac-
torization is unique.

Let us now get back to the problem we are interested in, namely, factorization
into product of irreducibles in rings of integers.

Example 2.1. Let K = Q(v/—5) be a quadratic number field, with ring of
integers O = Z[v/—5], since d = 3 (mod 4). Let us prove that we do not have
a unique factorization into product of irreducibles in Z[v/—5]. We have that

21 =7-3=(14+2V-5)(1 —2V-5)

with 3,7,1 £ 24/—5 irreducible. Let us show for example that 3 is irreducible.
Let us write

3=af, a,f € Ok.

We need to see that either « or 5 is a unit (that is an invertible element of Of).
The norm of 3 is given by

9= NK/Q(?)) = NK/Q(OZ)NK/Q(ﬁ)v

by multiplicativity of the norm. By Corollary 1.10, we know that N ,q(a), Nk ,o(8) €
Z. Thus we get a factorization of 9 in Z. There are only two possible factoriza-
tions over the integers:

e Ng/g(a) = £1, Ng/g(B) = £9 (or vice versa): by Corollary 1.11, we
know that the element of Ok of norm +1 is a unit, and we are done.
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Figure 2.1: Ernst Kummer (1810-1893) and Richard Dedekind (1831-1916)

o Ng/g(a) = +£3, Ng/g(B) = %3 (or vice versa): however, we will now show
that there is no element of Ok with norm £3. Let us indeed assume that
there exists a + by/—5 € Ok, a,b € Z such that

N(a + bvV/=5) = a® + 5b* = +3.

We can check that this equation has no solution modulo 5, yielding a
contradiction.

On the other hand, we will see that the ideal 210k can be factorized into 4
prime ideals p1, P2, P3, P4 such that

70k = p1pa, 30k = papa, (1+2V5)Ok = pips, (1—2V5)Ok = papu,

namely

210k = p1papspa.

After the realization that uniqueness of factorization into irreducibles is
unique in some rings of integers but not in others, the mathematician Kum-
mer had the idea that one way to remedy to the situation could be to work with
what he called ideal numbers, new structures which would enable us to regain
the uniqueness of factorization. Ideals numbers then got called ideals by an-
other mathematician, Dedekind, and this is the terminology that has remained.
Ideals of O will the focus of this chapter.

Our goal will be to study ideals of O, and in particular to show that we get
a unique factorization into a product of prime ideals. To prove uniqueness, we
need to study the arithmetic of non-zero ideals of O, especially their behaviour
under multiplication. We will recall how ideal multiplication is defined, which
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will appear to be commutative and associative, with O itself as an identity.
However, inverses need not exist, so we do not have a group structure. It turns
out that we can get a group if we extend a bit the definition of ideals, which we
will do by introducing fractional ideals, and showing that they are invertible.

2.2 Factorization and fractional ideals

Let us start by introducing the notion of norm of an ideal. We will see that in
the case of principal ideals, we can relate the norm of the ideal with the norm
of its generator.

Definition 2.1. Let [ be a non-zero ideal of O, we define the norm of I by
N(I)=|0/1|.
Lemma 2.1. Let I be a non-zero ideal of O.

1. We have that
N(aO) = |Ng/g(a)|, a € O.

2. The norm of I is finite.

Proof. 1. First let us notice that the formula we want to prove makes sense,
since N(a) € Z when a € Ok, thus |[N(«a)| is a positive integer. By
Proposition 1.12, O is a free Abelian group of rank n = [K : Q], thus
there exists a Z-basis ay,...,a, of O, that is O = Zay & -+ - Zay,. It is
now a general result on free Abelian groups that if H is as subgroup of
G, both of same rank, with Z-bases x1,...,z, and y1, ..., y, respectively,
with y; = > aijx;, then |G/H| = |det(a;;)|. We thus apply this theorem
in our case, where G = O and H = aQ. Since one basis is obtained from
the other by multiplication by a, we have that

|0/a0] = [det(pa)| = [Nk /g(a)].

2. Let 0 # v € I. Since [ is an ideal of O and aO C I, we have a surjective
map
0/aO — O/I,

so that the result follows from part 1.
O

Example 2.2. Let K = Q(v/—17) be a quadratic number field, with ring of
integers O = Z[v/—17|. Then

N((18)) = 182.
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Starting from now, we need to build up several intermediate results which
we will use to prove the two most important results of this section. Let us begin
with the fact that prime is a notion stronger than maximal. You may want to
recall what is the general result for an arbitrary commutative ring and compare
with respect to the case of a ring of integers (in general, maximal is stronger
than prime).

Proposition 2.2. Every non-zero prime ideal of O is maximal.

Proof. Let p be a non-zero prime ideal of O. Since we have that
p is a maximal ideal of O <= O/p is a field,

it is enough to show that O/p is a field. In order to do so, let us consider
0 # x € O/p, and show that z is invertible in O/p. Since p is prime, O/p is
an integral domain, thus the multiplication map p, : O/p — O/p, z — xz, is
injective (that is, its kernel is 0). By the above lemma, the cardinality of O/p
is finite, thus p, being injective, it has to be also bijective. In other words p,
is invertible, and there exists y = u; (1) € O/p. By definition, y is the inverse
of z. O

To prove the next result, we need to first recall how to define the multipli-
cation of two ideals.

Definition 2.2. If I and J are ideals of O, we define the multiplication of ideals
as follows:

I1J = ny,xe[,yeJ

finite

Example 2.3. Let I = (a1, a2) = 010 + @20 and J = (4, 52) = 510 + 520,
then
I1J = (151, 0102, 251, a2 32).

Lemma 2.3. Let I be a non-zero ideal of O. Then there exist prime ideals
P1y-. -, pr of O such that

pip2---pr C 1L

Proof. The idea of the proof goes as follows: we want to prove that every non-
zero ideal I of O contains a product of r prime ideals. To prove it, we define
a set S of all the ideals which do not contain a product of prime ideals, and
we prove that this set is empty. To prove that this set is empty, we assume by
contradiction that S does contain at least one non-zero ideal I. From this ideal,
we will show that we can build another ideal I; such that I is strictly included
in I7, and by iteration we can build a sequence of ideals strictly included in each
other, which will give a contradiction.

Let us now proceed. Let S be the set of all ideals which do not contain a
product of prime ideals, and let I be in S. First, note that I cannot be prime
(otherwise I would contain a product of prime ideals with only one ideal, itself).
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By definition of prime ideal, that means we can find «, 8 € O with af € I, but
a &I, 3¢ I1. Using these two elements a and /3, we can build two new ideals

Ji=aO+121, Jo=B0+I1DI,

with strict inclusion since o, 8 & I.

To prove that J; or Jo belongs to S, we assume by contradiction that none
are. Thus by definition of S, there exist prime ideals pi,...,p, and q1,...,qs
such that p;---p,. C Jy and g1 ...qs C Jo. Thus

P1,- s Prde, .95 C J1J2 cI
where the second inclusion holds since af € I and
JiJo = (@O +1)(BO+1)=afO+al +BI+I1* €T

But py - pr-q1---qs C I contradicts the fact that I € S. Thus J; or Jy isin S.
Starting from assuming that I is in S, we have just shown that we can find
another ideal, say I; (which is either J; or J3), such that I C I;. Since I; is in
S we can iterate the whole procedure, and find another ideal I5 which strictly
contains I7, and so on and so forth. We thus get a strictly increasing sequence
of ideals in S:
ICL CL ...

Now by taking the norm of each ideal, we get a strictly decreasing sequence of
integers
N(I)>N(1) > N(I2) > ...,

which yields a contradiction and concludes the proof. O

Note that an ideal I of O is an O-submodule of O with scalar multiplication
given by O x I — I, (a,i) — ai. Ideals of O are not invertible (with respect to
ideal multiplication as defined above), so in order to get a group structure, we
extend the definition and look at O-submodules of K.

Definition 2.3. A fractional ideal I is a finitely generated O-module contained
in K.

Let aq,...,a, € K be a set of generators for the fractional ideal I as O-
module. By Corollary 1.5, we can write «; = 7;/0;, vi,0; € O for i = 1,...,r.

Set .
s=]]0-
i=1

Since O is a ring, 6 € O. By construction, J := dI is an ideal of @. Thus for
any fractional ideal I C O, there exists an ideal J C O and § € O such that

1
I=—J
6J

This yields an equivalent definition of fractional ideal.
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Definition 2.4. An O-submodule I of K is called a fractional ideal of O if
there exists some non-zero § € O such that 61 C O, that is J = I is an ideal
of Oand I =671J.

It is easier to understand the terminology “fractional ideal” with the second
definition.

Examples 2.4. 1. Ideals of O are particular cases of fractional ideals. They
may be called integral ideals if there is an ambiguity.

3Z:{3IEQxEZ}

2. The set
2 2
is a fractional ideal.

It is now time to introduce the inverse of an ideal. We first do it in the
particular case where the ideal is prime.

Lemma 2.4. Let p be a non-zero prime ideal of O. Define
pl={zecK|xpcCO}
1. p~' is a fractional ideal of O.
2. 0Cp L.
3. pp=0.

Proof. 1. Let us start by showing that p~! is a fractional ideal of O. Let
0 # a € p. By definition of p~!, we have that ap~ C ©. Thus ap~! is an
integral ideal of O, and p~! is a fractional ideal of O.

2. We show that O C p~!. Clearly © C p~!. It is thus enough to find
an element which is not an algebraic integer in p~!. We start with any
0 # a € p. By Lemma 2.3, we choose the smallest r such that

p1---pr C (a)O

for py,...,p, prime ideals of O. Since (a)O C p and p is prime, we have
p; C p for some 7 by definition of prime. Without loss of generality, we can
assume that p; C p. Hence p; = p since prime ideals in O are maximal
(by Proposition 2.2). Furthermore, we have that

p2---pr £ (a)O

by minimality of 7. Hence we can find b € ps - - - p, but not in (a)O.
We are now ready to show that we have an element in p~! which is not in
O. This element is given by ba 1.

e Using that p = p;, we thus get bp C (a)O, so ba~'p C O and
ba=t € p~ L.
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e We also have b ¢ (a)O and so ba=! ¢ O.
This concludes the proof that p~! # O.

. We now want to prove that p~'p = O. It is clear from the definition

of p7! that p = pO C pp~!t = p~lp C O. Since p is maximal (again
by Proposition 2.2), pp~! is equal to p or O. It is now enough to prove
that pp~! = p is not possible. Let us thus suppose by contradiction that
pp~t =p. Let {B1,..., 3.} be a set of generators of p as O-module, and
consider again d := ab~! which is in p~! but not in O (by the proof of 2.).
Then we have that

dBiep'p=panddp Cp 'p=p.
Since dp C p, we have that
dﬂl = Zcmﬂj €Pp, ¢y € O, t=1,...,7
j=1

or equivalently

0= Z cijB + Bi(cii —d), i=1,...,m

J=1.j#i

The above r equations can be rewritten in a matrix equation as follows:

cin—d Cir B1

C21 Cor B2

Cr1 Crp — d ﬂr
c

Thus the determinant of C' is zero, while det(C) is an equation of degree
r in d with coefficients in O of leading term +1. By Proposition 1.13, we
have that d must be in O, which is a contradiction.

O

Example 2.5. Consider the ideal p = 37Z of Z. We have that

pflz{er|x-BZCZ}:{xe@|39:62}:%%.

We have

pcZcplcqQ.

We can now prove that the fractional ideals of K form a group.

Theorem 2.5. The non-zero fractional ideals of a number field K form a mul-
tiplicative group, denoted by Iy .
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Proof. The neutral element is O. It is enough to show that every non-zero
fractional ideal of O is invertible in Ix. By Lemma 2.4, we already know this
is true for every prime (integral) ideals of O.

Let us now show that this is true for every integral ideal of O. Suppose
by contradiction that there exists a non-invertible ideal I with its norm N (I)
minimal. Now [ is included in a maximal integral p, which is also a prime ideal.
Thus

Icp T cplp=0,
where last equality holds by the above lemma. Let us show that I # p~'I, so
that the first inclusion is actually a strict inclusion. Suppose by contradiction
that T = p~'1. Let d € p~! but not in O and let 31,...,5, be the set of
generators of I as O-module. We can thus write:

dg;cp ' I=1Idlcp'I=1

By the same argument as in the previous lemma, we get that d is in O, a
contradiction. We have thus found an ideal with I C p~'I, which implies that
N(I) > N(p~'I). By minimality of N(I), the ideal p~!'I is invertible. Let
J € Ik be its inverse, that is Jp~'I = O. This shows that I is invertible, with
inverse Jp~ 1.

If I is a fractional ideal, it can be written as éJ with J an integral ideal of
O and d € O. Thus dJ~! is the inverse of I. O

We can now prove unique factorization of integral ideals in O = Ok.

Theorem 2.6. FEvery non-zero integral ideal I of O can be written in a unique
way (up to permutation of the factors) as a product of prime ideals.

Proof. We thus have to prove the existence of the factorization, and then the
unicity up to permutation of the factors.
Existence. Let I be an integral ideal which does not admit such a factorization.
We can assume that it is maximal among those ideals. Then I is not prime, but
we will have I C p for some maximal (hence prime) ideal. Thus Ip~* C O is an
integral ideal and I C Ip~! C O, which strict inclusion, since if I = Ip~*!, then
it would imply that © = p~!. By maximality of I, the ideal Ip~! must admit
a factorization

Ip™h=p2--pr
that is

I'=pps---pr,

a contradiction.
Unicity. Let us assume that there exist two distinct factorizations of I, that is

[:plpg...prqu...qs

where p;, q; are prime ideals, ¢ = 1,...,r, j = 1,...,s. Let us assume by
contradiction that p; is different from q; for all j. Thus we can choose «; € q;
but not in p;, and we have that

HajEquZICph
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which contradicts the fact that p; is prime. Thus p; must be one of the q;, say
q1. This gives that

pQO.OPT:qQ...qS'
We conclude by induction. ]

Example 2.6. In Q(i), we have
(2)Zli] = (1+)*Z[3).
Corollary 2.7. Let I be a non-zero fractional ideal. Then

I=py-peayt-ooqyt,

where p1, ..., P, q1,- -, qs are prime integral ideals. This factorization is unique
up to permutation of the factors.

Proof. A fractional ideal can be written as d='I, d € O, I an integral ideal. We
write [ =py---p; and dO =qq -+ q,,. Thus

(d0)71] =p;-- .ptq;I ce q;l

It may be that some of the terms will cancel out, so that we end up with a
factorization with py,...,p, and q1,...,qs. Unicity is proved as in the above
theorem. O]

2.3 The Chinese Theorem

We have defined in the previous section the group I of fractional ideals of a
number field K, and we have proved that they have a unique factorization into
a product of prime ideals. We are now interested in studying further properties
of fractional ideals. The two main properties that we will prove are the fact
that two elements are enough to generate these ideals, and that norms of ideals
are multiplicative. Both properties can be proved as corollary of the Chinese
theorem, that we first recall.

Theorem 2.8. Let I =[], pfl be the factorization of an integral ideal I into
a product of prime ideals p; with p; # p; of 1 # j. Then there exists a canonical

isomorphism
m

o/ — HO/pfi
i=1

Corollary 2.9. Let Iy,...,I,, be ideals which are pairwise coprime (that is
Ii +1; = O fori # j). Let o,...,a., be elements of O. Then there exists
a € O with

a=a; modl;, i=1,...,m.
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Proof. We can write I; = HpZJ . By hypothesis, no prime ideal occurs more
than once as a p;;, and each congruence is equivalent to the finite set of con-

gruences
a=aq; modp;”’, i,j.

Now write I =[] I;. Consider the vector (ai,...,ay,) in [[i~, O/I;. The map

o/r=0/[[5 - ﬁ@/[i

is surjective, thus there exists a preimage o € O of (aq, ..., ). O

Corollary 2.10. Let I be a fractional ideal of O, o« € I. Then there exists
G €I such that
(o, ) =< a,B>=a0 + O =1.

Proof. Let us first assume that [ is an integral ideal. Let py,...,p,n be the
prime factors of O C I, so that I can be written as

i=1

Let us choose g; in pf but not in pfiﬂ. By Corollary 2.9, there exists g € O
such that 8 = 3; mod pf"’H foralli=1,...,m. Thus

pgel=]]»
i=1
and pi” is the exact power of p; which divides SO. In other words, BOI~! is
prime to aO, thus SOI~! + a0 = O, that is
B8O +al =1.
To conclude, we have that

1 =00+ al C O+ a0 C I.

If I is a fractional ideal, there exists by definition d € O such that I = %J
with J an integral ideal. Thus da € J. By the first part, there exists 5 € J
such that J = (da, §). Thus

_ B
I—a(’)—i-d(’).

O

We are now left to prove properties of the norm of an ideal, for which we
need the following result.
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Proposition 2.11. Let p be a prime ideal of O andn > 0. Then the O-modules
O/p and p™ /p" 1 are (non-canonically) isomorphic.

Proof. We consider the map
gb:o_>pn/pn+1’ OU—>O(6

for any 3 in p™ but not in p”*+!. The proof consists of computing the kernel and
the image of ¢, and then of using one of the ring isomorphism theorems. This
will conclude the proof since we will prove that ker(¢) = p and ¢ is surjective.

e Let us first compute the kernel of ¢. If ¢(a) = 0, then af = 0, which
means that a3 € p"*! that is o € p.

e Given any v € p”, by Corollary 2.9, we can find vy; € O such that
1=~ modp"t 4 =0 mod BOP~",

since SOp~™ is an ideal coprime to p"*!. Since v € p”, we have that ;
belongs to SOp~ " Np" = O since INJ = IJ when I and J are coprime
ideals. In other words, 71/ € O. Its image by ¢ is

d(n/B) = (11/B)B mod p"t! =1.

Thus ¢ is surjective.

Corollary 2.12. Let I and J be two integral ideals. Then
N(IJ) = N(I)N(J).

Proof. Let us first assume that I and J are coprime. The chinese theorem tells
us that

O/1J ~0/Ix 0/,

thus |O/1J| = |O/I||0/J|. We are left to prove that N(p¥) = N(p)* for k > 1,
p a prime ideal. Now one of the isomorphism theorems for rings allows us to
write that

_ - O/p" 0/p"]
N k—1y _ O k=1 _ _ )
(") =10/p""| pF—1/pk A1 /pF|
By the above proposition, this can be rewritten as
O/p"| _ NG")
[O/pl  N(p)

Thus N(p¥) = N(p*~1)N(p), and by induction on k, we conclude the proof. []
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Example 2.7. In Q(i), we have that (2)Z[i] = (1 +i)?Z][i] and thus
4=N(2)=N(1+i)?
and
N(1+i)=2.

Definition 2.5. If I = .J; J{l is a non-zero fractional ideal with Ji, Jo integral

ideals, we set

_ N(h)
N(Jz2)

N(I)

This extends the norm N into a group homomorphism N : Iz — Q*. For

example, we have that N (%Z) = %

The main definitions and results of this chapter are

e Definition of fractional ideals, the fact that they form
a group Ig.

e Definition of norm of both integral and fractional ide-
als, and that the norm of ideals is multiplicative.

e The fact that ideals can be uniquely factorized into
products of prime ideals.

e The fact that ideals can be generated with two ele-
ments: I = («, ).
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Chapter

Ramification Theory

This chapter introduces ramification theory, which roughly speaking asks the
following question: if one takes a prime (ideal) p in the ring of integers Ok of
a number field K, what happens when p is lifted to O, that is pOr, where L
is an extension of K. We know by the work done in the previous chapter that
pOy, has a factorization as a product of primes, so the question is: will pOy, still
be a prime? or will it factor somehow?

In order to study the behavior of primes in L/K, we first consider absolute
extensions, that is when K = Q, and define the notions of discriminant, inertial
degree and ramification index. We show how the discriminant tells us about
ramification. When we are lucky enough to get a “nice” ring of integers Oy,
that is Op = Z[0)] for 6 € L, we give a method to compute the factorization of
primes in Oy. We then generalize the concepts introduced to relative extensions,
and study the particular case of Galois extensions.

3.1 Discriminant

Let K be a number field of degree n. Recall from Corollary 1.8 that there are
n embeddings of K into C.

Definition 3.1. Let K be a number field of degree n, and set

r1 = number of real embeddings

ro = number of pairs of complex embeddings
The couple (ry,73) is called the signature of K. We have that
n=ry+ 2rsy.
Examples 3.1. 1. The signature of Q is (1,0).
2. The signature of Q(v/d), d > 0, is (2,0).

33
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3. The signature of Q(+/d), d < 0, is (0, 1).
4. The signature of Q(+/2) is (1,1).

Let K be a number field of degree n, and let Ok be its ring of integers. Let
01,...,05, be its n embeddings into C. We define the map

c :K— C"
zr— (o1(x),...,0n(2)).
Since Ok is a free abelian group of rank n, we have a Z-basis {aq,...,a,} of

Ok . Let us consider the n x n matrix M given by
M = (i(j)1<i,j<n

The determinant of M is a measure of the density of Ok in K (actually of
K/Ok). Tt tells us how sparse the integers of K are. However, det(M) is only
defined up to sign, and is not necessarily in either R or K. So instead we
consider

det(M?) = det(M'M)

det (Z Uk(ai)ak(aj))

k=1 i
= det(Trg glaic))iy € Z;
and this does not depend on the choice of a basis.
Definition 3.2. Let aq,...,qa, € K. We define
disc(a, ..., ap) = det(Trg g(asa;))i -

In particular, if aq,...,q, is any Z-basis of O, we write Ag, and we call
discriminant the integer

A = det(Trgg(@ia))i<ij<n:
We have that A # 0. This is a consequence of the following lemma.
Lemma 3.1. The symmetric bilinear form
KxK — Q
(r,y) +— Trgglry)
is non-degenerate.

Proof. Let us assume by contradiction that there exists 0 # « € K such that
Trg/g(aB) =0 for all 3 € K. By taking 3 = a~!, we get

Tr/g(aB) = Trgp(1) =n # 0.
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Now if we had that Ax = 0, there would be a non-zero column vector
(z1,...,2n)", z; € Q, killed by the matrix (Trg, g(eicy))i<ij<n. Set 7 =
i oiwg, then Trg(ayy) = 0 for each j, which is a contradiction by the
above lemma.

Example 3.2. Consider the quadratic field K = Q(v/5). Its two embeddings
into C are given by

o1 :a+b\/5»—>a+b\/5, nga—l—b\/gn—wz—b\/g.
Its ring of integers is Z[(1 + /5)/2], so that the matrix M of embeddings is

v () (i)

and its discriminant Ak can be computed by

Ak = det(M?) = 5.

3.2 Prime decomposition

Let p be a prime ideal of O. Then pNZ is a prime ideal of Z. Indeed, one easily
verifies that this is an ideal of Z. Now if a, b are integers with ab € p N 7Z, then
we can use the fact that p is prime to deduce that either a or b belongs to p and
thus to p NZ (note that p NZ is a proper ideal since p N Z does not contain 1,
and pNZ # 0, as N(p) belongs to p and Z since N(p) = |O/p| < o).

Since p NZ is a prime ideal of Z, there must exist a prime number p such
that p N Z = pZ. We say that p is above p.

pC O CK

pZ CZ CQ

We call residue field the quotient of a commutative ring by a maximal ideal.
Thus the residue field of pZ is Z/pZ = F,,. We are now interested in the residue
field Ok /p. We show that Ok /p is a F,-vector space of finite dimension. Set

¢:7Z— Og — Ok/p,

where the first arrow is the canonical inclusion ¢ of Z into O, and the second
arrow is the projection m, so that ¢ = m o (. Now the kernel of ¢ is given by

ker(p)={a€Z|a€pt=pNZ=7pZ,

so that ¢ induces an injection of Z/pZ into O /p, since Z/pZ ~ Im(p) C Ok /p.
By Lemma 2.1, Ok /p is a finite set, thus a finite field which contains Z/pZ and
we have indeed a finite extension of F,,.
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Definition 3.3. We call inertial degree, and we denote by f,, the dimension of
the F,-vector space O/p, that is

fp = dimp, (O/p).

Note that we have

dimg_(O/p)
N(p) = 0/p| = |Fp """ = |B, /v = po.

Example 3.3. Consider the quadratic field K = Q(4), with ring of integers
Zl[i], and let us look at the ideal 2Z]:]:

2Z[i] = (1 +i)(1 — )Z[i] = p*, p = (L + )i

since (—i)(1 + i) = 1 — 4. Furthermore, p N7Z = 2Z, so that p = (1 4 ) is said
to be above 2. We have that

N(p) = Ngjo(1+1i) = (1 +i)(1 —i) =2
and thus f, = 1. Indeed, the corresponding residue field is

Let us consider again a prime ideal p of @. We have seen that p is above
the ideal pZ = p N Z. We can now look the other way round: we start with the
prime p € Z, and look at the ideal pO of O. We know that pO has a unique
factorization into a product of prime ideals (by all the work done in Chapter
2). Furthermore, we have that p C p, thus p has to be one of the factors of pO.

Definition 3.4. Let p € Z be a prime. Let p be a prime ideal of O above p.
We call ramification index of p, and we write e,, the exact power of p which
divides pO.

We start from p € Z, whose factorization in O is given by

e‘jg

pO =pi" - pg
We say that p is ramified if ep, > 1 for some 7. On the contrary, p is non-ramified
if
Both the inertial degree and the ramification index are connected via the degree

of the number field as follows.

Proposition 3.2. Let K be a number field and Ok its ring of integers. Let
p € Z and let

pO =pi"t - pg’
be its factorization in O. We have that

g
n=[K:Q= Zepifpi-
i=1
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Proof. By Lemma 2.1, we have

N(pO) = [Ng/q(p)| = p",

where n = [K : Q]. Since the norm N is multiplicative (see Corollary 2.12), we

deduce that ;

g
NPy -oopg™) = [[NGpo) e = L p7ecre.
i=1

i=1

O

There is, in general, no straightforward method to compute the factorization
of pO. However, in the case where the ring of integers O is of the form O = Z[d],
we can use the following result.

Proposition 3.3. Let K be a number field, with ring of integers Ok, and let
p be a prime. Let us assume that there exists 6 such that O = Z[0], and let f
be the minimal polynomial of 6, whose reduction modulo p is denoted by f. Let

be the factorization of f(X) in Fp[X], with ¢;(X) coprime and irreducible. We
set

pi = (p, fi(0)) = pO + fi(0)O
where f; is any lift of ¢; to Z[X], that is f; = ¢; mod p. Then
pO =pi' Py
is the factorization of pO in O.

Proof. Let us first notice that we have the following isomorphism

O/pO = Z[0)/pZ[h] ~ zm -

where f denotes f mod p. Let us call A the ring
A =T, [X]/f(X).

The inverse of the above isomorphism is given by the evaluation in 6, namely, if
(X) € Fp[X], with ¢(X) mod f(X) € A, and g € Z[X] such that g = 9, then
its preimage is given by g(6). By the Chinese Theorem, recall that we have

ZIX]/(p, f(X)) = Fp| X]/F(X),

g

A =TFp[X]/f(X) = [[FolX]/6:(X)",

i=1

since by assumption, the ideal (f(X)) has a prime factorization given by (f(X)) =
g9 e;
i=1(9i(X))"
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We are now ready to understand the structure of prime ideals of both O/pO
and A, thanks to which we will prove that p; as defined in the assumption is
prime, that any prime divisor of pO is actually one of the p;, and that the power
e; appearing in the factorization of f are bigger or equal to the ramification index
ep, of p;. We will then invoke the proposition that we have just proved to show
that e; = ep,, which will conclude the proof.

By the factorization of A given above by the Chinese theorem, the maximal
ideals of A are given by (¢;(X))A, and the degree of the extension A/(¢;(X))A
over F, is the degree of ¢;. By the isomorphism A ~ O/pO, we get similarly
that the maximal ideals of O/pO are the ideals generated by f;(6) mod pO.

We consider the projection 7 : O — O/pO. We have that

7w(p;) = 1(pO + fi(0)O) = f:(6)O mod pO.

Consequently, p; is a prime ideal of O, since f;(0)O is. Furthermore, since
p; O pO, we have p; | pO, and the inertial degree f,, = [O/p; : Fp] is the degree
of ¢;, while ep, denotes the ramification index of p;.

Now, every prime ideal p in the factorization of pO is one of the p;, since
the image of p by 7 is a maximal ideal of O/pO, that is

& e
pO = Pipl cepgY

and we are thus left to look at the ramification index.

The ideal ¢;* A of A belongs to O/pO via the isomorphism between O/pO ~
A, and its preimage in O by 7! contains p* (since if o € p$*, then « is a sum of
products a; - - a,, whose image by 7 will be a sum of product 7(ay) - - - m(a,)
with m(a;) € ¢;A). In O/pO, we have 0 = NY_;¢;(6)%, that is

g
pO =7"10) = n{_, 7 (65" A) D NI_pf* = pr
i=1

We then have that this last product is divided by pO = [ p;"*, that is e; > €p, -
Let n = [K : Q]. To show that we have equality, that is e; = e,,, we use the
previous proposition:

g g
n=[K:Q]= Z ep; fo; < Zei deg(¢;) = dimg, (A) = dimg, Z" /pZ"™ = n.
i=1 i=1

O

The above proposition gives a concrete method to compute the factorization
of a prime pOk:

1. Choose a prime p € Z whose factorization in pOg is to be computed.

2. Let f be the minimal polynomial of 6 such that O = Z[6)].
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3. Compute the factorization of f = f mod p:
9
f= H Bi(X)%.
i=1

4. Lift each ¢; in a polynomial f; € Z[X].
5. Compute p; = (p, fi()) by evaluating f; in 6.

6. The factorization of pO is given by

pO = pil .. .pZy'
Examples 3.4. 1. Let us consider K = Q(+/2), with ring of integers O =

Z[¥/2]. We want to factorize 50k . By the above proposition, we compute

X3-2 = (X -3)(X?+3X +4)
= (X+2)(X?-2X —1) mod 5.

We thus get that

50K = p1p2, p1 = (5,24 V/2), po = (5, V4 —2V2 — 1).

2. Let us consider Q(7), with O = Z[i], and choose p = 2. We have 0 = i
and f(X) = X2 + 1. We compute the factorization of f(X) = f(X)
mod 2:

X241=X?-1=X-1)(X+1)=(X-1)? mod 2.
We can take any lift of the factors to Z[X], so we can write
205 = (2,0 —1)(2,i+1) or 2 = (2,i — 1)?
which is the same, since (2,7 — 1) = (2,1 + 4). Furthermore, since 2 =
(1 —14)(1+1), we see that (2,7 — 1) = (1 +¢), and we recover the result of

Example 3.3.

Definition 3.5. We say that p is inert if pO is prime, in which case we have
g=1,e=1and f =n. We say that p is totally ramified if e = n, g = 1, and
=1

The discriminant of K gives us information on the ramification in K.

Theorem 3.4. Let K be a number field. If p is ramified, then p divides the
discriminant A .
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Proof. Let p | pO be an ideal such that p? | pO (we are just rephrasing the fact
that p is ramified). We can write pO = pI with I divisible by all the primes
above p (p is voluntarily left as a factor of I). Let aq,...,a, € O be a Z-basis
of O and let « € I but a & pO. We write

a=bja; + ...+ byan,, b €7Z.

Since a ¢ pO, there exists a b; which is not divisible by p, say b;. Recall that
2

01(a1) Ul(an)
AK = det : :
on(ar) ... op(ay)
where o;, 1 = 1,...,n are the n embeddings of K into C. Let us replace a1 by
a, and set
2
o1(a) ... o1(ap)
D = det
on(a) ... on(ap)
Now D and Ak are related by
D = Agb?,
since D can be rewritten as
2
bp 0 ... O
o1(ar) ... or(an) b; 1 0
D = det :
on(a1) ... onlan) b, 1

We are thus left to prove that p | D, since by construction, we have that p does
not divide b?.

Intuitively, the trick of this proof is to replace proving that p|Ax where we
have no clue how the factor p appears, with proving that p|D, where D has been
built on purpose as a function of a suitable o which we will prove below is such
that all its conjugates are above p.

Let L be the Galois closure of K, that is, L is a field which contains K, and
which is a normal extension of Q. The conjugates of « all belong to L. We
know that o belongs to all the primes of Ok above p. Similarly, « € K C L
belongs to all primes B of O, above p. Indeed, P N Ok is a prime ideal of O
above p, which contains a.

We now fix a prime 8 above p in Op. Then o;() is also a prime ideal of
Or, above p (0;(*B) is in L since L/Q is Galois, o;(P) is prime since P is, and
p = 0;(p) € 0;(P)). We have that o;(«) € P for all o;, thus the first column of
the matrix involves in the computation of D is in 3, so that D € 3 and D € Z,
to get

D e PNZLZ=plL.
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We have just proved that if p is ramified, then p|Ag. The converse is also
true.

Examples 3.5. 1. We have seen in Example 3.2 that the discriminant of
K = Q(V/5) is Agx = 5. This tells us that only 5 is ramified in Q(v/5).

2. In Example 3.3, we have seen that 2 ramifies in K = Q(¢). So 2 should
appear in Ag. One can actually check that Ag = —4.

Corollary 3.5. There is only a finite number of ramified primes.

Proof. The discriminant only has a finite number of divisors. O

3.3 Relative Extensions

Most of the theory seen so far assumed that the base field is Q. In most cases,
this can be generalized to an arbitrary number field K, in which case we consider
a number field extension L/K. This is called a relative extension. By contrast,
we may call absolute an extension whose base field is Q. Below, we will gen-
eralize several definitions previously given for absolute extensions to relative
extensions.

Let K be a number field, and let L/K be a finite extension. We have
correspondingly a ring extension Og — Op. If B is a prime ideal of O, then
p = P N Ok is a prime ideal of Og. We say that B is above p. We have a
factorization

pOL _ ﬁ g‘p:‘ﬁﬂp’
i=1
where eg, /, is the relative ramification index. The relative inertial degree is
given by
Spp = OL/Bi - Ok /).
We still have that
[L:K]= Zewnfm\p

where the summation is over all 8 above p.
Let M/L/K be a tower of finite extensions, and let P,B, p be prime ideals
of respectively M, L, and K. Then we have that

Trie = Jripfolp
EPlp = CPIPEP|p-

Let Ik, I, be the groups of fractional ideals of K and L respectively. We
can also generalize the application norm as follows:

N: IL_) IK
Pl
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which is a group homomorphism. This defines a relative norm for ideals, which
is itself an ideal!

In order to generalize the discriminant, we would like to have an Og-basis
of O, (similarly to having a Z-basis of O ), however such a basis does not exist
in general. Let aq,...,qa, be a K-basis of L where o; € Op, i =1,...,n. We
set
2

0'1(011) O'n(al)
discp (a1, ..., ap) = det : :
or(an) .. oplay)
where o; : L — C are the embeddings of L into C which fix K. We define
Ap/k as the ideal generated by all discy )k (u,...,a,). It is called relative
discriminant.

3.4 Normal Extensions

Let L/K be a Galois extension of number fields, with Galois group G = Gal(L/K).
Let p be a prime of O. If P is a prime above p in O, and o € G, then o()
is a prime ideal above p. Indeed, o(P) N O C K, thus o(P) N Ox =P N Ok
since K is fixed by o.

Theorem 3.6. Let
g
pOL =[]

i=1

be the factorization of pOr, in Or. Then G acts transitively on the set {P1, ..., By}
Furthermore, we have that

e1=...=¢ey5 = e where e; = ey,|p
Ji=...=fg=[f where fi = fy,p
and
[L:K]=efg.

Proof. G acts transitively. Let 8 be one of the ;. We need to prove that
there exists o € G such that o(;) = P for P, any other of the ;. In the proof
of Corollary 2.10, we have seen that there exists 3 € P such that SO, B! is
an integral ideal coprime to pOp. The ideal

=1 o@orE™)

oeCG

is an integral ideal of O (since 3OLPB~! is), which is furthermore coprime to
pOr (since o(BOLP1) and o(pOp) are coprime and o(pOr) = o(p)o(Or) =
pOL).
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Thus I can be rewritten as

HUGG U(ﬁ)OL
[oeco(B)

Nk (B)OL

[oeco(B)

I =

and we have that
IT] o(B) = Noyx(B)OL.
oelG
Since Nz/k(8) = [I,cc(8), B € P and one of the o is the identity, we have
that N,k (8) € B. Furthermore, Ny x(8) € Ok since 8 € Or, and we get
that Ny, x(3) € BN Og = p, from which we deduce that p divides the right
hand side of the above equation, and thus the left hand side. Since I is coprime
to p, we get that p divides [, . o (). In other words, using the factorization
of p, we have that

g
[T o) is divisible by po, = ] ¢

ceG i=1

and each of the 9B; has to be among {o(B)}req-
All the ramification indices are equal. By the first part, we know that
there exists ¢ € G such that o(;) = P, ¢ # k. Now, we have that

o(pOr) = H a(Pi)“

where the second equality holds since p € Ok and L/K is Galois. By comparing
the two factorizations of p and its conjugates, we get that e; = eg.

All the inertial degrees are equal. This follows from the fact that o
induces the following field isomorphism

Or/PBi ~ Or/o(P:).

Finally we have that
Gl =[L: K] =efg.

For now on, let us fix P above p.

Definition 3.6. The stabilizer of 8 in G is called the decomposition group,
given by
D =Dy ={0€CG|o(P)=P} <G
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The index [G : D] must be equal to the number of elements in the orbit GP
of P under the action of G, that is [G : D] = |G*B| (this is the orbit-stabilizer
theorem).

By the above theorem, we thus have that [G : D] = g, where g is the number
of distinct primes which divide pOp. Thus

n = efg
(€]
ef—
|D|
and
|D| = ef.

If P is another prime ideal above p, then the decomposition groups Dy,
and Dy, are conjugate in G via any Galois automorphism mapping B to '
(in formula, we have that if P’ = 7(P), then 7Dy /7" = Dr(qy/p)-

Proposition 3.7. Let D = Dgy,, be the decomposition group of B. The subfield
LP ={acL|o(a)=a, ccD}

is the smallest subfield M of L such that (BN On)Or does not split. It is called
the decomposition field of .

Proof. We first prove that L/LP has the property that(f N Opp)Or does not
split. We then prove its minimality.

We know by Galois theory that Gal(L/LP) is given by D. Furthermore, the
extension L/LP is Galois since L/K is. Let Q = BN Opp be a prime below .
By Theorem 3.6, we know that D acts transitively on the set of primes above
9, among which is . Now by definition of D = Dy ,,,, we know that 9 is fixed
by D. Thus there is only P above Q.

Let us now prove the minimality of L”. Assume that there exists a field
M with L/M/K, such that Q = B N Oy has only one prime ideal of Of
above it. Then this unique ideal must be P, since by definition B is above
Q. Then Gal(L/M) is a subgroup of D, since its elements are fixing 8. Thus
M > LP. O

Lo9P

n

g | D

LP? > Q

9|G/D

K>p
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terminology
inert

totally ramified
(totally) split

—= = 3|~
)

— 3 0

Table 3.1: Different prime behaviors

The next proposition uses the same notation as the above proof.

Proposition 3.8. Let Q be the prime of L” below . We have that

fap =easp =1
If D is a normal subgroup of G, then p is completely split in LP.

Proof. We know that [G : D] = g(*/p) which is equal to [LP : K] by Galois
theory. The previous proposition shows that g(3/Q) = 1 (recall that g counts
how many primes are above). Now we compute that

[L:L7]
9(B/9Q)
L LD]
L : K]
[LD K]

e(B/QFB/Q) =

Since we have that
[L: K] =e(PB/p)f(B/p)g(B/p)
and [LP : K] = g(*B/p), we further get

e(P/Q)F(B/Q) = 6(‘3/9)&339(%/9)

= e(B/p)f(F/p)
= e(B/Q)f(B/Q)e(Q/p)[(Q/p)

where the last equality comes from transitivity. Thus
e(Q/p)f(Q/p) =1

and e(Q/p) = f(Q/p) = 1 since they are positive integers.
If D is normal, we have that LP /K is Galois. Thus

[LP: K] = e(Q/p)f(Q/p)g(2/p) = 9(Q/p)

and p completely splits. ]
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Let 0 be in D. Then o induces an automorphism of O, /B which fixes
Ok /p = Fy,. That is we get an element ¢(0) € Gal(Fyp/F,). We have thus
constructed a map

¢: D — Gal(Fg/Fyp).

This is a group homomorphism. We know that Gal(Fy/F,) is cyclic, generated
by the Frobenius automorphism defined by

Frobg(z) = 29, g = [Fy|.
Definition 3.7. The inertia group I = Iy, is defined as being the kernel of ¢.

Example 3.6. Let K = Q(i) and O = Z[i]. We have that K/Q is a Galois
extension, with Galois group G = {1,0} where o : a + ib — a — ib.

e We have that
(2) = (1 +9)°Zf,

thus the ramification index is e = 2. Since efg = n = 2, we have that
f =g =1. The residue field is Z[i]/(1 4 i)Z[i] = F3. The decomposition
group D is G since o((144)Z[i]) = (1+1¢)Z[i]. Since f =1, Gal(Fq/F3) =
{1} and ¢(o) = 1. Thus the kernel of ¢ is D = G and the inertia group is
I=aG.

e We have that
(13) = (24 34)(2 — 34),

thus the ramification index is e = 1. Here D = 1 for (2 %+ 3i) since
o ((2+434)Z]i]) = (2—31)Z[i] # (243i)Z][i]. We further have that g = 2, thus
efg = 2 implies that f = 1, which as for 2 implies that the inertia group is
I = G. We have that the residue field for (243¢) is Z[i]/(2+30)Z[i] = Fy3.

e We have that (7)Z[i] is inert. Thus D = G (the ideal belongs to the base
field, which is fixed by the whole Galois group). Since e = g = 1, the
inertial degree is f = 2, and the residue field is Z[i]/(7)Z[i] = F49. The
Galois group Gal(Fy9/F7) = {1,7} with 7 : 2 + 27, 2 € Fy9. Thus the
inertia group is I = {1}.

We can prove that ¢ is surjective and thus get the following exact sequence:

1—=1—D— Gal(Fyp/F,) — 1.

The decomposition group is so named because it can be used to decompose
the field extension L/K into a series of intermediate extensions each of which
has a simple factorization behavior at p. If we denote by L’ the fixed field of I,
then the above exact sequence corresponds under Galois theory to the following
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tower of fields:

K>p

47

Intuitively, this decomposition of the extension says that L” /K contains all
of the factorization of p into distinct primes, while the extension L!/LP is the
source of all the inertial degree in 8 over p. Finally, the extension L/L’ is
responsible for all of the ramification that occurs over p.

Note that the map ¢ plays a special role for further theories, including
reciprocity laws and class field theory.

The main definitions and results of this chapter are

Definition of discriminant, and that a prime ramifies if and
only if it divides the discriminant.

Definition of signature.

The terminology relative to ramification: prime
above/below, inertial degree, ramification index, residue
field, ramified, inert, totally ramified, split.

The method to compute the factorization if Ox = Z[0].
The formula [L : K| = Y7, € fi.
The notion of absolute and relative extensions.

If L/K is Galois, that the Galois group acts transitively on
the primes above a given p, that [L : K| = efg, and the
concepts of decomposition group and inertia group.
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Chapter

Ideal Class Group and Units

We are now interested in understanding two aspects of ring of integers of number
fields: “how principal they are” (that is, what is the proportion of principal
ideals among all the ideals), and what is the structure of their group of units.
For the former task, we will introduce the notion of class number (as the measure
of how principal a ring of integers is), and prove that the class number is finite.
We will then prove Dirichlet’s Theorem for the structure of groups of units.
Both results will be derived in the spirit of “geometry of numbers”, that is as a
consequence of Minkowski’s theorem, where algebraic results are proved thanks
to a suitable geometrical interpretation (mainly the fact that a ring of integers
can be seen as a lattice in R™ via the n embeddings of its number field).

4.1 Ideal class group

Let K be a number field, and Ok be its ring of integers. We have seen in
Chapter 2 that we can extend the notion of ideal to fractional ideal, and that
with this new notion, we have a group structure (Theorem 2.5). Let Ix denote
the group of fractional ideals of K. Let Px denote the subgroup of Ix formed
by the principal ideals, that is ideals of the form aOk, a € K*.

Definition 4.1. The ideal class group, denoted by CI(K), is
CUK) = Ik /Pk.

Definition 4.2. We denote by hx the cardinality |Clg|, called the class num-
ber.

In particular, if O is a principal ideal domain, then CI(K) = 0, and hx = 1.

Our goal is now to prove that the class number is finite for ring of integers
of number fields. The lemma below is a version of Minkowski’s theorem.

49
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Lemma 4.1. Let A be a lattice of R™. Let X C R™ be a convex, compact set
(that is a closed and bounded set since we are in R™), which is symmetric with
respect to 0 (that is, v € X <—= —x e X). If

Vol(X) > 2"Vol(R"™/A),
then there exists 0 # X € A such that A € X.

Proof. Let us first assume that the inequality is strict: Vol(X) > 2"Vol(R"/A).
Let us consider the map

1
1/):§X:{§€R”|z€X}HR"/A.
If ¢ were injective, then
1 1

that is Vol(X) < 2"Vol(R"™/A), which contradicts our assumption. Thus
cannot be injective, which means that there exist x1 # xo € %X such that
Y(x1) = ¥(x2). By symmetry, we have that —zq € %X, and by convexity of X
(that is (1 —¢)x + ty € X for t € [0,1]), we have that

1 1 1 — T2 1
1— - Z(—ay) = -X.
( 2>x1+2( 72) 5 <3

Thus 0 # X =21 — 29 € X, and A € A (since ¢)(x; — x22) = 0).
Let us now assume that Vol(X) = 2"Vol(R™/A). By what we have just
proved, there exists 0 # A\, € A such that A\ € (1 + €)X for all € > 0, since

Vol((1+€6)X) = (1+¢€)"Vol(X)
= (1+¢)"2"Vol(R"/A)
2"Vol(R™/A), for all € > 0.

V

In particular, if e < 1, then A\c € 2X NA. The set 2X NA is compact and discrete
(since A is discrete), it is thus finite. Let us now understand what is happening
here. On the one hand, we have a sequence A, with infinitely many terms since
there is one for every 0 < € < 1, while on the other hand, those infinitely many
terms are all lattice points in 2X, which only contains finitely many of them.
This means that this sequence must converge to a point 0 # A € A which belongs
to (14 €)X for infinitely many € > 0. Thus A € AN (Ne—o(1 + €)X — 0). Since
X is closed, we have that A € X. O

Let n = [K : Q] be the degree of K and let (r1,73) be the signature of
K. Let o1,...,0,, be the r; real embeddings of K into R. We choose one of
the two embeddings in each pair of complex embeddings, which we denote by
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Ori41,---30r +ry,- We consider the following map, called canonical embedding
of K:
c: K— R"®C™?~R"
a—  (o1(@),...,00 (@), 0m41(Q), ..., 0 4r(@0)). (4.1)

We have that the image of Ok by o is a lattice 0(Of) in R"™ (we have that
0(Ok) is a free abelian group, which contains a basis of R™). Let «ay, ..., a, be
a Z-basis of Ok. Let M be the generator matrix of the lattice o(Ok), given by

oi(ar) ... or(a1) Re(or4i(en)) Im(or4i(en)) ... Re(op4r, (1)) Im(op4r,(a1))

o) oo onlan) Re(oni1(an) M(ori1(an) - Re(@rin(@n) Tm(opm(an)

whose determinant is given by

Vol(R"/o(Ok)) = | det(M)| = ¥ Bx|

272

Indeed, we have that Re(x) = (z + z)/2 and Im(z) = (v — 2)/2i, € C, and
|det(M)] = | det(M')

where M’ is given by

o1(aq) ... op (1) op41(ar) U”“(al);ig”“(al) cee Oty (1) U”J’”(O‘l);imﬁm(al)

Orq+1 (an)_o'Tl +1 (an) Orq+ry (O‘n)_o-'rl +7ro (an)

or(an) ... or(om) opqa(onm) 2 o Oy (an) %

Again, we have that |det(M")| = 2772 det(M")|, with M" given by this time

oi(r) .. op (1) opqa(ar) i) oo Orgr(@r)  Orry(ar)

oi(an) .. on(an) onqi(an) orgi(an) ... ‘77"1+7"2(an) Uh—i-rz(an)

which concludes the proof, since (recall that complex embeddings come by pairs
of conjugates)
|det(M)] =272 det(M")| = 27"2\/Ak.

We are now ready to prove that Cl(K) = I /Py is finite.
Theorem 4.2. Let K be a number field with discriminant Ay .

1. There exists a constant C = C,, », > 0 (which only depends on r1 and
r9) such that every ideal class (that is every coset of CI(K)) contains an
integral ideal whose norm is at most

NN}
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2. The group CI(K) is finite.

Proof. Recall first that by definition, a non-zero fractional ideal J is a finitely
generated Og-submodule of K, and there exists § € K* such that J C Og
(if B; span J as Og-module, write 3; = §;/v; and set 3 = []7;). The fact that
BJ C Ok exactly means that 3 € J~! by definition of the inverse of a fractional
ideal (see Chapter 2). The idea of the proof consists of, given a fractional ideal
J, looking at the norm of a corresponding integral ideal 5.J, which we will prove
is bounded as claimed.

Let us pick a non-zero fractional ideal I. Since [ is a finitely generated O -
module, we have that o(I) is a lattice in R™, and so is o(I~!), with the property
that Ar

n —1 n —1 K

Vol(R" /o(171)) = Vol(B" /o (Ox )N ™) = L.
where the first equality comes from the fact that the volume is given by the
determinant of the generator matrix of the lattice. Now since we have two
lattices, we can write the generator matrix of o(I~1) as being the generator
matrix of o(Og) multiplied by a matrix whose determinant in absolute value
is the index of the two lattices. Let X be a compact convex set, symmetrical
with respect to 0. In order to get a set of volume big enough to use Minkowski
theorem, we set a scaling factor

o VOIR" /o (I71))
Vol(X) ’

A" =
so that the volume of AX is
Vol(AX) = A\"Vol(X) = 2"Vol(R" /o (I1)).
By Lemma 4.1, there exists 0 # o(a) € o(I71) and o(a) € AX. Since a € [71,
we have that af is an integral ideal in the same ideal class as I, and
N(al) = |Ng/g(a IHaz ) < MA"N(I),
where M = max.ex [[|zi], * = (21,...,2,), so that the maximum over AX

gives A" M. Thus, by definition of A", we have that

2"Vol(R" /o (I71))
- Vol(X)

2"M —
= AK

2r2Vol (X))
oritra \r
= VA
Vol(X) VTF
N——
c

N(al) MN(I)

This completes the first part of the proof.
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Figure 4.1: Johann Peter Gustav Lejeune Dirichlet (1805-1859)

We are now left to prove that CI(K) is a finite group. By what we have
just proved, we can find a system of representatives J; of Ix /P consisting
of integral ideals J;, of norm smaller than C\/|Ak|. In particular, the prime
factors of J; have a norm smaller than Cy/|Ak|. Above the prime numbers
p < Cy/|Ak]|, there are only finitely many prime ideals (or in other words,
there are only finitely many integrals with a given norm). O

4.2 Dirichlet Units Theorem

By abuse of language, we call units of K the units of Ok, that is the invertible
elements of O. We have seen early on (Corollary 1.11) that units are charac-
terized by their norm, namely units are exactly the elements of O with norm
+1.

Theorem 4.3. (Dirichlet Units Theorem.) Let K be a number field of
degree n, with signature (r1,r2). The group O% of units of K is the product of
the group (Ok) of roots of unity in Ok, which is cyclic and finite, and a free
group on ry + ro — 1 generators. In formula, we have that

Of = M1 5 p(O).

The most difficult part of this theorem is actually to prove that the free
group has exactly r; + ro — 1 generators. This is nowadays usually proven
using Minkowski’s theorem. Dirichlet though did not have Minkowski’s theorem
available: he proved the unit theorem in 1846 while Minkowski developed the
geometry of numbers only around the end of the 19th century. He used instead
the pigeonhole principle. It is said that Dirichlet got the main idea for his proof
while attending a concert in the Sistine Chapel.
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Proof. Let 0 : K — R™ x C™ ~ R™ be the canonical embedding of K (see
(4.1)). The logarithmic embedding of K is the mapping

A K*— R

ar (loglor(@),...,1og o +rs(@))]

Since A(aff) = A(a) +A(B), A is a homomorphism from the multiplicative group
K* to the additive group of R 772,

Step 1. We first prove that the kernel of A restricted to O3 is a finite

group. In order to do so, we prove that if C is a bounded subset of R™+"2, then
C'={x € O3, Az) € C} is a finite set. In words, we look at the preimage of
a bounded set by the logarithmic embedding (more precisely, at the restriction
of the preimage to the units of Ok).
Proof. Since C is bounded, all |o;(z)|, z € Of, i = 1,...,n belong to some
interval say [a~!,a], @ > 1. Thus the elementary polynomials in the o;(z) will
also belong to some interval of the same form. Now they are the coefficients
of the characteristic polynomial of z, which has integer coefficients since x €
Oj;. Thus there are only finitely many possible characteristic polynomials of
elements x € C’, hence only finitely many possible roots of minimal polynomials
of elements x € C’, which shows that z can belong to C” for only finitely many
x. Now if we set C' = {0}, C" is the kernel ker(A)|ox of A restricted to O and
is thus finite.

Step 2. We now show that ker(\)

unity u(Og).
Proof. That it does consist of roots of unity (and is cyclic) is a known property
of any subgroup of the multiplicative group of any field. Thus if x € ker(\)[ox.
then x is a root of unity. Now conversely, suppose that 2™ = 1. Then z is an
algebraic integer, and

o+ consists of exactly all the roots of
K

|oi(2)|™ = |os(a™)] = 1] = 1

so that |o;(x)| = 1, and thus log |o;(x)| = 0 for all i, showing that = € ker(\)|o:. .
Step 3. We are now ready to prove that O} is a finite generated abelian

group, isomorphic to u(Ok) x Z°, s <11 + ro.

Proof. By Step 1, we know that A\(O3 ) is a discrete subgroup of R" 72 that is,

any bounded subset of R %72 contains only finitely many points of A(O};). Thus

M O3) is a lattice in R®, hence a free Z-module of rank s, for some s < ry + ro.

Now by the first isomorphism theorem, we have that

AOk) ~ Ok /(Ok)

with A(x) corresponding to the coset zp(Ok). If 1 u(Ok), ..., zsp4(Ok) form a
basis for O% /u(Ok) and x € O, then zu(Of) is a finite produce of powers of
the 2;G, so x is an element of ;(Ok) times a finite product of powers of the x;.
Since the A(z;) are linearly independent, so are the x; (provided that the notion
of linear independence is translated to a multiplicative setting: xy,...,x, are
multiplicatively independent if x"* --- 27 = 1 implies that m; = 0 for all i,



4.2. DIRICHLET UNITS THEOREM %)

from which it follows that 7™ -- -z = z}*--- 2+ implies m; = n; for all 7).
The result follows.

Step 4. We now improve the estimate of s and show that s <ry +ry — 1.
Proof. If z is a unit, then we know that its norm must be £1. Then

n 1 1412
=[[oi@) =[oix) ] os@)o;s(@).
i=1 i=1 j=ri+1
By taking the absolute values and applying the logarithmic embedding, we get
T1 1412
02210g|0z )|+ Z log(|oj(x |UJ( )
i=1 j=ri+l
and AN(x) = (Y1, .-, Yr,+r,) lies in the hyperplane W whose equation is
ri+7r2
Zyz +2 )y =0
j=ri+1

The hyperplane has dimension 1 +72 —1, so as above, A(O%) is a free Z-module
of rank s <17y +1ry — 1.

Step 5. We are left with showing that s = r1 + 79 — 1, which is actually the
hardest part of the proof. This uses Minkowski theorem. The proof may come
later... one proof can be found in the online lecture of Robert Ash. O

Example 4.1. Consider K an imaginary quadratic field, that is of the form
K = Q(v/—d), with d a positive square free integer. Its signature is (ri,73) =
(0,1). We thus have that its group of units is given by

Zrntre=l s G =G,
that is only roots of unity. Actually, we have that the units are the 4rth roots

of unity if K = Q(v/—1) (that is £1, i), the 6th roots of unity if K = Q(v/—3)
(that is £1, £(3,4(32), and only +1 otherwise.

Example 4.2. For K = Q(v/3), we have (r1,75) = (2,0), thus r; + 7 — 1 =1,
and p(Ok) = 1. The unit group is given by

O ~ +(2+V3)~.

The main definitions and results of this chapter are
e Definition of ideal class group and class number.

e The fact that the class number of a number field is
finite.

e The structure of units in a number field (the state-
ment of Dirichlet’s theorem)
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Chapter

p-adic numbers

The p-adic numbers were first introduced by the German mathematician K.
Hensel (though they are foreshadowed in the work of his predecessor E. Kum-
mer). It seems that Hensel’s main motivation was the analogy between the ring
of integers Z, together with its field of fractions @, and the ring C[X] of polyno-
mials with complex coefficients, together with its field of fractions C(X). Both
Z and C[X] are rings where there is unique factorization: any integer can be
expressed as a product of primes, and any polynomial can be expressed uniquely
as
PX)=a(X —a1)(X —ag)... (X —ap),

where a and aq, ..., a, are complex numbers. This is the main analogy Hensel
explored: the primes p € Z are analogous to the linear polynomials X — a €
C[X]. Suppose we are given a polynomial P(X) and a € C, then it is possible
(for example using a Taylor expansion) to write the polynomial in the form

P(X)= zn:ai(X —a)’, a; € C.

=0

This also works naturally for the integers: given a positive integer m and a
prime p, we can write it “in base p”, that is

n
m = Zaipi, a; €7
i=0
and 0 <a; <p-—1.

The reason such expansions are interesting is that they give ”local” infor-
mation: the expansion in powers of (X — «) shows if P(X) vanishes at «, and
to what order. Similarly, the expansion in base p will show if m is divisible by
p, and to what order.

57
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Figure 5.1: Kurt Hensel (1861-1941)

Now for polynomials, one can go a little further, and consider their Laurent
expansion

JX) = 3 X - o),

iZno

that is any rational function can be expanded into a series of this kind in terms
of each of the “primes” (X — «). From an algebraic point of view, we have
two fields: C(X) of all rational functions, and another field C((X — «)) which
consists of all Laurent series in (X — «). Then the function

f(X) — expansion around (X — «)
defines an inclusion of fields
C(X) - C((X — ).

Hensel’s idea was to extend the analogy between Z and C[X] to include the
construction of such expansions. Recall that the analogous of choosing « is
choosing a prime number p. We already know the expansion for a positive
integer m, it is just the base p representation. This can be extended for rational

numbers
a Z
xTr = 6 = anpn
n>ng

yielding for every rational number = a finite-tailed Laurent series in powers of
p, which is called a p-adic expansion of x.
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We will come back to this construction in this chapter, and also see that it
achieves Hensel’s goal, since the set of all finite-tailed Laurent series in powers
of p is a field, denoted by Q,, and that we similarly get a function

f(X) — expansion around (X — «)
which defines an inclusion of fields
Q— @zr

Of course, more formalism has been further introduced since Hensel’s idea,
which will be presented in this chapter.

5.1 p-adic integers and p-adic numbers

We start this chapter by introducing p-adic integers, both intuitively by referring
to writing an integer in a given base p, and formally by defining the concept of
inverse limit. This latter approach will allow to show that p-adic integers form
a ring, denoted by Z,. We will then consider ”fractions” of p-adic integers, that
is p-adic numbers, which we will show form the field Q,.

Let p be a prime number. Given an integer n > 0, we can write n in base p:

n:aO—+—a1p—|—a2p2—}—...—f—akp]’c
with 0 < a; < p.
Definition 5.1. A p-adic integer is a (formal) serie
a=ag+ap+agp® + - -
with 0 < a; < p.
The set of p-adic integers is denoted by Z,. If we cut an element o € Z, at

its kth term

ar =ag+ap+--+ag_1p"!

we get a well defined element of Z/p*Z. This yields mappings
Z, — Z/p"Z.

A sequence of ay, k > 0, such that o mod pkl = ay for all k' < k defines a
unique p-adic integer o € Z,, (start with k = 1, oy = ao, then for k = 2, we
need to have as = ag + a1p for it to be a partial sum coherent with ay). We
thus have the following bijection:

Z, =1mZ/p"Z.

The notation on the right hand side is called inverse limit. Here we have an
inverse limit of rings (since Z/p*Z is a ring). The formal definition of an inverse
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limit involves more formalism than we need for our purpose. To define an inverse
limit of rings, we need a sequence of rings, which is suitably indexed (here the
sequence Z/p*Z is indexed by the integer k). We further need a sequence of
ring homomorphisms m;; with the same index (here m;; with ¢ and j integers,
i < j) satisfying that

1. m;; is the identity on the ring indexed by i for all 4,
2. for all 4, j,k, 1 < j <k, we have m;; o m;i, = .

In our case, m;; : Z/p’Z — Z/p'Z is the natural projection for i < j, and the
inverse limit of rings we consider is defined by

Example 5.1. We can write —1 as a p-adic integer:
“l=@-D+@-p+@-1)p*+@@-1p’ +...

The description of Z,, as limit of Z/ p*7Z allows to endow Z,, with a commuta-
tive ring structure: given «, 3 € Z,,, we consider their sequences oy, 81 € Z)p* 7.
We then form the sequence ay + B € Z/p*FZ which yields a well defined element
a+ € Z,. We do the same for multiplication.

Example 5.2. Let us compute the sum of « = 2+1-3+...and 3 =1+2-3+...
in Zz. We have oy =2 mod 3 and #; =1 mod 3, thus

(a+08)1 =a1+ 61 =0 mod 3.
Then ap =5 mod 32 and f3 =7 mod 32, so that
(a4 B)2=as+f2=12=3 mod 3%

This yields
a+pB=0+1-3+... € Zs.

We are just computing the addition in base 3!

Note that Z is included in Z,.

Let us now look at fractions instead of integers. The fraction —3/2 is the
solution of the equation 2z + 3 = 0. Does this equation have a solution in Zs3?
We have that

3 3
— =" =31 2.
513 314+3+3°+..)

since

1 2
—— =l4a+a®+-.
1—2x

Thus

3
—2=1-3+1-32+1-33+...
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Actually, if z = a/b and p does not divide b, then z = a/b € Z,,. Indeed, there
is an inverse b~! € Z/p*Z and the sequence ab~! converges towards an = € Ly,
such that bx = a. On the contrary, 1/p & Z,, since for all z € Z,, we have that

(pr)1 =0# 1.
Definition 5.2. The p-adic numbers are series of the form
1 1 1
afnﬁ+afn+1F+"'+a71§ +at+ap+...

The set of p-adic numbers is denoted by Q,,. It is a field. We have an inclusion
of Q into Q,. Indeed, if z € Q, then there exists N > 0 such that pNa € Zyp. In
other words, Q can be seen as a subfield of Q.

Example 5.3. Let p = 7. Consider the equation
X?-2=0

in Z;. Let o =ap+a1-7+ag-72+ ... be the solution of the equation. Then
we have that a2 —2 =0 mod 7. We thus two possible values for a:

ay =ag =3, a1 = ag = 4.

We will see that those two values will give two solutions to the equation. Let
us choose ag = 3, and set

ay=ag+ay-7€ Z/49Z
We have that

a2 —2=0 mod 7 ai+a? -7 +2-Taga; —2=0 mod 7°
3242.3.7-a1,—-2=0 mod 7
746-7-a1=0 mod 72
1+6-a;=0 mod?7

a1 =1 mod 7.

rreny

By iterating the above computations, we get that
a=3+1-T+2-T°+6-7+1-7"+2.7° 4 ...
The other solution is given by
a=4+45-T+4-7+0-7+5-7"+4- 7+ ...
Note that X2 — 2 does not have solutions in Qs or in Qs.

In the above example, we solve an equation in the p-adic integers by solving
each coefficient one at a time modulo p, p?, ... If there is no solution for one
coefficient with a given modulo, then there is no solution for the equation, as
this is the case for Q, or Q3.
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In the similar spirit, we can consider looking for roots of a given equation in
Q. If there are roots in Q, then there are also roots in Q,, for every p < oo (that
is, in all the Q, and in R). Hence we can conclude that there are no rational
roots if there is some p < oo for which there are no p-adic roots. The fact that
roots in Q automatically are roots in Q, for every p means that a “global” root
is also a “local” root “everywhere” (that is at each p).

Much more interesting would be a converse: that “local” roots could be
“patched together” to give a “global root”. That putting together local in-
formation at all p < oo should give global information is the idea behind the
so-called local-global principle, first clearly stated by Hasse. A good example
where this principle is successful is the Hasse-Minkowski theorem:

Theorem 5.1. (Hasse-Minkowski) Let F(X1,...,X,) € Q[X1,...,X,] be a
quadratic form (that is a homogeneous polynomial of degree 2 in n wvariables).
The equation

F(Xy,....X,)=0

has non-trivial solutions in Q if and only if it has non-trivial solutions in Q,
for each p < co.

5.2 The p-adic valuation

We now introduce the notion of p-adic valuation and p-adic absolute value. We
first define them for elements in QQ, and extend them to elements in QQ, after
proving the so-called product formula. The notion of absolute value on Q,
enables to define Cauchy sequences, and we will see that Q, is actually the
completion of Q with respect to the metric induced by this absolute value.

Let a be a non-zero element of Q. We can write it as

a:pk%, keZ,

and g, h, p coprime to each other, with p prime. We set

ordy(a) = k
lal, = p"

ord,(0) = o0
0, = 0.

We call ord, () the p-adic valuation of a and |«, the p-adic absolute value of
«. We have the following properties for the p-adic valuation:

ord,: Q —  ZU{oo}
ordy(ab) = ordy(a) + ord,(d)
ordy(a+b) > min(ord,(a),ord,(b))
ordy(a) =00 <= a=0.
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Let us now look at some properties of the p-adic absolute value:

Q@ = Rxo

‘ab|p = |a|p|b|zﬂ
la + b|p < maX(Ia\p, |b|p) < ‘a|p + |b|P
lal, =0 <= a=0.

Note that in a sense, we are just trying to capture for this new absolute value
the important properties of the usual absolute value. Now the p-adic absolute
value induces a metric on Q, by setting

dp(a,b) = |a = by,

which is indeed a distance (it is positive: dp(a,b) > 0 and is 0 if and only if
a = b, it is symmetric: dp(a,b) = dp(b, a), and it satisfies the triangle inequality:
dy(a,c) < dy(a,b) +dy(b,c)). With that metric, two elements a and b are close
if |a — b|, is small, which means that ord,(a — b) is big, or in other words, a big
power of p divides a — b.

The following result connects the usual absolute value of Q with the p-adic
absolute values.

Lemma 5.2. (Product Formula) Let 0 # o € Q. Then

[Tlel, =1

where v € {00,2,3,5,7,...} and |a|s is the real absolute value of «.

Proof. We prove it for a a positive integer, the general case will follow. Let «
be a positive integer, which we can factor as

a a Qe
e :p11p22 pkk

Then we have .

lalg=1 if ¢ # p;
lalp, = p; @ fori=1,...,k
loloo = pi* - R

The result follows. O

In particular, if we know all but one absolute value, the product formula
allows us to determine the missing one. This turns out to be surprisingly impor-
tant in many applications. Note that a similar result is true for finite extensions
of Q, except that in that case, we must use several “infinite primes” (actually
one for each different inclusion into R and C). We will come back to this result
in the next chapter.

The set of primes together with the “infinite prime”, over which the product
is taken in the product formula, is usually called the set of places of Q.
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Definition 5.3. The set
MQ = {00,2,37...}
is the set of places of Q.

Let us now get back to the p-adic numbers. Let a = app® + app1p" ! +
ar+2p*t? + ... € Qp, with ai # 0, and k possibly negative. We then set
ord,(a)

lalp p*

This is an extension of the definition of absolute value defined for elements of
Q.

Before going on further, let us recall two definitions:

e Recall that a sequence of elements z,, in a given field is called a Cauchy
sequence if for every € > 0 one can find a bound M such that we have
|z, — | < € whenever m,n > M.

e A field K is called complete with respect to an absolute value | - | if every
Cauchy sequence of elements of K has a limit in K.

Let a € Q,. Recall that o is the integer 0 < oy < p! obtained by cutting
after a;_1p'~!. If n > m, we have

|t — amlp, = larp® 4 ..+ amp™ + A a1 p" = anpt — = ™
_ |ampm + am+1pm+1 L+ anflpn_1|p < p—m

This expression tends to 0 when m tends to infinity. In other words, the
sequence (&, )n>o is a Cauchy sequence with respect to the metric induced by
|- |p~

Now let (v, )n>1 be a Cauchy sequence, that is |, — |, — 0 when m — oo
with n > m, that is, a, — au, is more and more divisible by p, this is just the
interpretation of what it means to be close with respect to the p-adic absolute
value. The writing of «,, and a,, in base p will thus be the same for more and
more terms starting from the beginning, so that (c,) defines a p-adic number.

This may get clearer if one tries to write down two p-adic numbers. If a,b
are p-adic integers, a = ag+a1p+asp® +..., b =bo+bip+bap?+..., if ag # bo,
then |a—b|, = p° = 1 if p does not divide ag — by, and |a—b|, = p~* if plag — bo,
but |a — b|, cannot be smaller than 1/p, for which we need ay = by. This
works similarly for a,b p-adic numbers. Then we can write a = a_j1/p* + ...,
b=b_y1/p' +.... If k#1, say k >, then |a — b|, = |b_;1/p' + ... +a_x/p" +
iy = p', which is positive. The two p-adic numbers a and b are thus very far
apart. We see that for the distance between a and b to be smaller than 1, we
first need all the coefficients a_;, b_;, to be the same, for i = k,...,1. We are
then back to the computations we did for a and b p-adic integers.

We have just shown that

'l
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Theorem 5.3. The field of p-adic numbers Q,, is a completion of Q with respect
to the p-adic metric induced by | - |,.

Now that we have a formal definition of the field of the p-adic numbers, let
us look at some of its properties.

Proposition 5.4. Let Q, be the field of the p-adic numbers.
1. The unit ball {oc € Q, | |a]p < 1} is equal to Zy,.
2. The p-adic units are

X = {a€Z,|0#ag€ (Z/pL)*}
= {a€Zy|laf,=1}

3. The only non-zero ideals of Z, are the principal ideals
p*Z, = {a € Q, | ord,(a) > k}.

4. Z is dense in Z,.

Proof. 1. We look at the unit ball, that is o € Q, such that |a|, < 1. By
definition, we have

la], <1 <= p (@ <1 «— ord,(a) > 0.
This is exactly saying that a belongs to Z,.

2. Let us now look at the units of Z,. Let o be a unit. Then

1
a €l = aEZpandanp <~ Ja|, <land|l/al, <1 < |a|, =1.

3. We are now interested in the ideals of Z,,. Let I be a non-zero ideal of 7Z,,
and let a be the element of I with minimal valuation ord,(a) = k& > 0.
We thus have that

« :pk(ak +agp+...)

where the second factor is a unit, implying that
oZ, =p*Z, C I.

We now prove that I C kap, which concludes the proof by showing that
I = p*Z,. 1f I is not included in p*Z,, then there is an element in I out of
kap, but then this element must have a valuation smaller than k, which
cannot be by minimality of k.
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4. We now want to prove that Z is dense in Z,,. Formally, that means that for
every element € Z,,, and every € > 0, we have B(«, €) N Z is non-empty
(where B(a, €) denotes an open ball around « of radius €).

Let us thus take o € Z;,, and € > 0. There exists a k big enough so that
p~* < e. We set & € Z the integer obtained by cutting the serie of o after
ak,lpkfl. Then

= 1
a—a:akpk+ak+1pk+ + ...

implies that
o —al, <pF<e

Thus Z is dense in Z,. Similarly, Q is dense in Q.

The main definitions and results of this chapter are

e Definition of p-adic integers using p-adic expansions, inverse
limit, and that they form a ring Z,

e Definition of p-adic numbers using p-adic expansions, and
that they form a field Q,

e Definition of p-adic valuation and absolute value
e The product formula

e The formal definition of Q, as completion of Q, and that Z,
can then be defined as elements of @, with positive p-adic
valuation.

e Ideals and units of Z,,.
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Valuations

In this chapter, we generalize the notion of absolute value. In particular, we will
show how the p-adic absolute value defined in the previous chapter for Q can be
extended to hold for number fields. We introduce the notion of archimedean and
non-archimedean places, which we will show yield respectively infinite and finite
places. We will characterize infinite and finite places for number fields, and show
that they are very well known: infinite places correspond to the embeddings of
the number field into C while finite places are given by prime ideals of the ring
of integers.

6.1 Definitions

Let K be a field.

Definition 6.1. An absolute value on K is amap |-| : K — R>( which satisfies
e || =0 if and only if & =0,
o |af| = |af|B] for all a, f € K

e there exists a > 0 such that |a + G]* < |a|® + |5]°.

We suppose that the absolute value | - | is not trivial, that is, there exists
a € K with |a| # 0 and |« # 1.
Note that when a = 1 in the last condition, we say that | - | satisfies the

triangle inequality.

Example 6.1. The p-adic absolute valuation | - |, of the previous chapter,
defined by |af, = p~'»(*) satisfies the triangle inequality.

Definition 6.2. Two absolute values are equivalent if there exists a ¢ > 0 such
that |a|; = (Ja|2)¢. An equivalence class of absolute value is called a place of

67
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Example 6.2. Ostrowski’s theorem, due to the mathematician Alexander Os-
trowski, states that any non-trivial absolute value on the rational numbers Q is
equivalent to either the usual real absolute value (]-|) or a p-adic absolute value
(|-]p). Since || = ||, we have that the places of Q are |- |,, p < co. By
analogy we also call p < oo places of Q.

Note that any valuation makes K into a metric space with metric given by
d(x1,29) = |21 — x2|® This metric does depend on a, however the induced
topology only depends on the place. This is what the above definition really
means: two absolute values on a field K are equivalent if they define the same
topology on K, or again in other words, that every set that is open with respect
to one topology is also open with respect to the other (recall that by open set,
we just mean that if an element belongs to the set, then it also belongs to an
open ball that is contained in the open set).

Lemma 6.1. Let | |y and |- |3 be absolute values on a field K. The following
statements are equivalent:

1. |-]1 and |- |2 define the same topology;
2. for any a € K, we have |a]1 < 1 if and only if |a|2 < 1;

3. |1 and |- |2 are equivalent, that is, there exists a positive real ¢ > 0 such
that |a|1 = (laf2)C.

Proof. We prove 1. = 2. = 3. = 1.

(1. = 2.) If |- |; and | - |2 define the same topology, then any sequence that
converges with respect to one absolute value must also converge in the other.
But given any a € K, we have that

lim a" =0 < lim |a"| =0

n—oo n—oo
with respect to the topology induced by an absolute value |- | ( may it be | - |1
or |- |2) if and only if |a| < 1. This gives 2.

(2. = 3.) Since |-|; is not trivial, there exists an element =y € K such that
|zo)1 < 1. Let us set ¢ > 0, ¢ € R, such that

lzolT = [xol2-

We can always do that for a given z(, the problem is now to see that this holds
for any x € K. Let 0 # 2 € K. We can assume that |z|; < 1 (otherwise just
replace x by 1/x). We now set A € R such that

|z = [aol7-
Again this is possible for given x and xy. We can now combine that

|21 = |zolt = |a]§ = |wo|§*
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with
|20l = |zol2 = [x0| 7 = |2ol5
to get that
2| = |2olF* = [aol3-

We are left to connect |xg|3 with |z|s.
If m/n > A, with m,n € Z, n > 0, then

An
zt T
0 m—An 0 m—An
—| =l | =] = el < L
:Lr’ﬂ/ n
1 1
Thus, by assumption from 2.,
xm
0 < 1
x|,

that is m
2]y > |zo|2™ for all — > A,
n

or in other words,

|z]2 > |z ?, B> 0= |zlz > |zl

m/n

Similarly, if m/n < A, we get that |z]s < |zoly’" = |2]2 < |z0]3. Thus
]2 = |zol3 = aol$ = |al§

for all z € K.
(3. = 1.) If we assume 3., we get that

lo—a|y <7 <= |la—al§ <r <= |a—al|s <r°

so that any open ball with respect to |-|; is also an open ball (albeit of different
radius) with respect to |- |2. This is enough to show that the topologies defined
by the two absolute values are identical. Note that having balls of different
radius tells us that the metrics are different. ]

6.2 Archimedean places

Let K be a number field.

Definition 6.3. An absolute value on a number field K is archimedean if for
all n > 1, n € N, we have |n| > 1.

The story goes that since for an Archimedean valuation, we have |m| tends
to infinity with m, the terminology recalls the book that Archimedes wrote,
called “On Large Numbers”.

Proposition 6.2. The only archimedean place of Q is the place of the real
absolute value | - |-
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Proof. Let |-| be an archimedean absolute value on Q. We can assume that the
triangle inequality holds (otherwise, we replace |- | by | - |*). We have to prove
that there exists a constant ¢ > 0 such that |z| = |z|S, for all z € Q. Let us
first start by proving that this is true for positive integers.

Let m,n > 1 be integers. We write m in base n:

m=ag+an+amn®+...+an", 0<a; <n.

In particular, m > n", and thus

Thus, we can upper bound |m| as follows:

iml < aol +laalln] + ... + lar[[n]"
< (Jao| + |a1] + ... + |ar|)|n|" since |n| > 1
< (L47)|n[ !
< (1 + logm) || Tosn +1,
logn

Note that the second inequality is not true for example for the p-adic absolute
value! We can do similarly for mF, noticing that the last term is of order at

most n™*. Thus
m|* < (1 " klljgggn ) ] e,

and

1/k
klogm /W%H/k_
logn

[m| < (1 +
If we take the limit when k — oo (recall that {/n — 1 when n — o0), we find
that loa
[m| < [n[1o.
If we exchange the role of m and n, we find that

log n

[n| < |m]tosm.

Thus combining the two above inequalities, we conclude that

‘n|1/logn — |m|1/logm

which is a constant, say e“. We can then write that

clogm

Im| = e =m® = |ml|g

since m > 1. We have thus found a suitable constant ¢ > 0, which concludes
the proof when m is a positive integer.

To complete the proof, we notice that the absolute value can be extended
to positive rational number, since |a/b| = |a|/|b|, which shows that |z| = |z|,
for 0 < z € Q. Finally, it can be extended to arbitrary elements in Q by noting
that | — 1] = 1. O
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Let K be a number field and ¢ : K — C be an embedding of K into C, then
|z|s = |o(z)] is an archimedean absolute value.

Theorem 6.3. Let K be a number field. Then there is a bijection
{ archimedean places } < { embeddings of K into C up to conjugation }.

The archimedean places are also called places at infinity. We say that | - | is
a real place if it corresponds to a real embedding. A pair of complex conjugate
embeddings is a complex place.

6.3 Non-archimedean places

Let K be a number field. By definition, an absolute value: |- |: K — R is
non-archimedean if there exists n > 1, n € N, such that |n| < 1.

Lemma 6.4. For a non-archimedean absolute value on Q, we have that
|m| <1, for allm € Z.

Proof. We can assume that |-| satisfies the triangle inequality. Let us assume by
contradiction that there exists m € Z such that |m| > 1. There exists M = m*
such that

n
M| = |m|F >
|M| = |m| i

where n is such that |n| < 1, which exists by definition. Let us now write M in

base n:
M=ay+an+...+an"

which is such that

| M| lao| + laa[[n] + ... + la,[|n]"

<
< n(l+n|+...+n|")

since |a;| = |1+ ...+ 1| < a;|1] < n. Thus

; n
M| <n n|) =
Ml <Y nP = 2
j=0
which is a contradiction. O
Lemma 6.5. Let | -| be a non-archimedean absolute value which satisfies the

triangle inequality. Then
la + ] < max{|al, B[}

for all a, p € K. We call | - | ultrametric.
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Proof. Let k > 0. We have that

a+ 8" = |(a+5)"
k

- e

1)

By the previous lemma, we have that ‘(I;)‘ <1, so that

[

IN

)| 8]F.

Jj=0

oo+ 81" < (k + 1) max{lal, |5]}".

Thus
la+ B < Vk + 1max{|al,|3]}.
We get the result by observing k — oc. ]

Proposition 6.6. let K be a number field, and || be a non-archimedean absolute
value. Let o # 0. Then there exists a prime ideal p of O and a constant C' > 1

such that
|a‘ _ Cfordp(a),

where ord, («v) is the highest power of p which divides aOk .

Definition 6.4. We call
ord, : K* — 7Z

the p-adic valuation.

Proof. We can assume that | - | satisfies the triangle inequality. It is enough to
show the formula for o € O

We already know that |m| <1 for all m € Z. We now extend this result for
elements of Ok.

(o) €1 for a € Ok). For a € Ok, we have an equation of the form

A" 4 1™+ aatag =0, a; € Z.

Let us assume by contradiction that |a| > 1. By Lemma 6.4, we have that
la;] < 1 for all 4. In the above equation, the term o™ is thus the one with
maximal absolute value. By Lemma 6.5, we get

la|™ = |am-_1a™ "+ ... +ag
< max{|ap—1la["", ... |aslla], aol}
< max{|a/™ ..., 1}

thus a contradiction. We have thus shown that |a| < 1 for all @ € Og. We now
set
p={aecOx||of <1}



6.3. NON-ARCHIMEDEAN PLACES 73
(p is a prime ideal of Ok.) Let us first show that p is an ideal of Ok.
Let oo € p and 8 € Ox. We have that
B = laff] < |af <1
showing that a8 € p and o + (§ € p since
la + ] < max{|al, [A[} <1

where the first inequality follows from Lemma 6.5. Let us now show that p is a
prime ideal of Ok. If o, 8 € Ok are such that a8 € p, then |«||8| < 1, which
means that at least one of the two terms has to be < 1, and thus either « or
are in p.

(There exists a suitable C' > 1.) We now choose 7 in p but not in p? and
let o be an element of Ox. We set m = ord,(«). We consider a/7n™, which is
of valuation 0 (by choice of m and m). We can write

L O =1J"
ﬂ-m

with I and J are integral ideals, both prime to p. By the Chinese Remainder
Theorem, there exists 3 € Ok, 0 € J and 3 prime to p. We furthermore set

wzﬁimeICoK.
™

Since both v and § are elements of Ok not in p, we have that |y| = 1 and
|| = 1 (if this is not clear, recall the definition of p above). Thus

o gl
—|=11ll=1
’ Tm ‘ ‘ 1) ‘
We have finally obtained that
|af = [x]™

for all o € Ok, so that we conclude by setting

1

L

Corollary 6.7. For a number field K, we have the following bijection
{places of K} < {real embeddings}U{pairs of complex embeddings}U{prime ideals} .

For each place of a number field, there exists a canonical choice of absolute
values (called normalized absolute values).

e real places:
la] = |o(a)[r,

where o is the associated embedding.
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e complex places:

laf = |o(a)[E = |o(a)F(a)lr,

where (o,7) is the pair of associated complex embeddings.

e finite places (or non-archimedean places):
jaf = N(p)~ords (@
where p is the prime ideal associated to | - |.

Proposition 6.8. (Product Formula). For all 0 # o € K, we have
H lal, =1

where the product is over all places v, and all the absolute values are normalized.
Proof. Let us rewrite the product as

H|a|u = H aly H oy

v v finite v infinite

We now compute N(aOk) in two ways, one which will make appear the finite
places, and the other the infinite places. First,

N(aOg) = [[N@ @ = ] la,*
p

which can be alternatively computed by

N(aOk) = Ngjo(@)le = [[lo(@le=" [ lal.

v infinite

6.4 Weak approximation

We conclude this chapter by proving the weak approximation theorem. The
term “weak” can be thought by opposition to the “strong approximation the-
orem”, where in the latter, we will state the existence of an element in O,
while we are only able to guarantee this element to exist in K for the former.
Those approximation theorems (especially the strong one) restate the Chinese
Remainder Theorem in the language of valuations.

Let K be a number field.

Lemma 6.9. Let w be a place of K and {vy,...,vn} be places different from w.
Then there exists 3 € K such that |8], > 1 and |B|,, <1 foralli=1,...,N.
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Proof. We do a proof by induction on N.
(N=1). Since | -|,, is different from | - |, they induce different topologies,
and thus there exists 6 € K with

16],, < 1 and |6], > 1

(recall that we proved above that if the two induced topologies are the same,
then |0],,| < 1 implies |d|,| < 1). Similarly, there exists v € K with

|v]w < 1 and |y],, > 1.

We thus take 3 = 6y~ 1.
(Assume true for N —1). We assume N > 2. By induction hypothesis,
there exists v € K with

Ve >1and |y], <1,i=1,...,N—1.
Again, as we proved in the case N = 1, we can find § with
[0], > 1 and |0],, < 1.
We have now 3 cases:

e if |y, < 1: then take 8 = . We have that 3|, > 1, |5
i=1,...,N—1and |8, < 1.

Vi<17

e if |y],, = 1: we have that v — 0 in the ;-adic topology, for all i < N.
There exists thus  >> 0 such that

B=7"0
which satisfies the required inequalities. Note that |G|, > 1 and |3, > 1
are immediately satisfied, the problem is for v;, i = 1,..., N — 1 where we

have no control on |d|,, and need to pick r >> 0 to satisfy the inequality.

e if |y|,, > 1: we then have that

oo 1 . 1 for | |un
N L 0 for |-y, i< N

Take

~y
= 1) .
I} 1_1_774,7'>>0
O

Theorem 6.10. Let K be a number field, e > 0, {v1,...,vy} be distinct places
of K, and ay, ...,y € K. Then there exist § € K such that

|6 —

v; < €.
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Proof. By the above lemma, there exist 8; € K with |3;],;, > 1 and |3;],, <1

for ¢ # j. Set
IYTZZ Qe
j=1 1 +6j

When r — oo, we have v, — «; for the v;-adic topology, since as in the above
proof

gro 1 ~ 1 for |B;],, > 1
L+gr 144 T L0 for Bl <L i)
Thus take § = v,., r >> 0. ]

Let K,, be the completion of K with respect to the v;-adic topology. We
can restate the theorem by saying that the image of

K—>HKW, x— (r,x,...,7)

i=1

is dense.

The main definitions and results of this chapter are

e Definition of absolute value, of place, of archimedean and
non-archimedean places

e What are the finite/infinite places for number fields

e The product formula
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p-adic fields

In this chapter, we study completions of number fields, and their ramification
(in particular in the Galois case). We then look at extensions of the p-adic num-
bers Q, and classify them through their ramification, though they are actually
completion of number fields. We will address again the question of ramification
in number fields, and see how ramification locally can help us to understand
ramification globally.

By p-adic fields, we mean, in modern terminology, local fields of character-
istic zero.

Definition 7.1. Let K be a number field, and let p be a prime. Let v be
the place associated with p and |- |, = N(p)~°"% () (recall that a place is an
equivalence class of absolute values, inside which we take as representative the
normalized absolute value). We set K, or K, the completion of K with respect
to the | - |,-adic topology. The field K, admits an absolute value, still denoted
by | - |, which extends the one of K.

In other words, we can also define K, as

{(zn) | (z) is a Cauchy sequence with respect to |- |, }

o= (@) [ 20 — 0}

This is a well defined quotient ring, since the set of Cauchy sequence has a ring
structure, and those which tend to zero form a maximal ideal inside this ring.
Intuitively, this quotient is here to get the property that all Cauchy sequences
whose terms get closer and closer to each other have the same limit (and thus
define the same element in K,).

Example 7.1. The completion of Q with respect to the induced topology by
|- Ip is Qp.

Below is an example with an infinite prime.

7
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Example 7.2. If v is a real place, then K, = R. If v is a complex place, then
K, =C.

Let us now compute an example where K is not Q.

Example 7.3. Let K = Q(v/7). We want to compute its completion K, where
v is a place above 3. Since

30k = (=2 - VT)(-2+V7),
there are two places vy, v above 3, corresponding to the two finite primes
p1=(—2—V7)Ok, p2 = (-2 + V7)Ok.

Now the completion K, where v is one of the v;, i = 1,2, is an extension of Qs,
since the v;-adic topology on K extends the 3-adic topology on Q.

Since K = Q[X]/(X? — 7), we have that K contains a solution for the
equation X2 — 7. We now look at this equation in Q3, and similarly to what we
have computed in Example 5.3, we have that a solution is given by

1+3+3%24+2-344+ ...

Thus

KV ~ Qg.
One can actually show that the two places correspond to two embeddings of K
into Q3.

In the following, we consider only finite places. Let v be a finite place of a
number field.

Definition 7.2. We define the integers of K, by
O,={zxeK,||z|, <1}.
The definition of absolute value implies that O, is a ring, and that
m, ={zx e K, ||z, <1}

is its unique maximal ideal (an element of O, not in m, is a unit of O,). Such
a ring is called a local ring.

Example 7.4. The ring of integers O, of K, = Q,, is Z,, and m, = pZ,.
We have the following diagram

dense

K"KV

dense
OK ’ OI/

p dense m,
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We already have the notion of residue field for p, given by
Fy, = Ok /p.

We can similarly define a residue field for m, by
F,=0,/m,.

We can prove that

Ok/p~0O,/m,.

7.1 Hensel’s way of writing

Let 7, be in m,, but not in m2, so that ordy,, (7,) = 1. We call 7, a uniformizer
of m, (or of O,). For example, for Z,, we can take 7 = p. We now choose a
system of representatives of O, /m,:

C= {Co :O,Cl,...,cqfl}7

where ¢ = |F,| = N(p). For example, for Z,, we have C = {0,1,2,...,p — 1}.
The set
{rkco,mber,. .. mhe,1} = nhC

is a system of representatives for mk /mA+1.
Lemma 7.1. 1. Every element oo € O, can be written in a unique way as
a:ao—&—alm—l—agwg—i—...
with a; € C.
2. An element of a € K,, can be written as

—k —k+1
a=a_pmT," +a_p117, R S

3. The uniformizer generates the ideal m,,, that is

80, = mk.
4. lal, = |F,| 7%, where a = apmk + ..., ap # 0.

Proof. 1. Let @ € O,. Let ag € C be the representative of the class o + m,,

in O,/m,. We set
a — Qg
a1 = .
Ty

We have that ay € O, since

|ae — agl,

|7y

<1

|a1|u =
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Indeed, ap € o +m,, implies that « — ag € m,, and thus |« — agl, < |7 ]0-
By replacing a by «q, we find a; € C such that

a1 —ax
= ——€0,.
Ty

By iterating this process k times, we get

a = ag+aym,

2
= a9+ am, + Qom,

ag + a1, +a27r3 —+ ... +ak+17rlj+1.

Thus
la — (ag + a1, + aom> + ...+ apm®)|y = |agsly | |ET =0

when k — oo, since 7, € m, and thus by definition of m,, |7,|, < 1.

—ordm,, (o)

. We multiply o € K, by 7, , so that

—ordm,, (o
v

)ae(’),,

and we conclude by 1.

. It is clear that

k k
m,0, Cmy,.

Conversely, let us take a € m*. We then have that

a():al:...:ak_lzo
and thus
a=ant+... erto,.
. Since a = axmk + ..., ai, # 0, we have that o € 750, = m* but not in
mA+l and
k myx
acm,O).
Thus
k
s = [y
Now note that if 7, and #/, are two uniformizers, then |7,| = |« |, and

thus, we could have taken a uniformizer in the number field rather than
in its completion, that is, 7/, € p but not in p?, which yields

| = N(p) 7 ) = N(p) ™! = [y ! = [F| "
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7.2 Hensel’s Lemmas

Lemma 7.2. (First Hensel’s Lemma). Let f(X) € O,[X] be a monic poly-
nomial, and let f(X) € F,[X] be the reduction of f modulo m,. Let us assume
that there exist two coprime monic polynomials ¢1 and ¢o in F,[X] such that

f =100

Then there exists two monic polynomials fi and fa in O,[X] such that

f=ffe fi=d1, fo=¢2.
Proof. We first prove by induction that we can construct polynomials fl(k), Q(k)
in O,[X], k > 1, such that

) =#747 modm}
(2) f(k) = f»(k_l) mod mF~1,
(k=1). Since we know by assumption that there exist ¢1, ¢2 such that
f = ¢16, we lift ¢; in a monic polynomial fi(l) € 0,[X], and we have deg fi(l) =
deg ¢;.

(True up to k). We have already built fi(k). Using the condition (1), there
exists a polynomial g € O,[X] such that

F=rPfak) + kg,

Using Bézout’s identity for the ring F,[X], there exists polynomials ¢; and 1
in IF, [ X] such that
g = ¢191 + P2tp2

since ¢ and ¢y are coprime. We now lift ¢; in a polynomial h; € O,[X] of
same degree, and set
£ = 1 oxlh.

We now need to check that (1) and (2) are satisfied. (2) is clearly satisfied by
construction. Let us check (1). We have

FEVEED = (1P k) (5 + whh)

= O Lk (B hy 4 fPhy) + 72 by

= (f-7bg)+ Wl;(ffk)hz + fg(k)hl) mod mA*1,
We are now left to show that

75 (g + fho + f5Ph1) =0 mod mE+Y,

that is
-9+ fl(k)hg + fz(k)hl =0 mod m,
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or again in other words, after reduction mod m,,
~3+ FPha + fPh =0,

which is satisfied by construction of hy and hs. So this concludes the proof by
induction.
Let us know conclude the proof of the lemma. We set

fi = lim £
k—oco
which converges by (2). By (1) we have that

fufe = lim PN = .

Example 7.5. The polynomial f(X) = X2 — 2 € Z[X] is factorized as
$1= (X =3), ¢2= (X —4)
in F7[X].

Corollary 7.3. Let K be a number field, v be a finite place of K, and K, be
its completion. Denote g = |F,|. Then the set p,—1 of (¢ — 1)th roots of unity
belongs to O,,.

Proof. Let us look at the polynomial X?~! — 1. On the finite field F, with ¢
elements, this polynomial splits into linear factors, and all its roots are exactly all
the invertible elements of F,,. By Hensel’s lemma, f € O,[X] can be completely
factorized. That is, it has exactly ¢ — 1 roots in O,. More precisely, we can
write
xit—1= J] x-¢e0,x]
(Epg—1
O

Of course, one can rewrite that p,—; belongs to O since roots of unity are
clearly invertible in O,,.

Lemma 7.4. (Second Hensel’s Lemma). Let f be a monic polynomial in
O,[X] and let f' be its formal derivative. We assume that there exists a € O,
such that

[f(@)], < |f" (@)
Then there exists 3 € O, such that

and
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Proof. We set

oy = «
Apt1 = Qp — ﬁn
where Fla)
ay,
= Pl

(First part of the proof.) We first show by induction that
Lo [flan)ly < [flan-1)lv
2. [f(em)lv = [f"(@)]v-

Let us assume these are true for n > 1, and show they still hold for n + 1.
Let us first note that

|ﬁn|u -

= P, Y

|f ()], by assumption.

A

Since f € O,[X] and a € O,, this means that |f'(«)|, < 1, and in particular
implies that 3, € O,.
Let us write f(X) =ag + a1 X + a2 X? + ...+ a, X", so that

fX+a,) = a+ar(X+ay,) +a(X?+2Xa, +a2)+ ...+ a (X" +...+ab)
= (ao +a1a, + a0 + ...+ a,a?) + X(ay + as2a, + ...+ apna ) + X2g(X)

= f(an) + f/(an)X +g(X)X2

with ¢g(X) € O,[X]. We are now ready to prove that the two properties are
satisfied.

1. Let us first check that |f(an+1)]y < |f(an)|,. We have that
f(an+1) = f(an - ﬁn)

= f(an) + f/(an)(_ﬂn) + g(_ﬁn)ﬁg take X = -0,
= g(—p,)3%  recall the definition of3

Let us now consider its absolute value

|flans1)l, = \9(—5n)|u|ﬁn|§
< Bull B € 0., g€ O,[X]
PACHP
< [flow)l F(a)? by 1. and 2.
< |f(an)l, by assumption
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2. We now need to prove that |f'(ap+1)|y = |f/ ()], We have that

|f ()l = [f (o = Ba)lw

| () = Buh(=Bn)ls  take again X = —43,
maX{'f/(an)‘m |5n|u|h<_ﬁn>u|}’

= max{|f'(a)lv, |Bulv|h(—Bn)u} by 2.

and equality holds if the two arguments of the maximum are distinct. Now
the first argument is |f’(«)|,, while the second is

1Bnlu|M(=Bn)u|l < |Buly h(=Pn) € O,
< | (@),

which completes the first part of the proof.

IN

(Second part of the proof.) We are now ready to prove that there exists
an element 5 € O, which satisfies the claimed properties. We set

6= lim a,.

n—oo

Note that this sequence converges, since this is a Cauchy sequence. Indeed, for
n > m, we have

o = amly < max{lan = analy, o lamin = amly}
max{|Bn_1ls-- -, [Bmlv}
1
— o) max{|f(n—1)|v, - |f(am)l} by first part of the proof, part 2.
)iy
|f (cm)v

= - by first part of the proof, part 1.
/()]

which tends to zero by 1. Let us check that § as defined above satisfies the
required properties. First, we have that

f(B) = f(lim a,) = lim f(a,)=0.

n—oo n—oo

Since O, is closed, 8 € O,, and we have that
IB—al, = lim |a, —al,
n—oo

lim max{|a, — an—1lp,..., |01 —al,}
n—oo

max{|B_1l,...,|Bolv}
[f(a)lo

IN

IN
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7.3 Ramification Theory

Let L/K be a number field extension. Let 8 and p be primes of L and K
respectively, with 3 above p. Since finite places correspond to primes, 3 and p
each induce a place (respectively w and v) such that the restriction of w to K
coincides with v, that is

(I ) = 1o

This in turn corresponds to a field extension L, /K,. We can consider the
corresponding residue class fields:

Fp =0./B~0,/m,= F,
Fp :OK/pZOv/mv: F’U

and we have a finite field extension ¥, /F, of degree f = fy/|p = fulo- Note
that this means that the inertial degree f is the same for a prime in L/K and
the completion L.,/ K, with respect to this prime.

Lemma 7.5. Let m, be a uniformizer of K,. Then
ITolw = Tl
where e = eq/|p = €|y 05 the ramification index.

Note that this can be rewritten as m,0,, = m{,, which looks more like the
original definition of ramification index.

Proof. We can take 7, € K and 7, € L. Then 7, € p but not in p2, and
Tw € P but not in P2, Thus 7,0k = pI where I is an ideal coprime to p. If
we lift p and 7, in O, we get

pOL — H;’p‘;‘ﬁihﬂ’ ﬂ—’UOL _ H‘B:mi‘pIOL

where IOy is coprime to the J3;. Now

ordgp(my,) = ordm(H PFPIOL) = explp = €
and
|70 |w = N(‘B)iordm(m) = (N(“p)il)e = |7TTU|'Z)'
O

This lemma also means that the ramification index coincides in the field
extension and in its completion (this completes the same observation we have
just made above for the inertial degree).

Example 7.6. Let

=

Qp
Qp(/p) = Qp[X]/(X™ = p)

~
g
|
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The uniformizers are given by

Ty =Py Tw = {L/];

Thus

[Twlw = 1/p
[Tolw = 1/p"

which can be seen by noting that

/bl

1To]w = |Plw =
which is the result of the Lemma. Thus
e=n
and the extension is totally ramified.

Example 7.7. Consider

Kv = Qp
Ly = Qy(va)=Q,[X]/(X*—-a)
with o € Z¢

5, o ¢ (Q))*. We have that m, is still a uniformizer for L., but
that [Fy : Fy] = 2.

The next theorem is a local version of the fact that if K is a number field,
then O is a free Z-module of rank [K : Q.

Theorem 7.6. The O,-module O,, is free of rank
Nolv = [Lw : Kv] = fw|vew\v~

We give no proof, but just mention that the main point of the proof is the
following: if {f1,...,8;} C O, is a set such that the reductions ; generates
F,, as an [F,,-vector space, then the set

{ﬂjﬂ-ﬁj}oﬁkge,lgjgf

is an O,-basis of O,,.

7.4 Normal extensions

Let L/K be a Galois extension of number fields. Recall that the decomposition
group D of a prime B C L is given by

D = {o € Gal(L/K) | o() = P}
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and that the inertia group I is the kernel of the map that sends an element
of the Galois group in D to the Galois group Gal(Fg/F,). The corresponding
fixed subfields help us to understand the ramification in L/K:

L

e

K

We further have that
[L:K]=efyg

(note the contrast with the local case, where we have that
[Lw : Kv} == Bf

by Theorem 7.6).
To analyze local extensions, that is, the extensions of completions, we can

distinguish three cases:

Case 1. if p completely splits in L, that is g = [L: K] and e = f = 1,
then
[Ly: Ky)=ef =1

and L,, = K,. This is the case described in Example 7.3, namely
K=Q, L=Q(V7), K, =Qs, Lu = Qs.
Case 2. if p is inert, that is g =e =1 and f = [L : K], then
[Ly: K] =[L: K].

In this case, m, is still a uniformizer for L,,, but F,, # F,. This is a
non-ramified extension. For example, consider

K=Q, L=QW7), K, =Qs, Ly =Q5(V7).
Case 3. If p is totally ramified, that is e = [L : K], then
[Ly : K] =[L: K]

but this time , is not a uniformizer for L,,, and F,, = F,. For example,
consider

K=Q, L=Q\7), K, =Q7, L, =Q: (V7).
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Example 7.8. When does the Golden ratio (1++/5)/2 belongs to Q,? It is easy
to see that this question can be reformulated as: when is Q,(v/5) an extension
of @,7 Let us consider

K=Q, L=Q(5), K, =Qp Ly =Q,(V5).
Using the above three cases, we see that if p is inert or ramified in Q(\/g), then
[Ly:K,)=[L:K]=2

and the Golden ratio cannot be in Q,. This is the case for example for p = 2,3
(inert), or p = 5 (ramified). On the contrary, if p splits, then Q, = Q,(v/5).
This is for example the case for p = 11 (11 = (4 + v/5)(4 — V/5)).

To conclude this section, let us note the following:

Proposition 7.7. If L/K is Galois, we have the following isomorphism:
D,y =~ Gal(Ly /Ky).

Compare this “local” result with the its “global” counterpart, where we have
that D is a subgroup of Gal(L/K) of index [Gal(L/K) : D] = g.

7.5 Finite extensions of Q,

Let F/Q, be a finite extension of Q,. Then one can prove that F' is the com-
pletion of a number field. In this section, we forget about this fact, and start
by proving that

Theorem 7.8. Let F/Q, be a finite extension. Then there exists an absolute
value on F which extends | - |,.

Proof. Let O be the set of o« € F whose minimal polynomial over Q, has
coefficients in Z,. The set O is actually a ring (the proof is the same as in
Chapter 1 to prove that Ok is a ring).
We claim that
0= {Oé el | NF/QP(O‘) S Zp}

To prove this claim, we show that both inclusions hold. First, let us take a € O,
and prove that its norm is in Z,. If a € O, then the constant coefficient ag of
its minimal polynomial over Q, is in Z, by definition of O, and

NF/Qp(a) =tay' €Z,

for some positive m. For the reverse inclusion, we start with o € F with
Np/q, () € Zy. Let

fX)=X"4am X" 4. 4 X +ap
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be its minimal polynomial over Q,, with a priori a; € Qp,7 =1,...,m—1. Since
Np/q, (@) € Zy, we have that |ag'|, < 1, which implies that |ag|, < 1, that is
ag € Zp. We now would like to show that all a; € Z,, which is the same thing as
proving that if p* is the smallest power of p such that g(X) = p*f(X) € Z,[X],
then & = 0. Now let » be the smallest index such that p*a, € Z)y (r >0 and

r > 0if k > 0 since then p¥ag cannot be a unit). We have (by choice of r) that

g(X) = p"X™ ... +p"a, X" modp
= X"(p"X™ "4 ... +pa,) mod p.

Hensel’s lemma tells that g should have a factorization, which is in contradiction
which the fact that g(X) = p*f(X) with f(X) irreducible. Thus r = 0 and

pFagy € Z, proving that k = 0.
Let us now go back to the proof of the theorem. We now set for all « € F":
lolr = Nryg, ()]

where n = [F' : Q,]. We need to prove that this is an absolute value, which
extends | - |,.

e To show that it extends | - |,, let us restrict to a € Q,. Then
lalp = [Npyg, (@)™ = [a")/™ = |al,.

e The two first axioms of the absolute value are easy to check:
lalp =0 < a=0, |aB|r = |a|r|[|Fr.

e To show that |a + 8|r < max{|a|r,|B|F}, it is enough to show, up to
division by « or (3, that

Wl <l=ly+1r <L
Indeed, if say |a/8|r < 1, then
la/B+ 1|F <1 <max{|a/B|F,1}

and vice versa. Now we have that

VF <1 = [Ngsp, () ]19/" <1
= [Npjg,(V)lp <1
= Ngjo,(7) €%,
= €0

by the claim above. Now since O is a ring, we have that both 1 and ~ are
in O, thus v + 1 € O which implies that |y + 1|r < 1 and we are done.

O
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We set
m={ae€F||ap <1}

the unique maximal ideal of O and F = O/m is its residue class field, which is
a finite extension of F,,. We set the inertial degree to be f = [F : F,], and e to
be such that pO = m¢, which coincide with the definitions of e and f that we
have already introduced.

We now proceed with studying finite extensions of @, based on their rami-
fication. We start with non-ramified extensions.

Definition 7.3. A finite extension F/Q, is non-ramified if f = [F : Q,], that
ise=1.

Finite non-ramified extensions of Q, are easily classified.

Theorem 7.9. For each f, there is exactly one unramified extension of degree
f. It can be obtained by adjoining to Q, a primitive (p! — 1)th root of unity.

Proof. Existence. Let F,; = F,(a) be an extension of ), of degree f, and let
g(X) =X/ —‘rdflef_l +...+a1 X +ap

be the minimal polynomial of & over F,,. Let us now lift g(X) to g(X) € Z,[X],
which yields an irreducible polynomial over Q,. If « is a root of g(X), then
clearly Qp(a) is an extension of degree f of Q,. To complete the proof, it is
now enough to prove that Q,(«)/Q, is a non-ramified extension of Q,, for which
we just need to prove that is residue class field, say Iy, is of degree f over IFp,.
Since the residue class field contains a root of ¢ mod p (this is just « mod p),
we have that
Fy : Fy) > /.

On the other hand, we have that
[Fp : Fp] < [Qp(a) : Q]

which concludes the proof of existence.

Unicity. We prove here that any extension F/Q, which is unramified and
of degree f is equal to the extension obtained by adjoining a primitive (pf —1)th
root of unity. We already know by Corollary 7.3 that F' must contain all the
(p! —1)th roots of unity. We then need to show that the smallest field extension
of Q, which contains the (p/ — 1)th roots of unity is of degree f. Let 3 be a
(p! — 1)th root of unity. We have that

Qp C Qu(B) C F.

But now, the residue class field of Q,(3) also contains all the (p/ — 1)th roots
of unity, so it contains F s, which implies that

pl>
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Let us now look at totally ramified extensions.

Definition 7.4. A finite extension F' of Q, is totally ramified if F = F,, (that
is f=1and e =n).

Totally ramified extensions will be characterized in terms of Eisenstein poly-
nomials.

Definition 7.5. The monic polynomial
FX)= X" 4+ am 1 X™ .. +ap € Z,[X]
is called an Eisenstein polynomial if the two following conditions hold:
1. a; € pZy,
2. ag & p*Zy.
An Eisenstein polynomial is irreducible.

The classification theorem for finite totally ramified extensions of @, can
now be stated.

Theorem 7.10. 1. If f is an FEisenstein polynomial, then Q,[X]/f(X) is
totally ramified.

2. Let F/Q, be a totally ramified extension and let mp be a uniformizer.
Then the minimal polynomial of T is an FEisenstein polynomial.

Example 7.9. X™ —p is an Eisenstein polynomial for all m > 2, then Q,( x/p)
is totally ramified.

Proof. 1. Let F = Q,[X]/f(X), where
fX)=X"4a, 1 X™ 4 a1 X +ag
and let e be the ramification index of F. Set m = [F' : Q,]. We have to

show that e = m.
Let 7 be a root of f, then
T 4 o 4+ amt+ag=0
and
ordy (1) = 01fdn.t(am,17rm_1 + ...+ ao).
Since f is an Eisenstein polynomial by assumption, we have that a; €
pZy, C pO =m€, so that
ordp (am 7™+ dag) >e

and ordy,(7™) > e. In particular, ordy(m) > 1. Let s be the smallest

integer such that
e

>
5= ord ()
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Then m > e > s. If ordy(7™) = e, then ordy,(7) = £ and thus s =

m
e/em = m, and m > e > m which shows that m = e. To conclude the

proof, we need to show that ordy,(7™) > e cannot possibly happen. Let
us thus assume that ordy, (7) > e. This implies that

ordy (ag) = ordy (7™ + T (am_17™ + ...+ a1)) > e.

Since ordm(ag) = ordp(ag)e, the second condition for Eisenstein polyno-
mial shows that ordy(ag) = e, which gives a contradiction.

. We know from Theorem 7.6 that O is a free Z,-module, whose basis is

given by
{pjﬂf«*}OSkge,lggf

so that every element in F' can be written as
> by’
ok

and F' = Qp[rp]. Let

fX)=X"4 a1 X" . a1 X +ap

be the minimal polynomial of 7. Then +ag = Ng/q, (7F) is of valuation

1, since 7 is a uniformizer and F'/Q, is totally ramified. Let us look at 1,
the reduction of f in F,,[X]. Since F,[X] is a unique factorization domain,
we can write

fx) =] er

where ¢, are irreducible distinct polynomials in F,,[X]. By Hensel’s lemma,
we can lift this factorization into a factorization f = [] f; such that ﬂ =
qu’ Since f is irreducible (it is a minimal polynomial), we have only one
factor, that is f = f1, and f; = ¢lf1. In words, we have that fis a power
of an irreducible polynomial in F,,[X]. Then f = (X — a)™ since f must
have a root in F, = F. Since ap =0 mod p, we must have a =0 mod p
and f = X™ mod p. In other words, a; € pZ, for all 7. This tells us that
f(X) is an Eisenstein polynomial.

O
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The main definitions and results of this chapter are

e Definition of the completion K, of a number field K,
of uniformizer.

e Hensel’s Lemmas.

e Local ramification index e,,|, and inertial degree f,|,,
and the local formula 7., = €| fuwlo-

o Classification of extensions of Q,: either non-ramified
(there a unique such extension) or totally ramified.
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